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Abstract

Let K be an o-minimal expansion of a real closed ordered field and let T' be the theory of K. In this thesis,
we study derivations o on K. We require that these derivations be compatible with the C!-functions definable
in K. For example, if K defines an exponential function, then we require that dexp(a) = exp(a)da for all

a € K. We capture this compatibility with the notion of a T-derivation.

Let T° be the theory of structures (K,9), where K |= T and 9 is a T-derivation on K. We show that 77
has a model completion T3, in which derivation behaves “generically.” The theory Tg is model theoretically

quite tame; it is distal, it has o-minimal open core, and it eliminates imaginaries.

Following our investigation of Tg, we turn our attention to T'-convex T-differential fields. These are models
K | T equipped with a T-derivation which is continuous with respect to a T-convex valuation ring of K, as
defined by van den Dries and Lewenberg. We show that if K is a T-convex T-differential field, then under
certain conditions (including the necessary condition of power boundedness), K has an immediate T-convex

T-differential field extension which is spherically complete.

In the penultimate chapter, we consider T-convex T-differential fields which are also H-fields, as defined
by Aschenbrenner and van den Dries. We call these structures Hr-fields, and we show that if T is power
bounded, then every Hrp-field K has either exactly one or exactly two minimal Liouville closed Hp-field

extensions up to K-isomorphism.

We end with two theorems when T' = Ti,, the theory of the real field expanded by restricted elementary
functions. First, we prove a model completeness result for the expansion of the ordered valued differential
field T of logarithmic-exponential transseries by its natural restricted elementary functions. We then use

this result to prove that the theory of Hr, -fields has a model companion.
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Conventions and Notations

We always use k, m, n, p, ¢, and r to denote elements of N ={0,1,2,...}.

Citation conventions. Our primary reference for valuation theory and differential algebra is [4]. In this
thesis, we try as much as possible to use notation consistent with the notation in [4]. For model theoretic
background, we refer to [4, Appendix B| and [66]. Our reference for o-minimality is [26]. In citing these
references, we do not imply that the results that we cite are originally due to the authors. We omit qualifiers

in citations whenever possible. For example, we write [4], B.11.16] instead of [4, Lemma B.11.16].

Ordered set conventions. By “ordered set” we mean “totally ordered set.” Let S be an ordered set, let
a€S,and let ACS. We let
57 = {s€S:s>al;
similarly for §2¢, §<¢ §S% and S7®. We write “a > A” (respectively “a < A”) if a is greater (less) than
each s € A. For b € §~¢, we put
[a,b]a == {s€A:a<s<b}
If A =S, we drop the subscript and write [a, b] instead. We say that A is downward closed if s € A whenever
s € S is less than some a € A, and we let
Ab = | s
a€cA
denote the downward closure of A, so A is downward closed if and only if A = A%. A cut in S is just a
downward closed subset of S. If A is a cut in S and y is an element in an ordered set extending S, then we

say that y realizes the cut A if
A<y < S\A

A well-indexed sequence is a sequence (a,) whose terms are indexed by the ordinals p less than some

infinite limit ordinal v.

Algebra conventions. If T' is an ordered abelian group, then we let I'> := I'>0 and we define I'Z, T'<,
I'S, and I'# analogously. If R is a ring, then we let R* denote the multiplicative group of units in R. We
let Mat,, »(R) be the collection of m x n matrices with entries in R, so Ab € R™ for A € Mat,, ,(R) and
b € R™. We identify Mat,, ,(R) with R™*™ in the usual way. If m = n, we just write Mat,, (R).

Model theory conventions. Let £ be a language, let T be an L-theory, and let K be a model of T.
We regard K as the one-point space {0}, and we identify each nullary map F: K° — K™ with its value

F(0) € K™. Constant symbols in the language £ are viewed as nullary function symbols.

Let A C K and let D C K™. We say that D is L(A)-definable if

D = ¢(K) = {ye K" : K = oy)}
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for some L£(A)-formula ¢(y). Let k& < n. We denote the projection of D onto the first k& coordinates by (D)
and for y € K¥, we set Dy := {z € K" % : (y,z) € D}. Given amap F: D — K™, we let Gr(F) C K"*™
denote the graph of F, and we say that F' is £(A)-definable if Gr(F') is. Note that the domain of an £(A)-
definable map is £L(A)-definable. For A C K, we let dclz(A) be the L-definable closure of A (in K, implicitly,
but this doesn’t change if we pass to elementary extensions of K). If b € dclz(A), then b = F(a) for some
L(0)-definable function F' and some tuple a from A.

A T-extension of K is a model M |= T which contains K as an L-substructure. Let M be an elementary
T-extension of K. Given an L£(K)-definable set D C K", we let D™ denote the subset of M™ defined
by the same L(K)-formula as D. We sometimes refer to DM as the natural extension of D to M.
Elementarity ensures that this natural extension does not depend on the choice of defining formula. If
F: D — K™ is an L(K)-definable map, then we let FM: D™ — M™ be the £(K)-definable map with
graph Gr(FM) = Gr(F)™. We often drop the superscript for definable maps and just write F': DM — M™.

Let T be an L-theory extending 7. If 7™ is model complete and every model of T' can be extended to a
model of 7%, then T* is called the model companion of T. If T" has a model companion, then this model
companion is unique; see [4, B.10.11]. We say that T has the amalgamation property if for all models
K,M;,My E T and L-embeddings 11: K — M, 12: K — Ms, there exists M* = T and L-embeddings
71 My — M*, 950 Ms — M* making the diagram

M*

Ml M2
K

commute. If 7™ is the model companion of T' and T has the amalgamation property, then we say that T™*
is the model completion of T'. If T* is the model completion of T" and T has a universal axiomatization,
then 7™ has quantifier elimination [4, B.11.16]. We include here a useful test for whether T is the model
completion of T. This test (a variant of Blum’s criterion) is well-known, but it doesn’t appear verbatim

anywhere in the literature.

Model Completion Criterion. T* is the model completion of T if and only if the following holds:

(1) every model of T can be extended to a model of T*;
(2) for any models My, My = T* where My is |Mi|"-saturated, any K | T, and any L-embeddings
11: K — My, 19: K — M, there is an L-embedding j: My — My making the following diagram

commute:
M1 -- *]**> M2
111\ /
2
K

PROOF. Suppose conditions (1) and (2) hold. By taking K in condition (2) to be a model of T* and using [4}
B.10.4], we see that T is model complete. To see that T has the amalgamation property, let K, M, My
be models of T and let +1: K — My, 12: K — My be L-embeddings. Using condition (1), extend My, My
to models of My, My = T* where My is |M;|*-saturated. Then condition (2) gives us an L-embedding
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7 My — My with joay = 1. Taking M* := M, 51 := j|n,, and 2 to be the inclusion My — Mj, we see
that the amalgamation property holds.

Now suppose that T* is the model completion of T. We know that condition (1) holds, so let K, My, My
be as in (2). Viewing K as a common L-substructure of M; and Ms via the maps #; and 122 and using [4],
B.10.14], we see that M7 and M, are £(K)-elementarily equivalent. Thus, the saturation assumption on Mo
gives us an elementary £(K)-embedding j: My — Ma; see [4], B.9.5]. |

Suppose T is complete. Then T has a monster model, that is, a k-saturated and strongly x-homogeneous
model M = T for some k = k(M) > |T| := max {|£|,Ro}. When working in a monster model M, we
use small to mean of cardinality < k. Let A C M be small, and let (a;);c; be a sequence of elements in
M™. The sequence (a;) is said to be L£(A)-indiscernible if for all m, all indices i; < iz < -+ < iy, and

j1 < ja <+ < jm from I, and all L(A)-formulas ¢(z1,...,2my), we have

M = ¢(ai,. .. a:,) < o(aj,...,aq;,).

Pregeometry conventions. A pregeometry is a set X equipped with a map cl: P(X) — P(X) which
satisfies the following conditions, where a, b range over X and A, B range over P(X).

(1) Monotonicity: if A C B, then A C cl(A) C cl(B);

(2) Idempotence: cl (cl(A)) = cl(A);

(3) Finitary: if a € cl(A4), then a € cl(Ap) for some finite subset Ag C A;

(4) Steinitz exchange: if a € cl (AU {b}) \ cl(A), then b € cl (AU {a}).

Suppose (X, cl) is a pregeometry and let A C X. A set B C X is said to be cl(A)-independent if
b cl(AU(B\{b})) for all b € B. A basis for B over A is a cl(A)-independent subset By C B with
B C cl(AU By). Steinitz exchange ensures that any two bases for B over A have the same cardinality, called
the rank of B over A and denoted rk(B|A). We just write rk(B) for rk(B|}).

Let a = (a;)ier be a tuple from X. We say that a is cl(A)-independent if its set of components {a; : i € I}
is cl(A)-independent and no components are repeated. The rank of the tuple a over A, written rk(a|A), is
the rank of the set {a; : i € I} over A. Let b = (b;);cs be another tuple from X. When working with
pregeometries, we often abuse notation and write things like “a € cl(Ab)” to mean “a; € cl (A U{b;:ie J})
for each i € I.”






CHAPTER 1

Introduction

In Orders of Infinity, Hardy introduced the class of Logarithmic-Exponential functions (or LE-functions) [45].
These are the functions f: (a,4+00) — R with a € R which are obtained from constants and the identity
function x by algebraic operations and by taking exponentials and logarithms. These functions often arise in

describing the asymptotic behavior of real-valued nonoscillating solutions to algebraic differential equations.

Given a function f: (a,+00) — R, the germ of f at +oo is the equivalence class
7] = {9 (b.+00) = Bt fl(ctoe) = glcroe) for some ¢ > max{a, b}}
A key fact about the class of LE-functions is that the collection
HEE .= {[f]: f is an LE-function}

is an ordered differential field, that is to say, each LE-function has eventually constant sign, is eventually
differentiable, and its derivative is eventually an LE-function (where a property is said to hold eventually if
it holds for all sufficiently large x). Bourbaki took this fact as an axiom and defined a Hardy field to be
an ordered differential field of germs at +o0o of unary real-valued functions [10]. The study of Hardy fields

was greatly advanced near the end of the 20th century by Rosenlicht, Boshernitzan, and others.

In [2], Aschenbrenner and van den Dries introduced the class of H-fields, which serves as an algebraic/model-
theoretic generalization of Hardy fields. An H-field is an ordered differential field (K, d) with constant field
C' = ker(9) such that

(1) for all f € K, if f > C, then of > 0, and
(2) O =C + o, where O is the convex hull of C' in K and o is the unique maximal ideal of O.

The differential field H*F is an H-field, as is any Hardy field containing R, where each r € R is identified
with the germ of the constant function x — r. We always view H-fields as ordered valued differential fields,

with valuation ring O as in (2). In many ways, the valuation is more important than the ordering.

In [4], Aschenbrenner, van den Dries, and van der Hoeven showed that the theory of H-fields has a model
companion: the theory of ®-free newtonian Liouville closed H-fields. An H-field K is Liouville closed if K
is real closed and for each y € K, thereis f € K and g € K* with 0f = dg/g = y. The axioms of ®-freeness
and newtonianity are a bit more technical, and while these axioms play a major role in [4], they do not

appear so much in this thesis.

The theory of w-free newtonian Liouville closed H-fields has a natural model: the field T of logarithmic-
exponential transseries. The field T was introduced independently by Dahn and Goring [18] in their work
on Tarski’s problem on real exponentiation and by Ecalle [34] in his solution to the Dulac conjecture—the

best-known result on Hilbert’s 16th problem. The model completeness of T provides a rigorous justification
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for Ecalle’s intuition that T is a universal domain for asymptotic differential algebra (in the same way C is

a universal domain for algebraic geometry in characteristic 0).

Hardy fields and o-minimality. Let R be an expansion of the real field R in a language £. Then R
is said to be o-minimal if the only L(R)-definable subsets of R are finite unions of points and intervals.
Examples of specific o-minimal expansions of R can be found in Section [2.2] but we list a few here for the

purposes of this chapter.

(1) Ry is the expansion of R by sine, cosine, and exponential functions, restricted to the closed interval
[-1,1]. These functions are collectively called restricted elementary functions. We let Ty, be the
elementary theory of Re.

(2) Ry, is the expansion of R by all real-valued functions which are real analytic on an open neighborhood
of [—1,1]", restricted to [—1,1]". These functions are called restricted analytic functions. The three
restricted elementary functions are restricted analytic, so R, is a proper reduct of R,,,. We let Ty, be
the elementary theory of R,,,.

(3) Ranexp is the expansion of R,, by the unrestricted exponential function. We let Ty, exp be the elemen-

tary theory of Ran exp-

O-minimality relates to Hardy fields in the following way: the expansion R is o-minimal if and only if the
germs of all £(R)-definable unary functions at +oco form a Hardy field. This equivalence was first used by
van den Dries, Macintyre, and Marker to greatly simplify the proof that Top exp is o-minimal [30]. It was
subsequently exploited by Miller to prove a dichotomy theorem about the growth rates of £(IR)-definable
functions [53].

Suppose that the expansion R is o-minimal, let 7" be the L-theory of R, and assume that 7" has quantifier
elimination and a universal axiomatization in the language £. This assumption on 7T is mostly a matter
of convenience and not as unreasonable as it may first seem; see Corollary Following [30], we define
an R-Hardy field to be a Hardy field H which is closed under all function symbols in £. That is, H
is an R-Hardy field if for every m-ary function symbol F' in £ and all germs [f1],...,[fn] € H, the germ
[F(fl, el fn)] is in ‘H, where F(f1,..., fn) is the composite function = — F(fl(gz:)7 R fn(m)) If H is an

R-Hardy field, then we view H as an L-structure as follows:

e If F' is an n-ary function symbol in £ and [f1],...,[fn] € H, then
F(lfi)y- - [fnl) = [F(fr,--o  fa)]-
e If R is an n-ary predicate in £ and [f1],...,[fn] € H, then

HER([fi],....[fa]) = RER(fi(z),..., fa(z)) eventually.

By [30!, 5.8], the £-structure H is amodel of T'. If Ris contained in H (under the aforementioned identification
of real numbers with constant functions), then H may be viewed as an elementary T-extension of R. Of
course, this includes the case H = R. It also includes the R-Hardy field

H(R) = {[f]: f: R = Ris L(R)-definable}.

As a consequence of our assumption on T, each £())-definable function F' is given piecewise by terms, so
the identity
F([fl])a[fND = [F(flavfn)]
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holds for arbitrary £())-definable functions F, not just for function symbols in L.

Let ‘H be an R-Hardy field. As a Hardy field, H admits a derivation 9: H — H given by 9[f] := [f’]. How
does this derivation interact with the L£(0)-definable functions on H? To answer this, let F' be an n-ary
L(0)-definable function, let [f1],...,[fn] € H, and suppose that F is C' at ([f1],...,[fx]). The chain rule

from elementary calculus gives

IF (L], [ful) = B[F(frs--i fa)] = [F(frooees fu)]

oF oF
= ain(fhu-’fn)f{ +--+ TXn(flwn,fn)ffz

or
0Xy,

oF
= o (Ul WD)+ o+ g (Ul LA])R -

We take the above identity as a definition: a T'-derivation on a model K |= T is map 9: K — K such that
oF oF
oF — — (u)d Rl
(W) = o5, Wom +-+3 X,

for all u = (uy,...,u,) € K™ and all £(0)-definable functions F' which are C* on a neighborhood of u. These

T-derivations are the primary object of study in this thesis.

(u)ouy,

Let K = T and let 9 be a T-derivation on K. If the underlying ordered differential field of K = (K,9) is
an H-field, as defined above, then we call K an Hp-field. Any R-Hardy field containing R is an Hyp-field,
and the relationship between Hp-fields and R-Hardy fields is analogous to that between H-fields and Hardy
fields. We write “H,.-field” instead of “Hr, -field” for easier reading; likewise for Ty, and Typ exp. When T'
is one of these theories, the differential field T of logarithmic-exponential transseries admits an expansion to
an Hp-field:

(1) The expansion T, of T by restricted elementary functions is an H,.-field.

(2) The expansion Ty, of T by restricted analytic functions is an H,,-field.

(3) The expansion T,y exp Of Tayn by the unrestricted exponential function is an Hyy, exp-field.

For details about these expansions, we direct the reader to Fact [2.14 and Examples [3.17] and [7.5]

Our long-term goal is to show that the theory of Hp-fields has a model companion. Another objective is to
show that the expansions of T given above are model complete. This thesis takes first steps toward these
aims. We examine various extensions of Hrp-fields (often under the assumption that T is power bounded),

we show that the theory of H,.-fields has a model companion, and we prove that T,. is model complete.

1.1. Overview of results

Here we describe the main results in this thesis. Let T be a complete, model complete, o-minimal £-theory
extending the theory of real closed ordered fields and let K = T. The theory of real closed ordered fields is
formulated in the usual way in the language {0,1,+,—,-, <} C £. Background on o-minimality, along with

examples of o-minimal theories and o-minimal structures, is provided in Chapter [2|

Generic T-derivations. A T-derivation d on K is said to be generic if for each £L(K)-definable function

F: U — K with nonempty open domain U C K™, there is a € K with

(a,d',...,a" V) e U, F(a,d,...,a 1) = o™,
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Above, we use @’ in place of da and @™ in place of 9"a. Generic T-derivations are studied in Chapter
Much of the material in Chapter [3] and nearly all the material in Chapter [ is joint work with Antongiulio
Fornasiero from [38]. Let £° := £ U {9}, let T° be the £%-theory which extends T by axioms stating that o
is a T-derivation, and let Tg be the £°-theory which extends 79 by axioms asserting that 9 is generic. The

following theorem serves as a starting point for our investigation of generic T-derivations:

Theorem H. Tg is the model completion of T°. If T has a universal aziomatization, then Tg has quantifier

elimination.

The theory T§ coincides with Singer’s theory of closed ordered differential fields [65] when 7' is the theory
of real closed ordered fields. We show that many of the results known about closed ordered differential fields
hold more generally for models of Tg. The first of these generalizations involves distality. Distal theories are

special kinds of NIP theories and were introduced by Simon [63].

Theorem Tg is distal.

Any model K = T° admits a closure operator, called the o-closure, which serves as an analog of differential
algebraic closure. In Proposition we show that this closure operator gives rise to a pregeometry on K.
If K = Tg, then o-closure allows us to define a dimension function (in the sense of van den Dries [23]) on

the algebra of £°(K)-definable sets. This dimension is a key tool in the proof of the following theorem:

Theorem Tg has T as its open core. More precisely, for K |= Tg and for B C K with 0B C B, any
open L°(B)-definable subset of K™ is L(B)-definable.

This open core result allows us to characterize the definable closure in models T2, which in turn allows us

to describe definable functions. Theorem [£:28 also plays a key role in the proof of the following result:
Theorem m Tg eliminates imaginaries.

In any model K = T°, the constant field C' of K is an elementary L-substructure of K. If K is a model
of Tg, then the constant field is also dense in K. Thus, every model of Tg is an expansion of the theory of

dense pairs of models of T, as introduced in [25].
Corollary Tg is a distal theory extending the theory of dense pairs of models of T'.

This corollary is worth noting, as the theory of dense pairs itself is not distal [46]. Additional connections
between Tg and the theory of dense pairs are discussed in Section

T-convex T-differential fields. The theory Tg is model theoretically quite well-behaved, as indicated by
the above results. However, generic derivations are highly discontinuous. In contrast, the derivation on most
natural models of T? is continuous. We turn our attention to continuous 7-derivations in Chapter @ Instead
of working with the order topology directly, it is more convenient to work with the topology induced by a
T-convex valuation ring, as introduced by van den Dries and Lewenberg [29]. A T-convez valuation ring of
K is a nonempty convex set @ C K which is closed under all £((})-definable continuous functions K — K.
We discuss T-convex valuation rings in detail in Chapter [l For the purposes of this introduction, we just

need a few definitions.

Let £° := LU {0} and let T be the £LP-theory which extends T by axioms stating that O is a T-convex
valuation ring. Let K = (K,0) |= T°. Then O has a unique maximal ideal 0 = O \ O, and sets of the
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form a + bo where a € K and b € K* form a basis for the valuation topology on K. If O # K, then K is
said to be nontrivially valued. In this case, the valuation topology and the order topology coincide. Let B
be a collection of sets of the form a 4 bO, where a € K and b € K*. We say that B is nested if any two sets
in B has nonempty intersection. We say that K is spherically complete if (B # () whenever B is nested.

A T%-extension M = (M, Oy) of K is said to be an immediate if for each a € M*, there is b € K* with
a/b € 1+ op. By a classical result of Kaplansky [49], every valued field of equicharacteristic zero has a

spherically complete immediate extension which is unique up to isomorphism. We have the following analog
for models of T9:

Corollary Suppose T is power bounded. Then K has a spherically complete immediate TC -extension

which is unique up to LO (K )-isomorphism.

Power boundedness is the assumption that every £(K)-definable function is eventually bounded by a power
function, that is, a definable function which “behaves like” y — y* for some A € K; see page for an explicit
definition. This assumption is necessary; if T' is not power bounded and O # K, then K has no spherically
complete T®-extension by Miller’s dichotomy [54] and a negative result of Kuhlmann, Kuhlmann, and
Shelah [51]; see Remark for details. Corollary follows almost immediately from results in Tyne’s

thesis [67] and basic valuation theory, but it does not appear anywhere in the literature.

The study of immediate extensions becomes much more difficult when derivations are thrown into the
mix. A relatively recent result of Aschenbrenner, van den Dries, and van der Hoeven [5] tells us that
every equicharacteristic zero valued field with a continuous derivation has a spherically complete immediate
extension. Such an extension need not be unique up to isomorphism. The main objective of Chapter [f]is to
prove a similar theorem for T-convex T-differential fields: models of T expanded by a T-convex valuation

ring and a T-derivation that is continuous with respect to the valuation topology.

Let £99:= £LU{0,9} and let T be the LZ?-theory of T-convex T-differential fields. The R-Hardy fields
‘H considered above are T-convex T-differential fields for T'= Th(R), where

[f]€ 0O <= lim f(z) eR.

T—>00
In Example we see how certain Hahn differential fields considered by Scanlon [61] admit expansions to
models of 7.9,

Let K = (K,0,d) = T9°. By [4, Lemma 4.4.7], continuity of 9 guarantees that do C ¢o for some ¢ € K*.

An element s € K~ is said to be stabilizing if
00 C g0 <= do C s¢po
for each ¢ € K*. The set of stabilizing elements forms a convex multiplicative subgroup of K~ .
Following [5], we say that a T9-extension M of K is strict if
do C p0 = dnyom C gom, 00 C po = InOm C doum

for each ¢ € K*. Strict extensions can be thought of as extensions which preserve each modulus of continuity

for 9. We can finally state the main theorem of Chapter [G}

Theorem Suppose that T 1is power bounded and that the set of stabilizing elements is closed under

power functions. Then K has an immediate strict TO-extension which is spherically complete.
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As discussed above, the assumption of power boundedness in Theorem is necessary. We are unsure
whether the assumption on stabilizing elements is necessary. If T is polynomially bounded, that is, if each
L(K)-definable function is eventually bounded by a function y — y™ for some n, then the assumption on

stabilizing elements is always met.

Corollary If T is polynomially bounded, then K has an immediate strict TO?-extension which is

spherically complete.

Hr-fields. Earlier, we defined an Hr-field to be a model K = T° where the underlying ordered differential
field of K is an H-field. Every H-field comes equipped with a canonical valuation ring—the convex hull of
the constant field—and the derivation on any H-field is continuous with respect to the valuation topology.

If K is an Hp-field, then this valuation ring is T-convex, so we view Hp-fields as T 0.9 models.

Chapter |Z| is devoted to the study of Hp-fields and their simple extensions (that is, extensions generated by
one element). We also study pre-Hrp-fields—models of 7+ which arise as substructures of Hp-fields. All
R-Hardy fields are pre-Hrp-fields for T = Th(R). All of our results in Chapter |z| are under the assumption
that T' is power bounded.

Our first result is a corollary of Theorem above. In any pre-Hrp-field, the set of stabilizing elements
coincides with the set of positive elements in O*. It follows that this set is closed under power functions, so
the assumptions in Theorem are met and every pre-Hp-field K has an immediate strict 7©%-extension
M which is spherically complete. This extension M is itself a pre-Hp-field and if K is an Hp-field, then M

is as well.

Corollary FEvery pre-Hrp-field has a spherically complete immediate pre-Hrp-field extension. FEvery
Hr-field has a spherically complete immediate Hp-field extension.

Our next result shows that every pre-Hp-field has a minimal Hp-field extension with a universal property.

Theorem Let K be a pre-Hp-field. Then K has an Hrp-field extension Hp(K) such that for any
Hr-field extension M of K, there is a unique LO°(K)-embedding Hy(K) — M.

The focus of Chapter [7]is on the existence and uniqueness of T-Liouville closures. An Hp-field is said to
be Liouville closed if the underlying H-field is Liouville closed, that is, if for all y € K, there is f € K and
g € K* with f' = ¢'/g =y. A T-Liouville closure of an Hp-field K is a minimal Liouville closed Hp-field
extension of K (this is not the definition given in Chapter |7, but it is equivalent by Corollary .

In 2], Aschenbrenner and van den Dries proved that every H-field has at least one and at most two Liouville
closures (minimal Liouville closed H-field extensions) up to isomorphism. They used this to show that any
H-field embedding of a Hardy field H into T extends to the smallest Liouville closed Hardy field extension
of H. They proved that grounded H-fields have exactly one Liouville closure and that certain types of
ungrounded H-fields have exactly two. The precise dividing line for ungrounded H-fields was unknown until
Gehret showed that A-freeness is the key determining property [41]. We define the properties “grounded”
and “A-free” in Sections [7.1] and respectively. The number of T-Liouville closures of an Hp-field can
likewise be characterized in terms of being grounded or A-free:

Theorem If K is grounded or if K is ungrounded and A-free, then K has exactly one T-Liouville
closure up to LO°(K)-isomorphism. If K is ungrounded and not A-free, then K has ezactly two T-Liouville
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closures up to LO(K)-isomorphism. For any Liowville closed Hp-field evtension M of K, there is an
LO?(K)-embedding of some T-Liouville closure of K into M.

As an application, we prove an analog of the embedding theorem in [2] for R,,-Hardy fields.

Theorem Let H be an R,,-Hardy field and let 1: H — Tayn be an Hay-field embedding. Then 1 extends
to an Hay,-field embedding Lia, (H) — Tan, where Liy,(H) is the minimal Liouville closed R,,-Hardy field

extension of H.

Our final result of Chapter [7]is that every pre-Hr-field has an Hp-field extension which satisfies the “order
1 intermediate value property.” This was shown for H-fields in [3] and for R-Hardy fields in [27].

Theorem Every pre-Hrp-field K has an Hp-field extension M with the following property: for every
L(M)-definable continuous function F: M — M and every by, by € M with

bll < F(bl), blz > F(bg),
there is a € M between by and by with o' = F(a).

Model completeness for T,.. Recall that T, is the expansion of the H-field T by restricted sine, cosine,
and exponential functions. In the final chapter, we show how the proof given in [4] that T is model complete

can be modified to show the following:
Theorem T.e is model complete.
As a consequence of our proof of Theorem we can show that H..-fields have a model companion.

Theorem [8.23 The theory of ®-free newtonian Liowville closed H,e-fields is the model companion of the
theory of H,e-fields.

While Theorems [8.17] and are, of course, closely related to the rest of the thesis, the proofs of these

results rely primarily on material from [4] and are essentially independent from the other chapters.



CHAPTER 2
O-minimality

Let £ be a language containing the binary relation < and let K be an L-structure expanding a dense
linear ordering without endpoints. If the only £(K)-definable subsets of K are finite unions of points and
intervals, then K is said to be an o-minimal structure. If K is o-minimal, then so is any structure which
is L-elementarily equivalent to K. An L-theory T extending the theory of dense linear orderings without
endpoints is said to be an o-minimal theory if every model of T" is an o-minimal structure. This thesis is
about o-minimal fields: o-minimal structures which expand ordered fields. The underlying ordered field

of any o-minimal field is necessarily real closed [26], 1.4.6].

Assumption 2.1. For the remainder of this thesis, T is a complete, model complete o-minimal theory which
extends the theory RCF of real closed ordered fields in some appropriate language £ O {0,1,+,—,-,<}. In
Chapters @ through@ we always use K, L, and M for models of T (or expansions thereof).

O-minimality has strong implications for the behavior of definable sets and functions in models of T. In
Section 2.1} we list some key results about o-minimal fields for use throughout the thesis. We also prove
a somewhat technical result on the behavior of definable C!-functions. We take a look at some important
o-minimal expansions of the real field in Section Finally, in Section we construct nonstandard Hahn
field models of some of these o-minimal theories. We also discuss o-minimal expansions of the field T of

logarithmic-exponential transseries and the field No of surreal numbers.

2.1. Preliminaries on o-minimality
The starting point for the study of £(K)-definable functions and sets is the monotonicity theorem.

Monotonicity theorem (|26], 3.1.2). Let F': K — K be an L(K)-definable function. Then there are points
a; < --- < ay in K such that F is continuous and either constant, strictly increasing, or strictly decreasing

on each interval (—oo,a1), (a1, az),...,(an_1,an), (an, +00).
Many facts from elementary calculus, such as the mean value theorem, also hold for £(K)-definable functions.

Mean value theorem ([26], 7.2.3). Let a < b € K, let F': [a,b] — K be L(K)-definable and continuous,
and suppose that F is differentiable at every point in (a,b). Then for some ¢ € (a,b), we have
F(b) — F(a)
b—a
Given an L(K)-definable C'-map F = (Fy,...,F,): U — K™ with U C K™ open, we let Jr denote the

Jacobian matrix

F'(¢) =

OF;
b )

a)/J 1<i<m,1<j<n
viewed as an L(K)-definable map from U to Mat,, ,(K). Occasionally, we write g—{i instead of Jr to
emphasize the dependence on the variables Y = (Y1,...,Y,). If m = n = 1, then we write F’ instead of Jp.



Cell decompositions. A C*-cell is a special type of definable C¥-submanifold of K™ with an associated

binary sequence (i1, ...,4,) € {0,1}"™. The cells and their sequences are defined by induction on n.

(1) A (1)-cell in K is an open interval and a (0)-cell is a singleton.

(2) Given an (iy,...,iy)-cell D C K", an L(K)-definable open set U 2 D, and an L£(K)-definable C*-
function F': U — K, the set Gr(F|p) C K" is an (iy,...,in,0)-cell and the following subsets of
K™ are (i, ..., i, 1)-cells:

e DX K;

{(z,y) e Dx K :y < F(x)};

{(z,y) e Dx K :y>F(2)};

{(z,y) e Dx K : F(z) <y < G(z)}, where G: U — K is another £(K)-definable C*-function

with F(z) < G(x) on D.

Note that a C*-cell is open if and only if it is a (1,..., 1)-cell. We call the binary sequence associated to a
Ck-cell D the type of D. We refer to C%-cells just as cells.

One of the most useful tools in the study of o-minimal fields is the C*-cell decomposition theorem. A C*-
cell decomposition of K™ is a finite collection D of disjoint C*-cells D C K™ such that [JD = K™ and
{mn-1(D): D € D} is a C*-cell decomposition of K™~

C*-cell decomposition theorem ([26], 3.2.11, 7.3.2, and 7.3.3).
(1) For any L(K)-definable sets Ay, ..., A, C K" there is a C*-cell decomposition partitioning Ay, ..., Ay,

that is, a C*-cell decomposition D of K™ where each D € D is disjoint from or contained in each A;.
(2) For every L(K)-definable map F: A — K™ with A C K™, there is a C*-cell decomposition for F,

that is, a C*-cell decomposition D partitioning A where for each D € D contained in A, there is an

L(K)-definable open set U D D and an L(K)-definable C*-map F: U — K™ with F|p = F|p.

In this thesis, we only use C%-cell and C'-cell decompositions. We refer to a C°-cell decomposition just as
a cell decomposition. Cell decompositions allow us to assign a dimension to L(K)-definable sets as follows:
For a nonempty L£(K)-definable set A C K™, we let

dim(A4) := max {il +---+14, : A contains an (ig,... ,in)—cell}.

We also let dimg(0)) := —oco. This dimension is quite robust; we list some facts below.

Fact 2.2 ([26], Section 4.1). Let A C K™ and B C K™ be L(K)-definable sets.
(a) dimg(K™) =n.
(b) dimg(A x B) =dimg(A) + dim,(B).

(¢) If m =n then dimg (AU B) = max { dim(A), dim(B)}.

(d) dimz(A) =0 if and only if A is finite and nonempty.

(e) If F: A— K™ is an L(K)-definable map, then fori=0,...,m, the set

B; = {z € K" :dimg(F ' (z)) =i}

is L(K)-definable and dim (F~'(B;)) = dimg(B;)+i. In particular, dimg is preserved under definable

bijections.

The following Lemma will be used in Section



Lemma 2.3. Let A C K" be L(K)-definable and let Ay, ..., A, C K be infinite sets. If Ay x---x A, C A,
then dim,(A) = n.

Proor. This follows from (d) of Fact for n = 1. Suppose it holds for a given n, let A C K"*! be
L(K)-definable, and let Ay,...,A,+1 € K be infinite sets with A; x -+ x 4,41 € A. Applying (e) of
Fact to the restriction of 7, to A, we see that

A* = {yem(A) :dimg(4,) =1}

is definable. If y € A; x --- x A, then A, 41 € Ay, soy € A* by the n =1 case. Thus, 4; x ---x A, C A*
and dimg(A*) = n, by our induction hypothesis. Set

B = {zeA:m(z) € A*}.
Then dim,(B) =n + 1, again by (e) of Fact so dimg(A) =n+ 1 as well. O

Definable closure. It is a well-known and invaluable fact that (K, dclz) is a pregeometry. Throughout this
thesis, we use “L-independence” instead of “dclz-independence” for easier reading. We let rk, be the rank
function which comes from dcl,. O-minimal rank and o-minimal dimension are related as follows: for each
tuple a € K™ and each subset B C K, we have

rkz(a|B) = min { dimz(A) : A C K" is £(B)-definable and a € A},

as can be verified using the cell decomposition theorem. As a consequence, if a is £(B)-independent, then
any L(B)-definable set containing a also contains an open neighborhood of a. Thus, any £(B)-definable
map F: K™ — K™ is C! at a (that is, C! on an open neighborhood of a).

In addition to being a pregeometry, the L-definable closure completely controls the substructures and ex-

tensions of K. To make this precise, we need the following fact.

Definable choice (|26], 6.1.2). Let D C K™*™ be L(D)-definable. Then there is an L(D)-definable map
F: 7y (D) = K™ such that Gr(F) C D.

An immediate consequence of definable choice is that T eliminates imaginaries. This fact will come into

play in Section [{:4] Here is another consequence:

Definable Skolem functions. For B C K, the set dclz(B) is the underlying set of an elementary L-

substructure of K

Taking B above to be the empty set, we see that dclz(f) C K is a prime model for T, that is, a model
of T' which admits an elementary L-embedding into any model of T'. To see that this embedding property
holds, we note that since T is complete, the definable closure of the empty set in any M |= T is uniquely
L-isomorphic to the definable closure of the empty set in K. We denote this prime model by P, so P admits

a unique elementary L-embedding into any model of T.

Definable Skolem functions give us control over the parameters used to define certain objects. For example,
let B C K and suppose that the sets Aj,..., A, in part (1) of the C*-cell decomposition theorem are
L(B)-definable. Then by working in dcl;(B), we see that we can take a C*-cell decomposition partitioning
Aq, ..., A, where each cell is £(B)-definable. Likewise, if the map F' in part (2) of the theorem is £(B)-
definable, then we may take each C*-map F to be L(B)-definable.
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Corollary 2.4. Let B C K, let F: K™ — K™ be L(B)-definable, and let a € K™. There is an L(B)-
definable map F: K™ — K™ which is C* at a with F(a) = F(a).

Here is one more consequence of definable Skolem functions:

Corollary 2.5. Let LI be the extension of L by function symbols for all L())-definable functions, and let
T be the corresponding extension of T by definitions. Then T has quantifier elimination and a universal

axiomatization.

Let M be a T-extension of K and let A C M. We let K(A) denote the L-substructure of M with underlying
set delz (K UA), so K(A) is an elementary L-substructure of M. If A = {aq,...,a,}, we write K{ay,...,a,)
instead of K(A). We say that M is a simple extension of K if tk,(M|K) = 1. Then M = K({a) for some
ae M\ K.

Power boundedness. A power function on K is an £(K)-definable endomorphism of the multiplicative

group K~. Each power function F'is C! on K~ and uniquely determined by F’(1), and we set
A := {F'(1): F is a power function on K }.

Then A is a subfield of K, and it is called the field of exponents of K. For a € K~ and a power
function F', we suggestively write F'(a) as a* where A = F’(1). A straightforward computation, using that
(a+h) = a*(1 + h/a) for a,a+ h > 0, gives that the power function y +— y* has derivative y — A\y* 1.
We say that K is power bounded if for each £(K)-definable function F': K — K, there is A in the field of
exponents of K with |F(z)| < z* for all sufficiently large positive .

An exponential function on K is an ordered group isomorphism from the additive group K to the
multiplicative group K~. Any L(K)-definable exponential function £ on K is C' on K and uniquely
determined by E’(0). If there is an £(K)-definable exponential function on K, then there is a unique £(()-
definable exponential function on K which is equal to its own derivative. Any exponential function on K
grows more quickly than every power function on K. By [54], either K is power bounded or K defines an
exponential function. It follows that being power bounded is a property of the theory T (we say that T is
power bounded). If T is power bounded, then each power function on K is £()-definable, so we refer to the
field of exponents A as the field of exponents of T, as A does not depend on K. If T' is power bounded with

archimedean field of exponents, then 7" is said to be polynomially bounded.

A fiberwise property. In this subsection, we prove a somewhat technical fiberwise property for definable
C'-functions for use in the proof of Proposition Let F: K™*t" — K be an L(())-definable function of
the variables X = (X3,...,X,,) and Y = (Y3,...,Y,,) and let a € K™.

Lemma 2.6. Let u € K™ and suppose that the function y — F(a,y) is C' at u. Then there is an L(0)-
definable function F: K™t" — K which is C* at (a,u) such that F(a,u) = F(a,u) and

oF OF

anj(a’“) = aT,j(a,U)
forji=1,... n.
PROOF. We proceed by induction on n. If n = 0, then this is an immediate consequence of Corollary [2:4]
so we assume that n > 0. If u is an £(a)-independent tuple, then again using Corollary we take an
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L(0)-definable function F': K™+" — K which is C' at (a,u) with F(a,u) = F(a,u). By £(a)-independence,
we have F(a,y) = F(a,y) for all y in an open neighborhood of u, which gives

oF oF

aT,j(a,U) = 87Yj(a’u)
for j = 1,...,n, as desired. Assume now that w is not £(a)-independent. By permuting coordinates, we

arrange that w, € dclg(a,uq,...,un—1). We set
G = (up,.o o tn_1), Y = (Yi,...,Yu_q).

Let 0: K™T"~! — K be an L()-definable function with u, = 6(a,4). By Corollary we may assume
that 6 is C* at (a, ). Set

G(X,Y) = F(X,Y,0(X.,Y)),
so G is an £(0)-definable function with G(a, @) = F(a, ). Since 6 is C* at (a, ), the function G(a,Y) is C!
at 4. By applying our induction hypothesis to G, we get a function G: K™+~ — K which is C* at (a,0)
such that G(a, @) = G(a, @) = F(a,u) and
oG, . oG, OF OF 90
aT/j(aaU) = aT,j(a,U) = aT/j(aa u) + BT,H(%U)@TG(&U)
for j =1,...,n — 1. Applying Corollary [2.4] to the function %(X, Y,0(X,Y)), we take an £(0)-definable
function H: K™*"~1 — K which is C! at (a,a) with

OF . oF

(2.2) H(a,u) = E(a,ﬂ,@(a,u)) = ﬁ(a,u).

(2.1)

Now define F by

F(X,Y) = G(X,Y)+ H(X,Y)(Y, - 0(X,Y)).

Then F is C' at (a,u) and, since u, = 0(a, ), we have

F(a,u) = G(a,a)+ H(a,a)(u, — 0(a,2)) = G(a,

>

Il
|
~—~
8
£

As for the partial derivatives, let j € {1,...,n — 1}. We have

gg(a,u) = gg(a,ﬂ) gg(a,ﬁ) (un — G(a,ﬁ)) — H(aﬁ)aagj(a,ﬁ) = gg(a,ﬁ) — H(a,ﬁ);}i(a,u)
The above equation and the identities and give
oOF OF OF . OF 0 oF
8—Yj(a,u) = a—yj(a,u)—i-ﬁ(a,u)a—yj(a,u) — Tm(a,u)a—yj(a,u) = a—Yj(a,u).
As for the derivative with respect to Y,,, we have
OF ) oF
%(a,u) = H(a,4) = ﬁ(a,u). O

Corollary 2.7. Suppose that y — F(a,y) is C* on an L(a)-definable open set U C K™. Then there are
L(0)-definable functions Fy, ..., Fnx: K™ — K where for each u € U, there is i € {1,..., N} such that

o F; isCl at (a,u),

o Fi(a,u) = F(a,u),

OF; OF

m,j(a,u)— (a,u) forj=1,...,n.

° = oy,
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PROOF. Let M be a |T|*-saturated T-extension of K and let u € UM. By Lemma there is an £(0)-
definable function F: M™+" — M which is C' at (a,u) such that F(a,u) = F(a,u) and

oF OF

aT,j(a,U) = Tyj(avu)

for 5 =1,...,n. The corollary follows by a standard compactness argument. O

Remark 2.8. In [38 Appendix A], we prove a stronger version of Corollary The proof of this stronger
version requires the use of Verdier stratifications, and the weaker, more elementary version we prove here is

enough for the purposes of this thesis.

2.2. O-minimal expansions of the real field

The most fundamental o-minimal structure is the real field R = (R,0,1,+,—, -, <). Let RCF be the theory
of real closed ordered fields, axiomatized in the language Lyn, = {0,1,4,—,-,<}. Tarski showed that
RCF completely axiomatizes the Lying-theory of R, and the Tarski-Seidenberg theorem tells us that RCF
eliminates quantifiers. As a consequence, RCF is polynomially bounded with field of exponents Q. In any

real closed ordered field, the definable closure coincides with the (field-theoretic) algebraic closure:

Fact 2.9. Let K |= RCF, let A C K, and let b € K. Then b is Lying(A)-definable if and only if there is
P e Z[A][X] with P(b) = 0 and P'(b) % 0.

In |21, van den Dries noted that the expansion of R by all finitely subanalytic sets is o-minimal, as a
consequence of Gabrielov’s theorem on the complements of subanalytic sets [39]. Van den Dries went on to
show that this expansion is also polynomially bounded with field of exponents Q. This expansion, which we
denote R,,, is generally axiomatized in the language L., which extends L.iyg by a function symbol for each
n-ary function which is real analytic on a neighborhood of the closed unit cube [—1,1]". These function

symbols are interpreted as usual on this unit cube, and interpreted to be identically zero outside of this cube.

Let T,, be the complete L,,-theory of R,,. Model completeness for T,, is a consequence of Gabrielov’s
theorem, but later work of van den Dries and Denef [19] showed that model completeness could be improved
to quantifier elimination if one adds a function symbol for multiplicative inversion (away from zero) to the
language L,,. In [30], van den Dries, Macintyre, and Marker gave an explicit axiomatization of T,,. They
also showed that T,,, has quantifier elimination and a universal axiomatization in the language L7, which
extends L., by function symbols for multiplicative inversion and n*" roots, where n > 0 and the function
symbols for n'* roots are defined to be 0 for negative inputs. This allows for a very explicit description of

definable functions in models of T,,:
Fact 2.10 ([30], 2.15). Each La,(A)-definable function is given piecewise by LX (A)-terms.

The quintessential o-minimal structure which is not power bounded is Reyp; the expansion of the real field
by the (unrestricted) exponential function. This structure was shown to model complete by Wilkie [68].
O-minimality follows from model completeness and a theorem of Hovanskil [48]. Let i, be the complete
theory of Reyp, in the language Lexp := LringU{exp}. In [33], van den Dries and Miller provided a description

of the definable closure in models of Texp:
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Fact 2.11 ([33], 7.1). Let K |= Texp, let AC K, and let b € K. Then b is Lexp(A)-definable if and only if

b is a coordinate of a reqular solution to a system of equations
ti(Y1,...,Y,) = -+ = t,(V1,...,Y,) = 0,

where t1,. ..ty are Loxp(A)-terms. By a regular solution to the above system, we mean a solution a € K"

Ot;

oy (a))lgi,jgn is invertible.

at which the matrix (

The expansion of the real field by both restricted analytic functions and the total exponential function was
shown to be model complete and o-minimal by van den Dries and Miller [33]. This expansion, denoted
Ran,exp, is one of the most important structures in o-minimality, with applications to diophantine geometry,

complex analysis, and Hodge theory.

Let Tan exp be the complete theory of Ray exp in the language Lan exp := Lan U Lexp. A technical matter—we
assume that the function symbol in £,, for restricted exponentiation differs from the function symbol exp
in Lexp. In [30], van den Dries, Macintyre, and Marker gave an explicit axiomatization of Thy exp. They also
showed that model completeness can be improved to quantifier elimination and a universal axiomatization if
one extends Lan exp by a function symbol for the logarithm function (defined to be 0 for nonpositive inputs).
We denote this extended language by L3, ... As with Fact we have an explicit description of definable

functions in models of Ty exp:

Fact 2.12 ([30], 4.7). Each Lay exp(A)-definable function is given piecewise by L, (A)-terms.

an,exp

One o-minimal structure which will be important to us in Chapter [§is the expansion of R by the restriction
of the sine, cosine, and exponential functions to the closed interval [—1,1]. We denote this expansion by
R,e, where the subscript stands for “restricted elementary functions.” Of course, R, is o-minimal and
polynomially bounded, as it is a reduct of R,,. Let Ty, be the complete theory of R, in the language
Lye = Lying U {sin, cos, exp}.

In [22], van den Dries showed that the theory of R, is model complete in the language L,(R) (that is,
the extension of £, by a constant symbol for each real number). Model completeness in just the language
L, follows from work of Wilkie [68]. One can also show that Ty, is model complete by using a theorem of
Gabrielov, which states that any expansion of R by a family of restricted analytic functions which is closed

under partial derivatives is model complete [40].

2.3. Hahn field models

Let k be a field and let 9t = (9, <) be a monomial group, that is, an ordered group written multiplicatively
with identity lon. A subset & C 90 is said to be well-based if & contains no infinite strictly increasing
sequence mg < my < --- from 9. The Hahn field over k with monomial group 9, denoted k[[9]], is

f=> fam

meMn
where fy, € k and where the support supp(f) := {m € M : fi, # 0} is a well-based subset of M. The field

operations on k[[9]] are as follows:

frg = Y Untgum  Fogi=3( 3 fug)m

m m ni-ng=m

the collection of formal series
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The fact that multiplication is well-defined follows from the assumption that supp(f) and supp(g) are well-
based. We identify k with a subfield of k[[91]] via the map a — a - log. For f € k[[9]], set d(f) =
max supp(f). We say that € € k[[90]] is infinitesimal if 9(¢) < 1gn. In this case, we write e < 1.

A family (f;)icr of series in k[[9]] is said to be summable if | J; supp(f;) is well-based and each monomial
m € M only appears in the support of only finitely many of the f;. If (f;) is summable, then for any family

Z aifi = Z Z i fimm
is a well-defined element of k[[9]]. Let ®: k[[9N]] — k[[9N]] be a map. We call ® strongly additive if for
each summable family (f;) from k[[90]], the family (®(f;)) is summable and ®(>", f;) = >, ®(f;).

(a;) from k, the series

Let ¢ = (e1,...,&,) be a tuple of infinitesimals in k[[90]]. For a multi-index 4 = (iy,...,i,) € N™, let
gt =gl ... gin ¢ E[[M]]. The family (¢%);en» is summable by a result of Neumann [55]; see also |31} 1.4].
Thus, for any sequence (a;) from k indexed by multi-indices, the series

> o

1EN™
is a well-defined element of k[[?1]]. This can be used to show that k[[90]] is indeed a field: if f # 0 then we
may take some infinitesimal € € k[[9]] with f = fo(,0(f)(1 +¢). One easily verifies that

7= R )Y (e

Let (9M;)icr be an increasing chain of monomial groups. We may consider the field |J, k[[9%;]]. This union is
not a Hahn field in general. However, we can still make sense of summability: a family (f;) from J; k[[90;]]
is said to be summable if (f;) is a summable family in k[[90;]] for some i € I. If |, k[[90;]] is itself a Hahn
field, then (J,; k[[9;]] = k[[9;]] for some i € I, so this agrees with our previous definition of summability.
The notion of a strongly additive map on a Hahn field may be generalized to increasing unions of Hahn fields

using this definition of summability.

If k is an ordered field, then we view k[[9]] as an ordered field extension of k by declaring f € k[[91]] to be
positive whenever fy(s) € k is positive. If k is real closed and 90 is divisible, then k[[9)]] is real closed; see
the remark following [4, 3.5.19].

Hahn field models of T,,. Now let k = T, and let 91 be a divisible monomial group. We will show
that k[[9]] admits a natural expansion to a model of T,,. This follows the method used in [30], where
k = R,,. It is worth noting that since each real constant function is analytic, k contains R,, as an

elementary substructure.

Let y = (y1,-.-,Yn) € K[[PN]]™ and let F be an n-ary restricted analytic function. We will show how to define

F(y). Of course, we define F'(y) to be zero if any |y;| is greater than 1, so let us assume that |y1, ..., |yn| < 1.
Then there are unique tuples a = (ay,...,a,) € k" and € = (g1, ...,&,) € k[[9N]]" with
lak| < 1, e < 1, Yk = Qk + €k
fork=1,...,n. We set .
Fly) = Fla+¢) = Z %5",
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where ) .
F® = u il = iyl
onYy; .- -0y,
Since F® is itself a restricted analytic function, the expression F(¥)(a) makes sense as an element of k.
Doing this for all y and all restricted analytic functions F', we get an £,,-expansion of the Hahn field k[[90]],

which we denote by k[[9]]an-
Proposition 2.13. k[[MM]]an E Tan-

PROOF. We use the axiomatization of T,, given in [30] 2.14]. As mentioned above, k[[9]]., is real closed,
so it remains to show that axioms (AC1)—(AC4) from [30] hold. For (AC1)—(AC3), we need to show that
the constant functions 0 and 1, the coordinate functions, addition, multiplication, and composition behave

as they should. Let y, a, and € be as above. One easily verifies that
0(y) = 0, I(y) = 1, Yily) = yi fori=1,...,n,

where 0 and 1 are constant functions and Y; is the ¢*® coordinate function. For m-ary restricted analytic
functions F' and G, the identities F(y) + G(y) = (F + G)(y) and F(y)G(y) = (FG)(y) follow from the

identities

(F+G)® = FO 4 g, FQ)» = Y - Y plo)gla)
= J119s!

Ji1t+I2=1

respectively, for ¢ € N*. Let G = (Gy,...,G,,) be a tuple of n-ary restricted analytic functions with

|Gr(y)] < 1for k =1,...,m and let F' be an m-ary restricted analytic function. We need to show that

(FoG)(y) = F(G(y)). Using that Gi(a) € k and Gi(y) — Gr(a) < 1 for each k, we have

() a . (9) a m (4 a) . Jk
riew) = 3 e ey’ = RO (S 40 - aw)

where 4 ranges over N” and j ranges over N™. Let d = (dy,...,d,) € R" with |dy],...,|d,| < 1. By
composing Taylor expansions, we see that the following identity holds in R[[Y]]:

i j m (%) ;
(FoG)Y(d),,; F9(G(d)) Gy () g L
i j k=1 i
On both sides, each coefficient of Y* may be expressed as L., (())-definable function of d. Since k is an
elementary extension of R,,, we may work coefficient by coefficient to see that (2.3)) holds when d is replaced

by a:

0o @) (a)_ . / - (6) a). Jk
Z(F (j') ( )Yz _ Z H (Z Gki!( )Yz—Gk(a)) .

i J
This gives the desired identity
(FoG)9(a) F@)(G(a) 15 (= G (a) 4 2
(FoG)(y) = Z ¢ = Z FY(6w) (Z kTs - Gk(a)) = F(G(y)).
i ' J 3 i ’
Finally, for (AC4), let F be an n-ary restricted analytic function, let d = (di, ..., dy) € R™ with |d1|,...,|dn] <
1,1et 6 € R”, and let G be the restricted analytic function

GY1,...,Y,) = F(di+6Y1,...,d, +Y,).
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Suppose that |d + dyg| < 1 for & = 1,...,n. We need to show that G(y) = F(d + dy), where dy =
(oy1,-..,0yn). We have

d+dy = d+d(a+¢e) = (d+da)+ ¢
where d 4 da € k™, each |di + dag| < 1, and each dep < 1. Thus

(3) a ‘ (i) q)§itFin () .
F(d+6y) = Zw(&)z = ZF (d+0a)0n T i ZG ()(g)z = G(y). O

i)
1! 7! 1!
i [ 3

The method of expanding Hahn fields to models of T, generalizes to increasing unions of Hahn fields. Let
(9M1;)ier be an increasing chain of divisible monomial groups. By Propositionand model completeness for
Tan, the structure k[[9N;]]an is an elementary L,y-substructure of k[[90;]]an whenever ¢ < j € I. Therefore,
the union (J,;; E[[M]]an is a model of Tyy.

Transseries and surreal numbers. Let us now consider two specific examples, both of which we revisit
throughout the remainder of the thesis. Our first example is the field T of logarithmic-exponential transseries,
mentioned in Chapter [I] In this subsection, we will not discuss the derivation on T. Instead, we will focus
on (expansions of) the underlying ordered field. We refer the reader to Examples and for
information about the derivation, valuation, and H-field structure on T, and how these interact with the

expansions considered here.

The field T consists of elements like
e f120e T V2 g3y log(logx) + e~ + e 4o 4

that is, transfinite series of transmonomials such as me"”2+”, log(log x), and e~* with real coefficients. These
transmonomials are ordered as one would expect: we think of each transmonomial m as a function of x, and
we set m < 1 if this function approaches zero as x approaches +oco. The construction of T is somewhat
complex; for a detailed reference, see Appendix A of [4]. For our purposes, it is enough to know that T is
an increasing union of Hahn fields over R with divisible monomial groups. As such, T may be expanded to

an elementary extension of R,, as detailed above; we use T,;, to denote this expansion.

In addition to restricted analytic functions, the field T admits an unrestricted exponential function which ex-
tends the exponential function on R. The expansion of T by restricted analytic functions and this exponential

function is denoted Tan exp-
Fact 2.14 ([31], 2.8). Tan,exp = Tan,exp-

Though T is an increasing union of Hahn fields, it is not a Hahn field itself. In fact, no Hahn field with
nontrivial monomial group admits a total exponential function by a negative result, established independently
by van der Hoeven [47], Proposition 2.2| and by Kuhlmann, Kuhlmann, and Shelah [51]. This result comes
up later in this thesis; see Remark [5.14] Thus, the fact that T is not a Hahn field is essential.

Another important structure which may be viewed as an increasing union of Hahn fields is Conway’s field
No of surreal numbers [16]. This field is a proper class, as axiomatized in Neumann—Godel-Bernays set
theory with global choice. Though elements of No are generally defined as maps from an ordinal to the set
{—,+}, any surreal number may be represented as a transfinite series ZyeNo ryw?, where r, € R and where
{y : v, # 0} is a well-based subset of No.
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The field No is also increasing union of Hahn fields over R with divisible monomial groups, where each Hahn
field is a set and the union is indexed over the proper class of ordinals. This allows us to expand No to an
elementary extension of R,,, denoted No,,. Moreover, the exponential on R naturally extends to a total

exponential on No, as shown by Gonshor [43]. This gives us a further expansion of No,,, denoted Nouy exp-

Fact 2.15 (|28], 2.1). Noan,exp = Tan,exp-
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CHAPTER 3

T-derivations

In this chapter, we fix a map 9: K — K. For a € K, we use a’ or da in place of d(a), and we use a™ in
place of 9" (a). If a # 0, then we set a' := a’/a. Given a tuple b = (by,...,b,) € K", we denote by db or b’
the tuple (b],...,b)). We let £° be the language £ U {3}, and we view K = (K,9) as an L’-structure.

Definition 3.1. Given an L£(())-definable C!-function F: U — K with U C K" open, we say that 9 is
compatible with F if

Fu) = Jp(u)u
for each v € U. We say that 9 is a T-derivation on K if 9 is compatible with every L(()-definable
C'-function with open domain. Let 7° be the L°-theory which extends T by axioms stating that 9 is a

T-derivation.

T-derivations are the main objects of study in this thesis, and the purpose of this chapter is to provide
all the necessary background on T-derivations for Chapters [4 [} and [] We begin with some basic facts
and useful tests in Section 3.1 In Section [3.2] we examine natural T-derivations on our Hahn field models
from Section Section is devoted to constructing a pregeometry on models of T° which serves as an
analog of differential algebraic closure. In Section we prove a handful of important results on building
TY-extensions of K. Section is focused on various ways of manipulating definable functions for use in
Chapter @ Finally, in Section we introduce thin sets, which are subsets of models of T° that may be
thought of as small. Almost all the material in Sections and is joint work with Antongiulio

Fornasiero from [38].

3.1. Basic properties of T-derivations
Let us begin this section by justifying the use of the name T-derivation. Recall that d is a derivation on K

if (x+y) =2"4+9y and (zy) = 2’y + y'x for all z,y € K. To put it another way:

Fact 3.2. The map 0 is a deriwvation on K if and only if 9 is compatible with addition and multiplication.

In particular, any T-derivation is a derivation.

If 9 is a T-derivation on K, then we let Cx :=ker(d) = {a € K : ' = 0} denote the constant field of K.
When K is clear from context, we drop the subscript and denote the constant field by C.

Lemma 3.3. Let K |=T°. Then C is the underlying set of an elementary L-substructure of K.

PRrROOF. As T has definable Skolem functions, it suffices to show that C' is L-definably closed in K. Let
F: K" — K be an L(())-definable function and let ¢ € C™ be L())-independent, so F is C* at c¢. Then
F(c)) =Jp(c)c =0, 50 F(c) € C. O
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Lemma may be viewed as an analog of the well-known fact that the constant field of a differential field
is relatively algebraically closed. The trivial derivation on K is the map K — K which takes constant

value 0. The trivial derivation is a T-derivation on K.

Corollary 3.4. The expansion of P, the prime model of T, by the trivial derivation admits a unique L£°-

embedding into any model of T°.

PROOF. Let K |= T°. As C is (the underlying set of) an elementary L-substructure of K, the unique
L-embedding P — K has image contained in C. Thus, this embedding is an £°-embedding, where the

derivation on P is trivial. O

By our model completeness assumption for 7', the union of an increasing chain of T-models is a T-model.
It follows that the union of an increasing chain of T°-models is a T°-model. Additionally, if K = 7° and
E =T is an L%-substructure of K, then E |= T°. These facts, when paired with [66] 3.1.5 and 3.1.9], allow

us to say something about the axiomatization of 7°.
Corollary 3.5. T° has an Y3-aziomatization. If T has a universal aziomatization, then so does T°.

Tests and preservation lemmas. Below, we provide a useful test to see if 9 is a T-derivation. Then we
prove a couple of preservation results. First, let us extend our notion of compatibility to definable C'-maps.
Let G: U — K™ be an L())-definable C'-map with U C K™ open. Then 9 is said to be compatible with G

if 9 is compatible with each component function G;. Equivalently, o is compatible with G if
Gu) = Jg(u)u
for each u € U.

Lemma 3.6. The following are equivalent:
(1) K =T
(2) ¢ =0 for all c € delz (D) and F(u) = Jp(u)u’ for all L(0)-independent tuples u and all L(0)-definable
functions F defined at u.

PRrOOF. Clearly (1) implies (2), as the constant function x +— ¢ is L£())-definable for each ¢ € dclz(0).
Now suppose (2) holds, fix an £())-definable C!-function F': U — K with U open, and fix a tuple u € U.
We need to show that F(u) = Jp(u)u’. If each component of u is in dclz(0), then F(u) € delz(0), so
F(u) = Jp(u)u’' = 0 by (2). If there is some component of u which is not in dclz(0), then let v be a
maximal £(@)-independent subtuple of u and fix an £()-definable map G with v = G(v). As v is L(()-

independent, we have
Fu) = (FoG)(v) = Jpog(v)v = Jp (G(v))Jc;(v)v' = Jr(u)G) = Jp(u),
where the second and fourth equality use (2). O

Lemma 3.7. Let U C K™ and V C K™ be open, let F: U — K and G: V — U be L(()-definable C*-maps,
and suppose d is compatible with F' and G. Then 9 is compatible with the composition F o G.

PRrROOF. For u € V, we have

F(Gw) = Jrp(Gw)Gw) = Jp(Gu)Ia(u)d' = Jroq(u)u'. 0



Lemma 3.8. LetU C K™ and V C K™t be open, let F: V. — K" be an L(())-definable C*-map in variables
(X,Y), and let G: U — K™ be an L(0)-definable map with Gr(G) C V. Suppose that 9 is compatible with F
and that

F(u,G(u)) = 0, det (g—}F/(u,G(u))) # 0

for allu € U. Then G is C* and 9 is compatible with G.

PROOF. The map G is C* by the o-minimal implicit function theorem; see |26}, 7.2.11]. Let u € U and define
the map H: U — K™ by H(y) = F(y, G(y)) Then H is identically zero on U, so we have

oF oF
a—X(u,G(u)) + W(u7G(u))Jg(u) = Jg(u) = 0.
Multiplying the left side by «’ and subtracting gives
oF oF
(3.1) a—X(u,G(u))u’ = —W(U,G(u))Jg(u)u'.
Since 9 is compatible with F, we also have
OF ,  OF
8—X(u, Gu))u' + 6—Y(u, G(u))G(u) = H(w)" = 0.
Together with , this gives
oF oF
éTY(u’G(u))G(u)/ - 6TY(u7G(u))JG(u)u’.
It remains to use the invertibility of g—g(u, G(u)). O

For an arbitrary o-minimal theory 7', it may be difficult to tell whether a map on a model of T is a T-
derivation. However, for many of the o-minimal theories in Section we can use the test in Lemma

and the above preservation results to give a simple criterion for when a map is a T-derivation.
Lemma 3.9. Let K |=RCF and let 0 be a derivation on K. Then d is an RCF-derivation on K.

PROOF. We use Lemma, @ First, let ¢ € K be Lying-definable over the empty set. Using Fact @ take a
polynomial P € Z[Y] with P(c) = 0 and P’(c) # 0. Our assumption that 9 is a derivation gives that 9 is
compatible with addition, multiplication, and the constant maps = + 0 and = — 1. Lemma [3.7] gives that o

is compatible with each polynomial in Z[Y], so
0 = P(c) = P(e).

Thus, ¢ = 0. Now let u be an Lying (0)-independent tuple and let F' be an Lying (0)-definable function defined
at u. Fact gives P € Z[X, Y] with
OP

As u is Lying(0)-independent, there is an open neighborhood U of u such that
oP

Py, F =0 —(y, F 0

(v, F(v)) vy W FW) #

for all y € U. Then Lemma along with the aforementioned fact that o is compatible with P, gives that
F(u) = Jp(u)u' as desired. O
Lemma 3.10. Let K =Ty, and let 9 be a derivation on K which is compatible with the exponential on K.
Then 9 is a Texp-derivation.
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PrROOF. We use Lemma First, if ¢ € K is Lexp-definable over the empty set, then by Fact there

are ca,...,c, € K and Lexp(0)-terms ¢q,. .., ¢, such that (¢, ca,...,¢y) is a regular solution to the system
t1(Y1,...,Y,) = -+ = t,(Y1,...,Y,) = 0.

Lemma [3.7]and our assumption that 9 is a derivation which is compatible with exp gives that 9 is compatible
with each Lexp(0)-term. Let G: K™ — K™ be the Lexp(#)-definable map G(Y) = (¢1(Y),...,t,(Y)). Since
G(c,ca,...,¢,) =0 and 9 is compatible with G, we have

G(c,ca,...,cn) = Jgle,ca,y.. cn)(c chyy . yeh) = 0.

Since Jg (¢, ca, . .., cp) is invertible, we have ¢’ = 0.

Now, let u € K™ be an Lexp (#)-independent tuple and let F': K™ — K be an Lexp, (0)-definable function.
Applying Fact with w in place of A and F'(u) in place of b, we get by,...,b, € K and Lexp(u)-terms
t1,...,ty such that (F(u),bs,...,by,) is a regular solution to the system

tl(Yl,...,Yn) = = tn(Ylv"an) = 0.

For i = 2,...,n, Fact gives that b; is also Lexp(u)-definable, so take an Lexp,(0)-definable function F;
with F;(u) = b;. For j =1,...,n, take an Lexy(0)-term G; with G;(u,Y) =t;(Y). Let G: K™ — K" be
the Lexp(0)-definable map G(X,Y) = (G1(X,Y),...,G,(X,Y)). Then

G(u,F(u),Fg(u), ... ,Fn(u)) = 0.

Since u is Lexp(0)-independent, we can take an Lexp(0)-definable open neighborhood U of u such that for
each y € U, the tuple (F(y), F2(y), ..., Fu(y)) is a regular solution to

Gy, Y1,...,Y,) = 0.

Since 9 is compatible with G, Lemma [3.8] tells us that 9 is compatible with F. O
Remark 3.11. Lemma provides a positive answer to Question 2.11 in [38].

Lemma 3.12. Let K = T,,, and let d be a derivation on K which is compatible with every restricted analytic

function (restricted to the open unit cube). Then 9 is a Ton-derivation.

PRrROOF. Let L¥ extend L,, by function symbols for multiplicative inversion and n™ roots. As 9 is a
derivation, we know that it is compatible with addition and multiplication, and a simple application of
Lemma gives that 9 is compatible with multiplicative inversion and n'* roots. Thus, our assumption
and repeated applications of Lemma gives that d compatible with every £ (0)-term. By Fact each
Lan(0)-definable function is given piecewise by L, (0)-terms, so 9 is a T,,-derivation. O

Lemma 3.13. Let K |= Tanexp and let 0 be a derivation on K which is compatible with every restricted
analytic function and with the exponential function. Then 0 is a Tin exp-derivation.

PROOF. Let L3, ., extend Ly exp by a function symbol for the logarithm function. As 9 is compatible
with exp, a simple application of Lemma [3.8] gives that 9 is compatible with log. It follows from our other
assumptions on 9 that 9 is compatible with every L3, .. (0)-term. By Fact each Lan exp(0)-definable

function is given piecewise by L7, ..,(0)-terms, so 9 is a Ty exp-derivation. O
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3.2. Examples of T-derivations

In this section, we look at some natural models of 7° and construct some new models. As in Section most,
of our focus is on Hahn field models of T,,, and the expansions of transseries and surreal numbers to models
of Tan,exp. First, it’s worth remarking that Tey,-derivations show up frequently in work on exponential
algebraicity in the real field; see [7] and [50].

T.n-derivations on Hahn field models. Let k = T,, and let 9t be a divisible monomial group. Recall
from Proposition that the Hahn field k[[90t]] admits a natural expansion to a model k[[9]]an = Tan-

Proposition 3.14. Let d be a strongly additive derivation on k[[IM]]an such that 9|y is a Tan-derivation on
k. Then 9 is a Toy-derivation on k[[9N]]an-

PRrROOF. By Lemma it suffices to check that F(y) = Jr(y)y’ for each n-ary restricted analytic function
F and each y = (y1,.-.,yn) € E[9N]]" with |y1],...,|yn] < 1. Take a = (a1,...,a,) € k" and ¢ =
(€1y...,en) € K[[DM]]™ with
lax| < 1, e < 1, Y = ap + €k
for k =1,...,n. By definition, we have
F(y) = Flate) = Y PO Iey = Tro(@fate) ;.

- 1 . 2!
K2 K2

By strong additivity, we have

/

@) (q) . @(a) . FO(q) .
F(y)/:Z(F()€z> :ZF()&J_'_F()(&J)/

3! 7! 3!

Since 9|y, is a Thy-derivation on k, we have F(9)(a)’ = J pu)(a)a’ for each 3. We also have

ZF< = > - ki((f; T T s Il

i k=1 {i: mﬁo} ' i

where the last equality comes from reindexing. Thus

Jra I J i J X
Py = Y10 ;ga)a i F() _ Z Jrw(a)late) ; _ Iy O

i

The following is a variation on a structure considered by Scanlon [61].

Example 3.15 (Hahn differential fields). Let dg be a T,,-derivation on k and define the map 9 on k[[9]]an

by setting
(D fam) = > Op(fm)m

To see that 9 is strongly additive, we note that supp(df) C supp(f) for f € K, so (9f;) is summable with
>, 0fi =0( >, fi) for any summable family (f;). Thus, 0 is a Tyy,-derivation on k[[90]]., with constant field
Cr[[MM]an

Proposition generalizes to increasing unions of Hahn fields:

Corollary 3.16. Let (0M;) be an increasing chain of divisible monomial groups, let K be the union of Lay-
structures |, k[[9]]an, and let 0 be a strongly additive derivation on K such that ol is a Tan-derivation on
k. Then 0 is a T,,-derivation on K.
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Example 3.17 (Transseries). Recall that T, the field of logarithmic-exponential transseries, may be viewed
as an increasing union of Hahn fields over R with divisible monomial groups. As such, it admits a natural
expansion to a model T,y = Ton. In [32], a strongly additive derivation 9 is constructed on T with constant
field Ct = R. This derivation is essentially termwise differentiation with respect to z. For example, the
transseries
f _ ee“£ +12(E€Z2+7Tz +IL’1/2+1'1/3+
has derivative
. 1 1
flo= e e e+ 12677 4 2422 7T 4 197 pe® T 4 51‘_1/2 + gx_Z/g + e

Since the trivial derivation on R is a T,,-derivation on R, we have by Corollary [3.16] that 9 is a Ty,-
derivation on T,y; see also [32] 3.3]. As one may infer from the example above, 9 is compatible with the

natural exponential function on T [32] 3.4], so it is even a Ty exp-derivation on Tay exp by Lemma

Example 3.18 (Surreal numbers). As with T, the field No of surreal numbers may be viewed as an
increasing union of Hahn fields over R with divisible monomial groups. In [§], a strongly additive derivation
is constructed on No with constant field Cno = R. Those familiar with surreal numbers may think of this
derivation as “termwise differentiation with respect to w,” though the precise construction involves a good
deal of work. This derivation is compatible with Gonshor’s exponential function on No [8, 6.29], so it is a
T exp-derivation on No,y exp by Lemma and Corollary

3.3. The o-closure operator

Assumption 3.19. For the remainder of this chapter, K = (K,9) = T° and C is the constant field of K.

In this section, we introduce the d-closure operator on K. First, some notation: given a € K, we define the
jets of a:
3(a) = (a,d,... ,a(r)), J5°(a) = (a("))neN.
Given b€ K™, BC K™ and a € NU {oo}, we set
35 (0) = (85(1), ..., 85(bm)),  85(B) = {35(b):be BY.
To make some statements cleaner, we let 7 L(b) be the empty tuple and we let a5 1(B) be the empty set.

Occasionally, we omit the parentheses and write J5b.

Definition 3.20. Given a € K and B C K, we say that a is in the d-closure of B, written a € cla(B), if
rke (3800(a)|3aoo(3)) is finite.

This section is devoted to showing that (K, cl’) is a pregeometry and exploring the corresponding rank
function. Throughout this section, A, B, and D denote subsets of K and a, b, and d denote elements of K.

Lemma 3.21. If A C dclz(B), then 0A C dclg(BoB).

PROOF. Given a € A, we may write a = F'(b) for some £(0))-independent tuple b from B and some L(0)-
definable function F. Then o/ = Jp(b)V/, so o’ € dclz(BoB). O

Corollary 3.22. We have rk.(0A|ABoB) < rk.(A|B).
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PROOF. Let Ag C A be a dclg-basis for A over B, so rkg(A|B) = |Ag|. Then dA C delz(AgBoAgdB) by
Lemma [3:21] so we have
rkp (0A|ABOB) < [0Ag| < |Ao| = rk(A|B). O

Lemma 3.23. The following are equivalent:

(1) a € c’(B);

(2) ke (95( )}330(3)) < n for some n;
(3) a™ € dclg(zjg—l( )35°(B)) for some n;
(4) there are n and m such that o) € delz (35" (a)dy " (B ) for allr > n.

PROOF. Suppose (1) holds and set n := rk(35°(a)|d3°(B)). Then rk. (35 (a)|d5°(B)) < n. Now suppose
(2) holds and let n be least such that rkz (37 (a)|d5°(B)) < n. Then

rke (3 (@)[33°(B)) = n

by minimality of n, so (™ € delz (95" (a)33°(B)). Suppose (3) holds and take n with a(™ € delz (35 (a)35°(B)).
As dcly is finitary, we may take m with

al™ € delg (35 (a)3y ™ (B)).
Lemma [3:21] gives that
al™ ™) € del (35 (a)ay " (B)) = del (35 (a)dy T (B)).
By induction, a(™ € delz (35" (a)dy" ™" (B)) for all r > n. The final implication, (4) implies (1), is clear. O

Fact 3.24. The following are consequences of (3) of Lemma|3.25)
e dcl(B) C cl’(B);
e 9B C cl’(B);
e a & cl’(B) if and only if 33°(a) is L(35°(B))-independent.
Proposition 3.25. (K, cl°) is a pregeometry.

PROOF. It is clear that if A C B, then A C cl’(4) C cI’(B). The fact that cl’ is finitary follows from (3) of
Lemma and the fact that dcly is finitary. We will show that cl’ (cla(B)) = cl’(B). Fix a € cl’ (cla(B))
and take a finite set D C cl’(B) with a € cl’(D). Then

tke (35°(a)[35°(B)) < ke (357 (0)[35°(D)) + rke (35°(D) |57 (B)).

The first summand on the right is finite since a € cl’(D). The second summand is finite since D C cl’(B)
and D is finite. Thus, rk. (35°(a)|d5°(B)) is finite, so a € cl’(B).

It remains to show that cl’ satisfies Steinitz exchange. Fix a, b, and B with a € cl’(Bb) \ cl’(B).
Using (2) of Lemma take n with rkz (37 (a |33 Bb)) < n. Since dclg is finitary, we may take m with
rk, (3§(a)|3§°(3)3§1(b)) < n. We have
(3.2) rke (35" (0)35 (a)[35°(B)) = rke (35 (a)|85(0)35°(B)) + ke (33 (0)[35°(B)) < n+m+1.

On the other hand,
ke (95 (0)35 (0)[33°(B)) = ke (35" (8)[35 ()35° (B)) + rke (35 () |57 (B))
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Since a & cl’(B), we have k. (35 (a)]45°(B)) = n + 1. This gives us
(33) v (35 (D)3 @]F7(B) = rhe (35 (6)|35 (@)3°(B)) +n + 1.
Combining and , we get
rke (35 (0)|85 (0)35°(B)) < m,
so b € cl’(Ba), again by (2) of Lemma m O

Since (K, Cla) is a pregeometry, it has an associated rank function which we call the o-rank and which we
denote by rk?. The next proposition and its corollary give us a two explicit descriptions of the d-rank of a

finite set:

Proposition 3.26. Let A be finite and suppose 0B C B. Then
k. (95(A)|B
K(A|B) = lim ke (3(4)]B).
r—00 r4+1

In particular, this limit exists.

PROOF. We prove this proposition by induction on |A|. Clearly this holds if A = (). Suppose that the
proposition holds for A and let a € K\ A. We need to show that

rka(Aa|B) = lim —rkL (33 (Aa)‘B).
r—00 r-+1

Using that rk’(Aa|B) = 1k’(A|B) + 1k’(a|AB), that k. (35(Aa)|B) = rke (35(A)|B) + tke (35 (a)|d5(A)B),
and our induction hypothesis, it suffices to show that the limit

o TR (3 (0)[3(4)B)

r—00 r+1

exists and is equal to rk’(a|AB).
If a & cI’(AB), then rk, (3g(a)]3g(A)B) = r 4 1 for each r by (2) of Lemma S0

k(35 (A)B
lim - c(@ (@[5 (A)B) 1 = 1k°(a|AB).
r—00 r+1

Suppose that a € cl’(AB). By (4) of Lemma there are m and n such that a(”) € delz (35" (a)3y" " (A)B)

for all 7 > n. For these r, we have

rke (3777 ()37 (A)B) < rke (95 (a)|95 T (A)B) + tke ({a" TV, a7 (A)B) < n+m.

Therefore,
k. (971 (a) |97 (A)B
lim £(8( )|Ha (4)5) < lim _ntm 0 = 1k%(a|AB).
T—00 m+r+1 r—oom + 1+ 1
Since rk, is nonnegative, this gives the desired equality. (|

Corollary 3.27. If A is finite and 0B C B, then
) _ : r r—1
rk°(A|B) = T%rkg(a Alg5~'(A)B).

PROOF. Let 0: N — N be the map given by o(n) = rkg (8”A|3?‘1(A)B). By Corollary we have
o(n) > o(n+ 1), so o is decreasing, thus eventually constant. As rke(d5(A)|B) = >."_o(n), we have by

26



Proposition that

rk’(A|B) = lim M = lim M = lim o(r). O

r—00 r+1 r—ooo  r—41 r—00
Remark 3.28. In [38], we study maps 6 on arbitrary pregeometries (X, cl) which satisfy the inequality
rk(0A|ABIB) < rk(A|B) from Corollary We call such a map § a quasi-endomorphism. Given a quasi-
endomorphism ¢, one can define the d-closure in the same way that we define d-closure here: a € X is in the
S-closure of B C X if rk(a, da, 6%a, . ..|B,6B,5?B,...) is finite. All the results proven in this section hold for
arbitrary quasi-endomorphisms. For example, §-closure gives us a pregeometry on X and the corresponding

rank function satisfies the equalities in Proposition [3.:26 and Corollary [3:27]

3.4. Extending T-derivations

In this section, we prove some results about expanding T-extensions of K to T°-extensions of K. First, we

need an important proposition about the behavior of definable functions in 7°-extensions of K.

Proposition 3.29. Let U C K™ be open and let G: U — K be an L(K)-definable C*-function. Then there
is a (necessarily unique) L(K)-definable function GU: U — K such that for all T°-extensions M of K and
allw € UM, we have

Gu) = GPl(u) + Ja(u)'.
If G is L(C)-definable, then G = 0.

PROOF. Take a tuple a = (ay,...,a,,) € K™ and an £(0)-definable function F: K™*t" — K in variables
(X1,..., Xm, Y1,...,Y,) such that G(u) = F(a, u) for all u € U. By Corollary[2.7, we can find £(0)-definable
functions Fy,..., Fy: K™ — K where for each u € U, there is i € {1,..., N} such that

e F;is Cl at (a,u),

e Fi(a,u) = F(a,u),

° g%(a,u) = g—{g(a,u) forj=1,...,n.
For i =1,...,N, let D; be the set of all uw € U such that F; satisfies the above criteria. Then each D; is
L(a)-definable, so for all T%-extensions M of K and all u € DM, we have

Guw) = Fia,u) = Jp(au)(a,,...,a, v, ... u)) = GPu)+ Ig(u),

where oG
9] - ¢ o, i ’
G (u) = X, (a,w)a] + -+ X, (a,u)a,.
Let GI: U — K be defined by G¥(u) := G?} (u) whenever u € D; \ (D1 U---UD,;_1). It is immediate from
the definition of G?] that G = 0 whenever a € C™. O

Lemma 3.30. Let M be a T°-extension of K, let A C M, and suppose a’ € K{(A) for all a € A. Then
K(A) is the underlying set of an L°-substructure of M. In particular, K(J5°a) is the underlying set of an
L0-substructure of M for any a € M.

PROOF. Let y € K(A) and take an L(K)-independent tuple a from A and an £(K)-definable function F'
with y = F'(a). Then

y = F(a) = F¥a)+JIp(a)d
by Proposition Since F! and Jp are £(K)-definable and since the components of a’ lie in K(A) by
assumption, we have FI(a) + Jp(a)a’ € K(A). Thus, y € K(A). O
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As is the case for derivations, one can extend a T-derivation 0 on K to any T-extension M of K by specifying

the values of 0 on a dclz-basis for M over K.

Lemma 3.31. Let M be a T-extension of K, let A be a dclg-basis for M over K, and let s: A — M be a

map. There is a unique extension of d to a T-derivation on M such that o' = s(a) for all a € A.

PROOF. Let y € M \ K, so there is a tuple a = (aq,...,a,) of distinct elements from A and an L(K)-
definable n-ary function F with y = F(a). By Proposition any T-derivation on M must satisfy the
identity

F(a) = F¥a)+ Jp(a)d,

so if we want o’ to equal s(a) := (s(a1),...,s(a,)), we only have one choice: we set
y = F(a)' = F9a)+ Jp(a)s(a).

Doing this for all y € M \ K, we define a map 9: M — M which extends the T-derivation on K. Clearly,
a’ = s(a) for all @ € A. Using that A is L(K)-independent, it is routine to show that this doesn’t depend
on our choice of a or F. If we can show that 9 is a T-derivation, then uniqueness follows from the above
considerations.

Let U C M™ be open, let G: U — M be an L((})-definable C!-function, and let u € U. We need to
show that G(u) = Jg(u)u'. Take an L£(K)-definable C!-map F: V — K™ with V open and a tuple a of
distinct elements from A with a € V™ and u = F(a). By shrinking V, we may assume that F(V) C U. Set
H :=Go F and set s := s(a). By definition, we have

(3.4) Gu) = H(a) = H¥Ya)+JIg(a)s, o = F(a) = F%a)+JIp(a)s.
For all v € V, we have
HO) + (o)’ = H@) = G(F(v) = Jg(F@))(FP ) + I (v)0).
Using also that Jp(v) = Jgor(v) = Jo(F(v))Ip(v), we see that HU (v) = J¢(F(v))FPl(v) for all v € V.
Since a € VM we have by L-elementarity that
H%a) = Jg(F(a))FP(a) = Jo(@)FPa),  Ju(a) = Jo(F(a)Ir(a) = Ja(u)Ip(a).
This, along with the identities in , gives

Gu) = Jaw)Fa) +Iaw)Ip(a)s = Jg(u)u'. O

Corollary 3.32. Let M be a T-extension of K with vk (M|K) =n and let A C M"™ ' be an L(K)-definable
set with dimg m,(A) = n. Then there is b € M and an extension of 0 to a T-derivation on M such that
33(b) € A.

PROOF. We claim that there is some L£(K)-independent tuple a € M™ such that a € 7,(A). We construct
a coordinate by coordinate. Fix ¢ € {1,...,n} and suppose we have already chosen an £(K)-independent
tuple @ = (a1,...,a,-1) € mi—1(A). We need to find a; € M \ dclz(Ka) with (a,a;) € m;(A). As m;(A) has
nonempty interior, we can find 1 < o € dclg(Ka) U {£oo} with (ry,72) C m;(A)sz. Take d € M\ dclz(Ka).
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By negating and inverting d if need be, we may assume that 0 < d < 1. Set

d if r{ = —oc0 and 7y = +0

r1+d if 11 € delg(Ka) and 9 = +00
a; =

ro—d if ry = —oo and ry € dclg(Ka)

r1+d(ra —ry) ifr,re € delg(Ka).

Then a; & dclg(Ka) and a; € m;(A)z, as required.

With the claim proven, we may assume that M = K{a) for some a € M" with a € 7, (A). By definable
choice, there is an £(K)-definable map F: m,(A) — M with Gr(F) C A. By Lemma [3.31] there is a unique
extension of 9 to a T-derivation on M such that a] = a;41 for ¢ = 1,...,n — 1 and such that a, = F(a).
Then 75 (a1) = (a, F(a)) € A, so we may take b = a;. O

3.5. Affine and compositional conjugation

In this section, fix 7 > 0 and let F': K" — K be an £(K)-definable function. For k = 0,...,7, we identify
each variable Y}, with the k*" coordinate function K'*" — K. Welet Y = (Yp,...,Y,), s0 Y: K17 — K1+r
is the identity map.

Definition 3.33. F is said to be in implicit form if

F = mp(Y, = Ir(Yo, ..., Y,-1))
for some mp € K* and some L(K)-definable function Ip: K" — K.
If F is in implicit form, then F'(a,b) = 0if and only if b = Ir(a) for a € K" and b € K. Thus, I is an implicit
function for F. This is the source of the name “implicit form” and the notation Ir. By our convention for
nullary functions, the unary functions in implicit form are exactly the functions of the form m(Yy — d) where

m € K* and d € K. Often, we omit the variables Yp,...,Y,._1 and just write F' = mp(Y, — Ip) for F in

implicit form.

We may associate to F' the unary £°(K)-definable function y — F(J5y). For k < r and y € K, we have
Yi(95y) = y®). As is the case with differential polynomials, these functions y — F(J5y) can be additively
and multiplicatively conjugated (an operation we call affine conjugation). They can also be compositionally
conjugated. These conjugations will play a role in Section but otherwise, the results in this section will
not be used until Chapter [6]

Affine conjugation. Let a,d € K. We let Y7, ;= ((Y0)’ 4 xar- > (Vr)hg xa): K" — K'7 be the

map with coordinate functions

k
k .
(Yi)yaxa = a(’“>+z<i>d<’“>¥i, k=0,...,r
=0

Then for y € K and k < r, we have

k
k —1i i
(Vi () = a<’“>+Z(¢>d““ WO = (dy+a)®,
=0
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7]
SO Y+a,xd

constant value J5(a) if d =0. We let F—?—a,xd :

F o wa(@y) = F(35(dy + a))

for each y € K. When 9 is clear from context, we drop the superscript and just write F;, xq. For notational

(85y) = 35(dy + a). Note that Y7, , is a K-affine map which is bijective if d # 0 and which takes

— e
=Fo Y+a,xd, SO

simplicity, we let

Fio, = F+a7><17 Fyg = F+O,><d7 Ffa,xd = F+(fa),><d-

Lemma 3.34. Suppose F' is in implicit form and d # 0. Then Fl, xq ts also in implicit form with

r—1

r .
MFaxa = dmp, IF+a,><d = dil((IF)-‘ra,xd*a(r)*Z (,)d(TZ)Y;).

i
i=0
PRrROOF. Define G: K™ — K by

|
—

.
G = d_l((lp)ﬂ,xd—a(r) — (f)d“’—”yi).
c 1
=0
Then
— — (r) —~ (7 (r—1)
Froa = me((Vo)raxa = ()raxd) = me(a® +3" (7)d"Yi = (Ir)saxa)
1=0
r—1 r
— (r) (r—d)y. _ — _
mp(dY, +a +; <z)d Vi (Ip)saxa) = dmp(Y, = G),
sompg,, ., =dmpand Ip,,  , =G. O

Given an £(K)-definable set A C K" we set
Ai—a,xd = {ue K" Y—ia-a,xd(u) € A},
s0 A%, 4 is L(K)-definable and
5(y) € ALyxa = Fildy+a)e A

for y € K. If d # 0, then Y, xq is an L(K)-definable bijection, so dimg (A%, ;) = dimz(A). Again, we

drop the superscript if 9 is clear from context.

Compositional conjugation. Let ¢ € K*. Then § := ¢~ !9 is also a T-derivation on K, since for each
L(0)-definable C!-function G: U — K with U C K™ open and for each u € U, we have

8G(u) = ¢ '9G(u) = ¢ ' (Jo(u)ou) = Jg(u)du.

We let K? = (K, 8) be the expansion of the L-structure K by the T-derivation 8, and we refer to K as the
compositional conjugate of K by ¢. For ¢ € K*, we have (K¢)¥ = K%¥.

Let n > 0. Subsection 5.7 in [4] gives for each k < n an element &' (¢) € Q[¢, 99, ...,9"¢] such that
Iy = &Py + &7 (9)dy + -+ + &1 (9)8"y.

In [4], £ (¢) is instead called FJ'(¢); we use different notation here and reserve F' for definable functions.

The values of £]}(¢) are given by the recurrence relation:

(85)  &(0) = ¢"  &(@) = Oforn>0,  EFHG) = ALS) + 91 (9) for 0 < k <.
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Let Y:;b be the K-linear map K'*" — K" with matrix

(@) 0 0
&(0) &1(o) 0
&) &) &) -+ 0

§(9) &ilo) &) - &)

Then Yy is bijective and Y;”(d5y) = 5 (y) for each y € K. An easy induction on r using (3.5)) gives that ;'
is the identity map on K'*".

Lemma 3.35. For ¢y € K*, we have Ya¢ ) Yﬁw = Yad)w.

PRrROOF. Clearly, this identity holds on a closed subset of K7, so it is enough to show that it holds on a
dense subset. Let U C K" be £(K)-definable and open. Using Corollary with ¢ ~18 in place of 9, we
take a T?-extension M = K(3y,-15b) with 37, _15(b) € UM. We have

VY (Vi (0-150) = YiP(350) = d5(b) = Yy’Y(d)-15b).

Since Yf o Yg’b and Ya(w are L(K)-definable and K is an elementary L-substructure of M, there is a tuple
u € U with
(Vo V) (u) = Y (w). O

Lemma 3.36. We have
y?

+a, X

S
0¥y = Yoy}

a,xd"

PROOF. As with Lemma this identity holds on a closed subset of K77, so it is enough to show that
it holds on a dense subset. Let U C K" be £(K)-definable and open and, using Corollary with § in
place of 9, take a T9%-extension M = K (J5b) with J%(b) € UM. We have

Yiawa(Y3 (@0) = Yiawa(@b) = 85(db+a) = Y5 (F(db+a)) = V3" (Y}, caldsh).

Since Yja’x a© Ya¢ and Ya‘z’ o Yja’x 4 are L(K)-definable and K is an elementary L-substructure of M, there

is a tuple v € U with
Y—?—a,xd(Yad)(u)) = Ya¢ (Y—?-a,xd(u))' O
We set Fa¢ =Fo Yad’, =) Ff is L(K)-definable and
Fy(ay) = F(35y)

for all y € K. When 9 is clear from context, we drop the subscript and just write F?. We have Fal = F and
Lemma @ gives (Ff)g’ = FB‘W for ¢ € K*. Lemma M gives

(F-?-a,xd)? = (Fa¢)3-a,xd7

This function, which we denote by F? satisfies the identity

+a,xd’
F?, L a(@5y) = F(35(dy +a))

forall y € K.

31



Lemma 3.37. Suppose F is in implicit form. Then F? is also in implicit form with
r—1
mps = ¢'mp,  Ips = ¢ (I;i - ZEZ(QS)YJ
i=0
PROOF. Set G := ¢~ " (I — 31— £/(4)Y;). Then

T r—1
Fo = mp(V?—19) = mp( Y €0 17) = mp(¢V,+ Y @Y —1}) = ¢'mp(Y, - G),
1=0

=0

SO Mpe = d)TmF and IF‘i’ =G. |

Given an L(K)-definable set A C K7, we set
Aff = {ue K. Yf(u) € A},
SO Af is L(K)-definable and
B(y) €AY < Gh(y) € A

for y € K. As with definable functions, we drop the subscript @ and just write A® when 9 is clear from
context. Since Yf(A¢) = A and Yad’ is an £(K)-definable bijection, we have dim;(A?) = dim,(A).

3.6. Thin sets

A subset Z C K is said to be thin if §5(Z) C A for some r and some L£(K)-definable set A C K" with
dimz(A) < r. The union of any two thin sets is thin, any subset of a thin set is thin, and the singleton {a}
is thin for a € K. The constant field C' of K is thin, since

3(C) = {(c,0):ceC} C K x {0},

and K x {0} is a 1-dimensional subset of K?2. Thus, K is thin if 9 is trivial. Here is a strong converse:
Proposition 3.38. If 9 is nontrivial, then no open subinterval of K is thin.

PROOF. Suppose 9 is nontrivial, let I C K be an open interval, let A C K" be L(K)-definable, and
suppose J5(y) € A for each y € I. We will show that dimz(A) = 1 + r. By replacing I with an open
subinterval, we may assume that I = (a — d,a + d) for some a € K and some d € K*. By replacing A with
At q xd, we arrange that I = (—1,1). Since 9 is nontrivial, we have € K with 2’ # 0. By inverting x if
need be, we arrange that —1 <z < 1, so
1, 1,
co—l—clx+502x +~-~+ﬁcrx el

for any constants cy,...,c, € [0,1/3]c. Set ¢ := 2'. By replacing K and A with K% and A®, we arrange
that 2’ = 1. Let

1 =z %mQ %x’
0 1 T (T_l)!x“1

P:= (00 1 - 5" e Maty . (K).
0 0 O 1
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So P is invertible and for each ¢ = (c, ...,¢,) € [0,1/3]5", we have

1

1
co +c1x + 502m2 ++ et

c1t+cr+ -+ ﬁcr‘r’"*l
_ , 1 1 )
Pc = ca+--+ 7@_12)!07-377" ? = J; (Co +czr+ 502332 +--+ 7crm’) € A
T.
Cr

Thus, [0,1/3]5" € P~'A:= {P7la:a € A}. Lemma (with P71 A in place of A and [0,1/3]¢ in place
of each A;) gives
dimg(A) = dimg(P7'A) = 1+ O
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CHAPTER 4

Generic T-derivations

In this chapter, we fix a model K = (K,9) = T° with constant field C.

Definition 4.1. We say that 9 is generic if for each n and each L£(K)-definable set A C K"*! with
dimg (7, (A)) = n, there is a € K with g)(a) € A. Let T§ be the £%-theory which extends T° by axioms

asserting that 9 is generic.

Definition differs from the definition given in Chapter [I} but the definition given there is equivalent; see
Corollary below. In Section we prove our main theorem—that 7T} S is the model completion of T°.
We also collect some immediate consequences of this result. We prove that T} g is distal but not strongly
dependent in Section .2} In Section [£:3] we see how the o-closure constructed in Section gives rise to a
well-behaved dimension function on the algebra of definable subsets of models of Tg. We also adapt the cell
decomposition for closed ordered differential fields developed in [12] to our setting. Section is devoted to
proving two results: Tg has o-minimal open core and Tg eliminates imaginaries. In Section we conclude
with some remarks about the relationship between Tg and the theory of dense pairs of models of T, as

studied in [25]. Almost all the material in this chapter is joint work with Antongiulio Fornasiero from [38].

4.1. The model completion of T

Extensions and embeddings. We begin this section with the extension and embedding lemmas needed

for our main result. We also investigate which models of T" admit an expansion to a model of Tg.

Proposition 4.2. Let M be a T-extension of K with vk (M|K) = |M|. Then there is an extension of d to
a T-deriwation on M making M a model of Tg.

PROOF. Set k:=|M| and let B be a dclg-basis for M over K, so |B| = k. Let By, Ba,. .. be disjoint subsets
of B of cardinality x with (J, B = B. We will construct an increasing chain of T9-models (My,)ren such
that

e as T-models, M1 = My (Bj41) for k >0 and U, M, = M;

e as T°-models, My = K, M;, C My, and U Mi = Tg.
Suppose we have already constructed M. Let (A,),<. be an enumeration of all £L(Mj})-definable subsets
A, C M,?”H with dimg (7, (4,)) = n,. Let (B,),<« be an enumeration of pairwise disjoint finite subsets of
By, 41 such that |B,| =n, and |J
as follows:

o let My o := My;

e if p is an infinite limit ordinal, then let My, , := U, , My y;

o let My p+1 := My ,(B,) and use Corollary to extend the T-derivation on My, , to a T-derivation

on My, ,41 so that 3;” (b) € A, for some b € My, py1.

p<r Bp = Biy1. We construct an increasing chain of T9-models (Mg ,) <

34



Finally, set My := Up<,{ My p.

Since |, My = M as T-models, may view M as a model of T7°. We claim that M |= T3. Let A C M™+!
be an L(M)-definable set with dimg(7,(A)) = n. Then A is L£(Mj)-definable for some k, so there is
b € My with J7(b) € A. O

Corollary 4.3. K has a T°-extension which models Tg.

PROOF. Let M be a T-extension of K with |M| > |K|. Then rk.(M|K) = |M], so we may apply Proposi-
tion O

Corollary 4.4. Let M = T with vk (M) = [M|. Then M admits an expansion to a model of Tg. In
particular, if T is countable and has an archimedean model, then there is an expansion of R to a model of
T9.

g

PROOF. Apply Proposition [£.2] to the prime model P with the trivial derivation in place of K. If T has an
archimedean model then by [29] 2.17], there is a unique expansion of R to a model of T If in addition T is
countable, then rk.(R) = |R|. O

Remark 4.5. We would conjecture that a partial converse to Corollary [4.4] holds as well: if a model M =T
admits an expansion to a model of T3, then tky(M) > Ng. This is true for T = RCF, since by results
of Rosenlicht [58], any sequence of distinct elements (a,) in a differential field of characteristic 0 with
al, = a3 — a2 # 0 are necessarily algebraically independent. One can easily show that infinitely many such

elements must exist in any model of Tg. It remains to note that the dcl.-rank and the transcendence degree
agree when T' = RCF.

Lemma 4.6. Let M, L be T°-extensions of K and suppose that L = Tg and that L is M| " -saturated. Then
there is an L2(K)-embedding 1: M — L.

PRrOOF. It suffices to find an embedding £°(K)-embedding 2: My — L for some T°-submodel My of M
properly containing K. Let a € M \ K. Then K(j5°a) = T° by Lemma so we assume that M =
K(35°a). We first consider the case that a € cl’(K). Then by Lemma there is some minimal n with
M = K(37'a). Let F: K™ — K be an L(K)-definable function with a(® = F(3? "a). We want to find
b € L such that

(i) b = F(37~'b), and

(ii) 95~ (b) € BE for every L(K)-definable set B with g5~ '(a) € BM.
If we can do this, then we can construct an £°(K )-embedding :: M — L by sending 35" (a) to g3 *(b). Let
B be an arbitrary £(K)-definable set with g ~'(a) € BM. By saturation, it is enough to find b € L with
g7 1(b) € B* and with b(™) = F(35'b). Set A := Gr(F|g), so we want to find b € L with g}(b) € A. By
minimality of n, the tuple g} '(a) is £(K)-independent, so dimg(m,(A4)) = dimg(B) = n. Since L |= T3,
there is some b € L with g (b) € A, as desired.

Now suppose a & cl’(K). We need to find b € L with g2 (b) € A" for every n and every L(K)-definable
set A C K" with 9% (a) € AM. If we can do this, then we can construct an £°(K)-embedding 2 by sending
35°(a) to 35°(b). Again by saturation, it suffices to do this for an arbitrary n and an arbitrary £(K)-definable
set A C K" with g7 (a) € AM. For such a set A, we have dimz(A) = n+1 since §7(a) is L(K)-independent.
In particular, dimz (7, (A)) = n, so there is b € L with g3 (b) € A since L = Tg. O
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The model completion. We can now prove our main theorem and collect some immediate consequences.

Theorem 4.7. Tg is the model completion of T°. If T has a universal aziomatization, then Tg has quantifier

elimination.

ProOOF. The fact that Tg is the model completion of T° follows from Corollary Lemma and our
Model Completion Criterion. If T has a universal axiomatization, then so does T° by Corollary S0 Tg
eliminates quantifiers by [4], B.11.16]. O

Corollary 4.8. Tg is complete.

PRroOF. By Corollary [3.4] the expansion of the prime model P by the trivial derivation embeds into any
model of Tg. Completeness follows from Theorem O

Theorem allows us to give alternate axiomatizations of Tg:

Corollary 4.9. The following are equivalent:
(1) K ETS;
(2) for each n and each L(K)-definable set X C K*" with dimg(m,(X)) = n, there is a € K™ with
(a,d') € X;
(3) for each n and each L(K)-definable function F': U — K with U C K™ nonempty and open, there is
a € K with 33" (a) € U and F(3} ' a) = a(™.

PROOF. Suppose that K = Tg and let X C K?" be an L£(K)-definable set with dimg (7, (X)) = n.
Since m,(X) has nonempty interior, there is a T-extension M of K containing an L£(K)-independent tu-
ple b € 7, (X)M. Using definable choice, take an £(K)-definable map G: m,(X) — K" with Gr(G) C X.
Lemma gives a unique extension of 9 to a T-derivation on K (b) with ' = G(b), and we view K (b) as
a T°-extension of K with this derivation. Theorem gives that K is existentially closed in K (b), so there
is a € m,(X) with o/ = G(a). Then (a,a’) € X. Now suppose that (2) holds and let F' and U be as in (3).
Define X C K?" by

X = {(z,y) EUxK:yi=ajy1 fori=1,...,n—1land y, = F(z)}.

Then 7, (X) = U and for a = (ay, .. .,a,) € K" with (a,a’) € X, we have 35 '(a;) € U and F(3} 'a) = a™.
Finally, suppose (3) holds and let A C K" be an L(K)-definable set with dimg(m,(4)) = n. Let
U C m,(A) be a nonempty L£(K)-definable open set and, using definable choice, take an L£(K')-definable
function F': U — K with Gr(F) C A. Then for a € K as in (3), we have 3} (a) € Gr(F) C A. O

As T§ is complete, we may make the following assumption:

Assumption 4.10. For the remainder of this chapter, we let Ml = (M, 9) be a monster model of Tg. We
assume that K = (K,9) is a small elementary L°-substructure of M, so K |= T3 as well.

We have for each £°(())-formula o(z) that Tg - Vae(z) if and only if M |= ¢(a) for all a € M. We usually
drop the universal quantifier and write Tg + ¢(z) in place of Tg - Vap(z). We can use our quantifier

elimination result to show that each £°(())-formula is equivalent to a formula of a special form.
Lemma 4.11. For every L2(0)-formula ¢ there is some r and some L(B)-formula ¢ such that

Ty + o(x) < ¢(d5z).
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PROOF. By extending £ with function symbols for all £()-definable functions, we may assume that T has
a universal axiomatization; see Corollary Then Tg has quantifier elimination by Theorem so it
is enough to show that the lemma holds for quantifier-free £°())-formulas. Given a quantifier-free £°(())-
formula ¢, let e() be the number of times in ¢ that 9 is applied to a term that is not of the form 9*x;. We
proceed by induction on e(p). If e(¢) = 0 then we are done. If e(¢) > 0, then ¢ is of the form

o(x) = ¥(2,0F(3x))

for some n, where F is an (n + 1)-ary £(())-definable function and where ¢ is an £°(@)-formula. For the
remainder of the proof, we work in M. Let D be an £({))-definable C'-cell decomposition for F', so for each
D € D, there is an £((})-definable C!-function Fp defined in an open neighborhood of D with Fp(y) = F(y)
for all y € D. Define the map G: M"+! — M"*! by setting G(y) := Jr, (y) whenever y in D. Then G is
L(0)-definable and dF (y) = G(y)dy for all y € M1, Set

0(z) = ¥(z,G@)x)o(05x)) = ¥(z,G(@)x)(0x,...,0" ).
Then e(f) < e(y) and
M = ¢(a) «— 0(a)
for all a € M. ]

Lemma can be rephrased in terms of £°(M)-definable sets:

Corollary 4.12. Let B C M with 0B C B and let A C M" be CB(B)—deﬁnable. Then there is r and an
L(B)-definable set A C M™"+1) with

A = {aeM":g5(a) € A}.

PROOF. Take a tuple b from B and an £°()-formula ¢(x;y) with A = p(M;b). By Lemma we have r
and an L(())-formula ¢ such that

M E o(a;b) +— (35(a); 35 (b))
for all a € M™. Set A := ¢(M;J5(b)). O
We can use Lemma to show the following:

Corollary 4.13. Suppose T is countable. Then Tg does not have a prime model.

ProoFr. Note that Tg is also countable. We use the fact that if the isolated types are not dense in the unary
type space S1(Tg), then T¢ does not have a prime model; see [66] 4.5.7]. Given a unary £°(0)-formula ¢(z),
we let [p(z)] denote the clopen subset of Sl(Tg) consisting of all unary types containing . We claim that
[0z = 1] contains no isolated types. Suppose toward contradiction that [¢)(z)] is a basic clopen set contained
in [0z = 1] which isolates a type. By Lemma we may assume that ¢(x) is of the form ¢)(g5z) for some
7, where 1 is an L(()-formula. Since 1(x) implies that dx = 1, we may replace 9z by 1 and 0¥z by 0 for all
k > 1. Thus, we may assume that ¢ (z) is actually an £(()-formula, so 1 defines a finite union of points and
open intervals. Since [¢] is assumed to isolate a type, the set defined by ¢ is just one point. However, this

point lies in the prime model of T, so 1 (x) implies 9z = 0, a contradiction. (]
Closed ordered differential fields. Let R |= RCF and let 0 be a derivation on R. In [65], Singer
axiomatized the theory of closed ordered differential fields as follows:
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Definition 4.14. R is a closed ordered differential field if the following holds for any P € R[Xy, ..., X,],
and any Q1,...,Qk € R[Xo,...,X,_1]: if there is a € R"*! with

oP
0Xn

then there is b € R with P(J3b) = 0 and Q;(93~'b) > 0 for i = 1,...,k.

P(a) = 0,

(a) # 0, Qi(a) > 0 fori=1,...,k,

Singer went on to show that the Efing—theory CODF of closed ordered differential fields is the model comple-
tion of the theory of ordered differential fields. By Fact [3.2] and Lemma [3.9] RCF-derivations are the same
as derivations on real closed ordered fields, so CODF is the model completion of RCF°. By the uniqueness

of model completions, we have the following:
Proposition 4.15. R | RCFag if and only if R = CODF.

Corollary [£.4) generalizes a result of Brouette, who showed that R admits a derivation making it a closed
ordered differential field [13]. Our alternate axiomatization of Tg in (2) of Corollary is similar to the
geometric axiomatization for CODF given by Michaux and Riviére [52]. Our proof of Corollary is
essentially the same as Singer’s proof that CODF has no prime model [65].

4.2. Distality and strong dependence

The class of distal theories was introduced by Simon [63] as a subclass of NIP theories. Strongly dependent
theories form another subclass of NIP theories and were introduced by Shelah [62]. The goal in this section
is to show that T, 3 is distal but not strongly dependent. At this point, it is well-known that distality implies
NIP; see [15] 2.6] or [42], 2.9] for a proof. Therefore, we deduce NIP as a consequence of distality.

Theorem 4.16. Tg 1s distal.

PROOF. Let B C M, let I = I1 + (¢) + I be an index set where I; and Iy are infinite without endpoints, let
(a;)ier be an £2(())-indiscernible sequence from M™, and suppose that (a;)icr,+1, is £°(B)-indiscernible. If
we can show that (a;);c; is £°(B)-indiscernible, then distality follows; see [63] 2.7]. Let b be a tuple from
B, let p(x1,...,2,;y) be an L2(()-formula, and let i; < -+ < 4, and j; < --- < j, be indices from I. We
need to show that

M E o(ai,...,a,;b) «— o(aj,,...,a;,;b).
By Lemma there is some r and some £())-formula ¢ such that

TG pan,. - wnsy) ¢ G85a, - Tywn; 35Y)-

Since (a;)ies is £°(0)-indiscernible, the sequence (d5a;);cr is also £°(())-indiscernible. In particular, (95a;)icr
is £(0)-indiscernible. Likewise, (35a;)icr,+1, 18 £(d5b)-indiscernible. Since o-minimal theories are distal [63]
2.30], we have

M = ¢(35ai,,...,d5a.,;35b) «— ¢(35a;,,...,35a5,;35b). O

Corollary 4.17. Tg has NIP.
Proposition 4.18. Tg is not strongly dependent.

PROOF. Let x and y be unary variables. We will find £°(0)-formulas (¢ (z;y))
from M such that

en and parameters (b,,)men
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(i) @r(M;by) Nk (M;by,) =0 for all k and all m # n, and

(i) My @M by ry) # 0 for any function n: N — N.
From this, we see that the dp-rank of the formula z = z is at least Ny, so Tg is not strongly dependent;
see [64] 4.22 and 4.23]. For k € N, let i (z;y) be the formula

y <oz <y+1.

Let (b,,) be any increasing sequence in M with b,,,41 — by, > 1 for all m. Then for any k and any m # n, the
intervals (b, by, + 1) and (b, b, + 1) are disjoint, so ¢r(M; by,) N pr(M; b,) = 0. Fix a function : N — N.
By saturation, (), ¢x (M by (1)) is nonempty so long as any finite intersection ﬂkgn ©r(M; by (1)) is nonempty.

Let n be given and set

A = (by(0), by(o) + 1) X (by(1), byay + 1) X -+ X (by(ny, by(ny + 1)

Since m,(A) is open, there is a € M with Jy(a) € A. Then ¢ (a;by,r)) holds for all k& < n, so a €
Ni<n 96N byry) 0

Remark 4.19. Theorem [£.16 was first shown for CODF by Chernikov, and this has been employed to
construct a distal extension of the theory of differentially closed fields of characteristic zero; see [I]. Corol-
lary was first shown for CODF in [52]. Proposition was first shown for CODF by Brouette [13].
Since every model of TS is an expansion of a model of CODF, Brouette’s result suffices to prove Proposi-
tion Our proof, which was suggested by Itay Kaplan, differs from Brouette’s.

4.3. Dimension and cell decomposition

In this section, we establish a dimension theory for models of Tg and adapt the cell decomposition result

in [12] to our setting.

Dimension in models of Tg. In [37], Fornasiero introduced the notion of an ewxistential matroid and
showed how these matroids induce a dimension function on the algebra of definable sets in the sense of van
den Dries [23]. In this section, we apply these results. First, let us see how the 9-closure behaves in models
of Tg.

Lemma 4.20. Let B C M and suppose cl°(B) = B. Then (B,d|p) = Tg.

PROOF. Since dclz(B) C cl’(B) = B, we see that B is an elementary L-substructure of M. Since dB C
cl’(B) = B we also see that B is closed under 9, so (B,d|z) = T°. Fix n and some L£(B)-definable set
A C M with dimg (7, (A)) = n. We need to show that there is some a € B with g} (a) € A. By definable
choice, there is an £(B)-definable function F': m,(A) — M with Gr(F) C A, so we may replace A by Gr(F).
As M = Tg, there is some a € M with g% (a) € A. Then a(™ € dclz (9} ' (a)B), so a € c’(B) = B. O

It is not true that every elementary £2-substructure of M is cl’-closed. Indeed, cla(K ) # K since Cy C
cl’(9) C cl’(K) but |Cy| > |K| by saturation (recall that K is assumed to be small).

Proposition 4.21. (M, cl?) is an existential matroid, as defined in [37]

PROOF. We begin by recalling that (M, cla) is a pregeometry by Proposition Moreover, cl’ is nontrivial
(that is, cl?()) # M) since we can find a € M such that g5°(a) is £(())-independent by saturation. Now let
a € M and B C M with a € cl’(B). We will find an £°(B)-definable set A with a € A C cl’(B), which will
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show that cl’ is definable. To do this, use (3) of Lemma to find n and an £(35°(B))-definable n-ary
function F with a(™ = F(g} ' a). Then the £°(B)-definable set

A= {zeM: ™ = F(3y'x)}

contains a and is contained in cla(B). Finally, we show that cl’ satisfies ezistence. By [37, 3.23], it is
enough to show that cl’(B) is an elementary substructure of M for each subset B of M, and this holds by
Lemma [£.201 (]

We now define a dimension function on the algebra of £°(K)-definable sets:
Definition 4.22. Let A C M" be a nonempty £°(K)-definable set. We set

dim’(A) := max { rk?(a|K) : a € A}
and we call this the d-dimension of A. We also set dim?(()) := —oc.

By [37, 4.3], this o-dimension satisfies the following axioms in [23]:
(D1) dim’({a}) = 0 for each a € K and dim’(K) = 1;
(D2) dim’(AU B) = max { dim’(4),dim’(B)} for £°(K)-definable sets A, B C M™;
(D3) dim’ is invariant under permutation of coordinates;
(D4) if A C M"*! is £9(K)-definable, then the set

A; = {zeM": dim’(A,) = i}
is £%(K)-definable for i = 0,1 and dima({(gc, y) €Az e A}) = dim?(A4;) + 1.

By [23] 1.7], this dimension does not change if we pass to an elementary T°-extension of M, so it does not
depend on the choice of the monster model M, only on K. We collect some consequences below, all of which

are from [23]:

Corollary 4.23. Let A CM™ and B C M" be L°(K)-definable sets.

a) dim’(M") = n.

b) dim’(A x B) = dim’(A4) + dim’(B).

(¢) If m=mn and A C B, then dim?(A) < dim’(B).

d) If A is finite and nonempty, then dim’(A) = 0.

(e) If F: A — M" is an L°(K)-definable map, then fori=0,...,m, the set

(
(
(

A = {zeM": dima(Ffl(x)) =i}

is L2(K)-definable and dim’ (F71(4))) = dim®(A;) +i. In particular, d-dimension is preserved under
definable bijections.

Finite sets are not the only sets of d-dimension 0. For example, the constant field has J-dimension 0, since
it is contained in cl’()) C cl’(K). Below, we characterize unary d-dimension 0 sets in terms of thin sets (as

defined in Section :
Proposition 4.24. Let Z C M be £2(K)-definable. Then dim®(Z) = 0 if and only if Z is thin.

PROOF. Suppose Z is thin. Take r and an £(K)-definable subset A C K1 with dimz(A) < r such that
J5(Z) C A. Then for any a € Z, we have rkz(d5a|K) < dimg(A) < r. It follows from (2) of Lemma that
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a € cl’(K). Conversely, suppose dim’(Z) = 0. Then for each a € Z, we have rk.(35a|K) < r for some r, again
by (2) of Lemma Thus, J5(a) is contained in some L£(K)-definable set A C K" with dim(A) < 7.
Observe that if J5(a) € A and dimz(A4) < r, then 357™(a) € A x K™ and dimz (A4 x K™) < r+m for all m.
Thus, by saturation, we can find n, r, and £(K)-definable sets A;,..., A, C K'*" of £-dimension < 7 such
that for each a € Z, there is i € {1,...,n} with J5(a) € A; (our observation ensures that we can find one r
instead of a separate r; for each A;). Then

n n

52 ¢ Jan  ame (Jai) <

i=1 i=1
so Z is thin. 0

Cell decomposition. In [12], Brihaye, Michaux and Riviére proved a cell decomposition result for definable
sets in closed ordered differential fields. As they remarked in the final section of this paper, the only results
that they used are quantifier elimination for CODF, o-minimal cell decomposition for RCF, and the density
of the image of 73 in any model of CODF. Thus, their results also apply in our case in light of the following

lemma:
Lemma 4.25. J5(K") is dense in K™("+1),

PROOF. Let Uy,...,U, C K™™' be basic (hence £L(K)-definable) open sets. By the axioms of T3, there is
a; € K with §5(a;) € U; for i = 1,...,n. Then 35(as,...,an) = (J5a1,...,d5an) € Uy X -+ X Up. O

A 9-cell is a subset D C K™ of the form
D = {z € K":J5(x) € D}

for some r and some £(K)-definable cell D € K™+ Note that any o-cell is £?(K)-definable. The set D

above is called a source cell for D.

Each o0-cell D has an associated binary sequence (i1;...;4,) € {0,1}", called the o-type of D. This sequence

is defined as follows: let D be a source cell for D and let
(i1,07 7;1,17 e 37:1,7‘; 7;2,0; sy 7:2,7‘; cees in,o, ce 77:7L,7“)
be the type of the cell D. For k = 1,...,n, set

, {1 if i, ; =1 for all j <r
1, =

0 otherwise.

In Lemma 4.5 of [12], it is shown that this o-type is independent of the choice of r and D. A d-cell
decomposition of K™ is a finite collection D of disjoint o-cells such that (JD = K™ and such that
{mn—1(D) : D € D} is a d-cell decomposition of K"~ 1.

Theorem 4.26 ([12], 4.9). For any L°(K)-definable sets Ay, ..., A, C K™, there is a 9-cell decomposition
D of K™ partitioning Ay, ..., Ap.

Brihaye, Michaux and Riviére used their cell decomposition theorem to assign a dimension (which they also
call the o-dimension) to the definable sets in any closed ordered differential field. They showed that the

o-dimension of a set A is the same as the maximum differential transcendence degree of a tuple contained in
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the natural extension of A to a sufficiently saturated elementary extension. Their argument can be adapted

with virtually no change in proof to show that this dimension is equal to our o-dimension:

Proposition 4.27 ([12], 5.23). Let A C K" be an L°(K)-definable set and let dim’(A) be as in Defini-

tion @ Then

dima(A) = max {i1 + -+, : A contains a d-cell of d-type (i1;... ,zn)}

As in the o-minimal setting, this maximum is always realized in any d-cell decomposition partitioning A.
This correspondence gives us another way to compute the d-dimension of certain sets. For example, the
constant field C' is of the form

C = {zeK:(z,2") e K x{0}}.
Thus C is a d-cell since K x {0} is a cell. The binary sequence associated to K x {0} is (1,0), so the o-type
of C'is (0) and dim’(C) = 0.

4.4. Open core and elimination of imaginaries

In this section, we show that Tg has T as its open core, and we use this result to analyze the definable closure

in models of T} g. We also show that TS eliminates imaginaries.

Open core. Using a theorem of Dolich, Miller and Steinhorn [20], Point proved that CODF has o-minimal
open core [56]. While Point’s proof works in our case, we can gather more information about definable open
sets by using a criterion developed by Boxall and Hieronymi [I11]. In this subsection, we verify that the

conditions for this criterion are met, which will allow us to prove the following:

Theorem 4.28. Tg has T as its open core. More precisely, for B C M with 9B C B, any open L°(B)-
definable set is L(B)-definable.

For the remainder of this subsection let n be fixed, let a € M"™, and let B C M be a small set with 0B C B.
Set

Ec(alB) == {beM" :tp,(b|B) = tp,(a|B)}, Epi(alB) == {beM" : tp.(b|B) = tpss(alB)}.

The next few results are dedicated to studying these sets.
Lemma 4.29. rk.(a|B) = n if and only if 2, (a|B) is somewhere dense.

PROOF. If rky(a|B) = n, then any £(B)-definable set X containing a contains an open neighborhood of a.
Let (X;)ier be a list of all £(B)-definable sets containing a, so Zg(a|B) = [);c; Xi. Since I is small and
ﬂielo X, contains an open neighborhood of a for each finite Iy C I, we can use saturation to find an open
neighborhood U of a contained in (), ; X;. Thus, a is in the interior of Z,(a|B). In particular, Z¢(a|B) is
somewhere dense.

Now suppose rkz(a|B) < n and take an £(B)-definable set X containing a with dimz(X) < n. Then

X is nowhere dense and Z¢(a|B) C X, so Z.(a|B) is nowhere dense. O

Lemma 4.30. Suppose tk’(a|B) = n and let X C M™ be an L°(B)-definable set containing a. Then there
is an L(B)-definable open set A C M" containing a such that X N A is dense in A.
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PROOF. Using Corollary [4.12] take r and an £(B)-definable set X € M™("+1) with
X = {zeM":J5(x) € X}
Let A C X be an L£(B)-definable cell containing g3(a). Then A must be open, since rk?(a|B) = n. Let
7: M+t — M” be the projection map
(T1,00 1,0, -+ s T1r; T2,05- -3 L2053+ 500y« - - s ) > (21,052,053 Tny0)-
Then 7(J5x) = x for all z € M™, so
X = 7(@EM")NX) 2 7(gy(M") N A).

Since g5(M™) is dense in M™"*1) by Lemma the intersection g5(M™) N A is dense in A. Therefore,

X N7(A) is dense in 7(A), so we may set A := 7(A). O
Corollary 4.31. Suppose rk°(a|B) = n. Then Zp(a|B) is dense in Z(a|B).

PROOF. Fix b € E(a|B). We need to show that if U C M™ is an open set containing b, then =3 (a|B)NU is
nonempty. By saturation, it suffices to show that UN X # ) for any £°(B)-definable set X C M" containing
a. By Lemma there is an L£(B)-definable open set A C M™ with a € A such that X N A is dense in A.
Since b € Z¢(a|B) C A, the intersection U N A is nonempty and open, so U N X is nonempty by density of
XNAin A. (|

Lemma 4.32. tk’(a|B) < n if and only if a is contained in some L°(B)-definable set A with dim?(A) < n.
PROOF. If rk’(a|B) = n, then any £°(B)-definable set containing a has 9-dimension n by Definition

Suppose rk’(a|B) < n. Proposition gives that

lim RelalB)
r—00 r 4+ 1

Take 7 large enough that rk.(35a|B) < n(r+ 1) and take an £(B)-definable set A C M™"+1) with g5 (a) € A

and dimz(A) < n(r +1). Then a is contained in the set
A= {zeM": g5 (z) € A}.
It remains to note that dim?(A4) < n. O

PROOF OF THEOREM [4.28] Let A, be the set of all @ € M™ such that 2. (a|B) is somewhere dense and let
AZ be the set of all @ € A,, such that =.i(a|B) is dense in Ez(a|B). If we can show that A is dense in M",
then the theorem follows by [11], 2.2], Set

D := {aecM": rk?(a|B) = n}.

If a € D, then rke(a|B) = n and so D C A,, by Lemma By Corollary we even have D C A% so it
is enough to show that D is dense in M". Lemma [£.32] gives that

D = M" \U {X CM": X is £°(B)-definable and dim’(X) < n}.

Let U € M" be a basic open set. We need to show that D intersects U and by saturation, it suffices to show
that U \ X # ) for an arbitrary £°(B)-definable set X of o-dimension < n. This follows immediately from
the fact that dim’(U) = n. O
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We list below two standard consequences of having o-minimal open core; see [20] for proofs.
Corollary 4.33. Tg eliminates the quantifier 3°° and every model of Tg is definably complete.
We can use Theorem m to analyze the definable closure in models of Tg:
Corollary 4.34. Let A C M. Then

delpa(A) = delg (Ha‘x’(A)).
Thus A is dclpa-closed if and only if (A,9]4) = T°.

PROOF. Since 73°(A) C dclza(A) and since delgs(A) is delg-closed, we have delg (95°(A4)) € dclga(A). For
the other inclusion, fix b € dclzs(A). Since {b} is closed and £°(A)-definable, Theoremm gives that {b} is
L£(35°(A))-definable. O

As usual, this allows us to understand the £°(B)-definable functions:

Corollary 4.35. Let F: M™ — M be an L£°(B)-definable function. Then there is r and an L(B)-definable
function F: M1 s M such that

F(y) = F(dy)
for all y € M™.

PROOF. For a € M", we have F(a) € dclz(35°(a)B) by Corollary Saturation yields m, r, and £(B)-
definable functions Fy, ..., E,,: M™"+t1) — M such that for each y € M", there is i € {1,...,m} with
F(y) = Fi(d5y). Fori=1,...,m, set

A = {yeM": F(y) = F;(8y)}
Then each A; is £°(B)-definable, so by possibly increasing r, Corollary gives an L(B)-definable set
A; MY with
Now define F: M™("+1) — M by setting F(z) := Fj(z) whenever z € A; \ (A, U---U 4;_,). O

Elimination of imaginaries. Recall that T eliminates imaginaries as a consequence of definable choice.
In this subsection, we combine this fact with Theorem m to show that Tg eliminates imaginaries. This
proof was communicated to us by Marcus Tressl. In [56], Point used that CODF has o-minimal open core
to prove that CODF eliminates imaginaries. Our method differs, but Point’s method also works in our case.

Yet another proof of elimination of imaginaries for CODF can be found in [14].

Fix an £°(M)-definable set A C M™. A canonical parameter for A is a tuple a such that each £°-
automorphism o: M — M fixes A setwise if and only if o fixes a componentwise. In order to show that
Tg eliminates imaginaries, we need to find a canonical parameter for A; see [66, 8.4.2 and 8.4.3]. We do
this over the next few lemmas by writing A as the difference of two £°(M)-definable sets and finding a
canonical parameter for each of these two sets. Let ¢ be an arbitrary £°-automorphism of M. Note that
35(o(b)) = o (35(b)) for all r and all b € M™.

Using Corollary [4.12] take r and an £(M)-definable set B C M™("+1) with
A = {zeM":7(z) € B}.

44



The topological closure g5 (A) of g5 (A) is £L(M)-definable by Theorem so by replacing B with BNJ5(A),

we arrange that J5(A) C B C g5(A). We associate to A two other £°(M)-definable sets:

A = {zeM": g5(z) € T5(A)}, A" ={zeM":Jj(z) € J5(A) \ B}.
Note that AU AT = A°! and that A N A% = 0.
Lemma 4.36. o(A) = A if and only if o(A%) = A and o(AT) = A",

PROOF. Suppose o(A) = A. Then o (J5(A)) = J5(A) and so o (J5(A)) = J5(A). We have

be A% «— 75(b) € J5(A) < o (d5b) € 0(J5(A)) < o(b) € A,

since g5 (A) is o-invariant. Thus, o(A%) = A% and so 0(AT) = g(A%\ A) = A9\ A = A" For the other
direction, we use that o(A4) = o(A\ AT) = o(A4) \ o (AT). O

Lemma 4.37. If A = A%, then A has a canonical parameter.

PROOF. We first note that since J5(A) is £(M)-definable and since T eliminates imaginaries, there is a

canonical parameter a for J5(A). We claim that a is also a canonical parameter for A. We need to show that

o(A)=A <= o(75(A)) =35(A).

First, if o(A) = A then o(35(A)) = 35(A) and so o(35(A)) = J5(A). Now, suppose o(J5(A)) = J5(A) and
fix b € A. Then 5(b) € 35(A) and so (d5b) € 0(35(A)) = 5(A), so a(b) € A% = A. O

Lemma 4.38. dim (J5(A™)) < dimz(35(A)).

PROOF. Set By :=J5(A) \ B, so 35(A™) C By. Since B = J5(A), we have dimz(By) < dimz (d5(A)) by [26]
4.1.8]. Since the dimension of an £(M)-definable set doesn’t increase when we take its closure (again by [26]
4.1.8]), we get

dimg (35(A")) < dimg(By) = dimg(By) < dimg (35(A)). O

Theorem 4.39. Tg eliminates imaginaries.

Proor. By Lemmam7 it is enough to find canonical parameters for A and for A", By Lemma there
is a canonical parameter for A°!. By Lemma we have dimg (95 (A™)) < dimg (d5(A)), so by induction

on dimg (HS(A)), we may assume that there is a canonical parameter for A" as well. O

4.5. Dense pairs
In [25], van den Dries introduced the theory of dense pairs of o-minimal structures:

Definition 4.40. Let P be a unary predicate and let £F := £ U {P}. An LF-structure (M, P) is said to
be a dense pair of models of T if M =T and P(M) is the underlying set of a proper dense elementary
L-substructure of M. Let T be the £ -theory axiomatizing dense pairs of models of 7.

Recall our assumption that K | Tg. For each open interval I C K, the axioms of Tg give ¢ € I with ¢/ =0,
so C'is dense in K. Moreover, C is the underlying set of an elementary L-substructure of K by Lemma
Let (K, P) be the L -structure where P(K) = C. Then (K, P) |= T*. Note that (K, P) is a reduct of (K, 9)
in the sense of definability. In [46], Hieronymi and Nell showed that T is not distal. However, since distality
is not preserved under reducts, the question remained open whether models of T have distal expansions.
In light of Theorem we are able to give a partial answer:
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Corollary 4.41. Tg is a distal theory extending TT.

We say that this is only a partial answer because dense pairs are defined for o-minimal theories extending
the theory of divisible ordered abelian groups, whereas Corollary [£.41] is only a statement about o-minimal
theories extending RCF. In the case that T'= RCF, Corollary was first observed by Cubides Kovacsics
and Point [17].

Remark 4.42. It is worth noting that we do not have a method of expanding a given dense pair to a model
of Tg. Indeed, there is a dense pair of real closed ordered fields which does not admit an expansion to a
model of CODF. To see this, let R be the real closure of Q(7) and expand R to a model (R, P) = RCFF
by letting P(R) be the real closure of Q. Since the Lyisg-rank of R (which is the same as the transcendence
degree of R) is equal to 1, Remark tells us that R does not admit an expansion to a closed ordered
differential field.

Internality to the constants. A subset A C K" is said to be £°(K)-internal to C if A C F(C™) for
some L°(K)-definable map F': K™ — K™. If this map F can be taken to be £L(K)-definable, then A is said
to be L(K)-internal to C.

Lemma 4.43. Let A C K™ be L°(K)-definable. Then A is L°(K)-internal to C if and only if A is LT (K)-
definable and L(K)-internal to C.

PROOF. This is clear if A is empty, so we may assume that A is nonempty. Suppose that A is £(K)-internal
to C and let F: K™ — K" be an £°(K)-definable map with A C F(C™). Choose some arbitrary a € A and
let G: K™ — K™ be the function

a otherwise.

) = { F(y) ifF(y)eA

Then G is £9(K)-definable (since 4 is) and G(C™) = A. Using Corollary take r and an £(K)-definable
map G: K™+ — K" such that G(y) = G(d5y) for all y € K™. Then

A = G(C™) = {G(c1,0,0,...5¢2,0,0,...5...56m,0,0,...) : (c1,...,¢m) € C™F,
so A is LT (K)-definable and £(K)-internal to C. The other direction is immediate. O

If Ais an £°(K)-definable subset of C™, then A is £°(K)-internal to C, so A is £ (K)-definable. In any
dense pair (M, P), the £ (M)-definable subsets of P(M)™ are just traces of £(M)-definable sets [25], so
it follows that A = BN C™ for some L(K)-definable set B C K™. We include a short, direct proof of this

corollary below:
Corollary 4.44. Let A C O™ be L°(K)-definable. Then A= BNC™ for some L(K)-definable set B C K.
Proor. Using Corollary take 7 and an £(K)-definable set A C K™("t1) with
A= {zeK":3(z)€ fl}
For any a € A and any k > 0, we have a®) = 0 since A C C™. Thus,
A =C"n{zeK": (21,0,0,...;22,0,0,...5...;2,,0,0,...) € A}. O

In [35], the following dichotomy was established for definable sets in dense pairs:
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Fact 4.45 (|35], 3.11). Let (M, P) be a dense pair and let A C M™ be LY (M)-definable. Exactly one of the
following holds:

(1) A is L(M)-internal to P(M), or
(2) there is m and an L(M)-definable function F: M™™ — M such that F(A™) contains an open interval.
This dichotomy can be used to characterize £(K )-internal £ (K)-definable sets in terms of their d-dimension:

Lemma 4.46. Let A C K™ be LT (K)-definable. Then A is L(K)-internal to C if and only if dim°(A) = 0.

PROOF. Suppose A is L(K)-internal to C and let F': K™ — K" be an L(K)-definable map with A C F(C™).
As dim’(C) = 0, we have dim?(C™) = 0, so dim’(A4) < dim’(C™) = 0 by (e) of Corollary Now suppose
A is not L(K)-internal to C. Using Fact take m and an L(K)-definable function F': K" — K
such that F(A™) contains an open interval. Then F(A™) has d-dimension 1, so dim?(A™) > 0 by (e) of
Corollary It follows that dim’(A) > 0. O

Combining Lemmas and we get the following corollary:

Corollary 4.47. Let A C K™ be L°(K)-definable. The following are equivalent:
(1) A is L2(K)-internal to C;
(2) A is LT (K)-definable and L(K)-internal to C;
(3) A is LP(K)-definable and dim’(A) = 0.

Remark 4.48. Corollary was first shown for CODF by Eleftheriou, Leén Sanchez, and Regnault [36].

Our method of proof is essentially the same as theirs.
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CHAPTER 5

T-convex valuation rings

The fundamentals of valuation theory for o-minimal fields were established by van den Dries and Lewenberg
in [29]. In this chapter, we set up valuation theoretic notation, recall some important results, and establish
a number of lemmas for use in the next two chapters. We try as much as possible to use the same notation as
in [4]. Much of Sections and is spent verifying that well-known facts and constructions in valuation
theory also hold in the o-minimal setting (often, under the assumption of power boundedness). In Section

we discuss the Wilkie inequality and collect some useful consequences.

Following [29], we say that a nonempty convex set O C K is a T-convex valuation ring of K if F(O) C O
for all £((})-definable continuous functions F': K — K. Any T-convex valuation ring is a valuation ring, that
is, a subring of K which contains either a or a=! for each a € K. Let £® := £ U {O} be the extension of
L by a unary predicate O and let T° be the £®-theory which extends 7' by axioms asserting that O is a
T-convex valuation ring. For the rest of this chapter, let K = (K,0) = T® (so K is now an £L°-structure).
Unlike in [29], we allow O = K, in which case K is said to be trivially valued. The theory T is weakly
o-minimal—every L£O(K)-definable subset of K is a finite union of convex subsets of K [29] 3.14]. The

following is an easy consequence of the o-minimal monotonicity theorem:
Fact 5.1. The convex hull of an elementary L-substructure of K is a T-convex valuation ring of K.

We let 0 denote the unique maximal ideal of O and for a,b € K, we set

a<b <= a€bO, a<b <= bz#0anda € bo, axb <= a<bandb=<a
axb <= b<a, arb <= b<a, a~b <= a—b<a.
Note that if a ~ b, then a,b are nonzero and that ~ is an equivalence relation on K*. Moreover, if a ~ b,
then a < b and a is positive if and only if b is. We let v: K* — T be the (surjective) Krull valuation

corresponding to O, so ker(v) = O*. The value group I (or 'k if K is not clear from context) is written

additively and ordered as follows:
va>z20 <= a€O, va >0 < ac€o.

We set I'oo := ' U {00} where co > T, and we extend v to all of K by setting v(0) := co. For a,b € K, we
have
v(a+b) > min{va,vd}, v(ab) = wva + vb.

Subsets of K of the form

{ZUEK:U(y—a)>’y}7 {yeK:v(y—a)gey}

for a € K and v € I are called open v-balls and closed v-balls, respectively. The open v-balls form a
basis for a field topology on K, called the valuation topology on K. Both open and closed v-balls are
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clopen with respect to this topology. If O # K, then the valuation topology on K agrees with the order
topology. If O = K, then the valuation topology is the discrete topology.

If T is power bounded with field of exponents A, then the value group I' naturally admits the structure of
an ordered A-vector space by

Mo(a) = v(a)
for a € K~ (this does not depend on the choice of a).

The residue field of K is the quotient res(K) = O/o. For a € O, we let @ := a + o0 denote the image
of a under the quotient map O — res(K). Under this map, res(K) admits a natural expansion to a T-
model; see [29] 2.16] for details. A lift of res(K) is an elementary L-substructure k of K contained in O
such that the map a — @: k — res(K) is an L-isomorphism. By [29] 2.12], we can always find a lift of
res(K). This gives a converse to Fact every T-convex valuation ring of K is the convex hull of some
elementary L-substructure of K (namely, a lift of the residue field). For a = (ay,...,a,) € O", we let
a:=(a1,...,a,) € res(K)". For D C K", we let

D :={a:aeDNO"} C res(K)".
Fact 5.2 (|24], 1.10). If D C K" is L(K)-definable, then D is L(res K )-definable and
dim, D < dim/ D.

Let M be a T%-extension of K with T-convex valuation ring Oy, and maximal ideal op;. We view I' as
a subgroup of I'ps and res(K) as an L-substructure of res(M) in the obvious way. We let v and x — Z
denote their extensions to functions M* — T'jy; and Oy — res(M). If O # K, then Oy # M and M is
an elementary T%-extension of K by [29] 3.13]. If Oy = M, then O = K so M is again an elementary
TO-extension of K.

Fact 5.3 ([29], Section 3). Let K{(a) be a simple T-extension of K. There are at most two T'-convezx valuation
rings Oy and Oy of K{a) which make K{a) a T®-extension of K :

O1 = {y € K(a):|y| <u for some u e O}, Oy = {y e K(a):|y| <d for all d € K with d > O}.

If there is b € K (a) which realizes the cut O%, then b is contained in Oy but not Oy, so Oy C Oo. If there is
no such b, then O1 = Os.

5.1. Immediate extensions

In this section, let M be a T-extension of K. If I'y; = I' and res(M) = res(K), then M is said to be an
immediate extension of K. If M is an immediate extension of K, then M is an elementary 7°-extension
of K. Note that M is an immediate extension of K if and only if for all @ € M* there is b € K* with a ~ b.

The next lemma shows that in an immediate extension of K, we can approximate £ (K)-definable sets by
L(K)-definable sets.

Lemma 5.4. Suppose M is an immediate extension of K, let A C K™ be an LO(K)-definable set, and let
a € AM. Then there is an L(K)-definable cell D C A with a € DM.

PROOF. It suffices to find an £(K)-definable set B C A with a € BM, for then we can replace B with a
subcell D in a cell decomposition of B. If K is trivially valued, then A is already £(K)-definable, so we may
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assume O # K. By extending £ with function symbols for all £()-definable functions, we may assume that
T has quantifier elimination and a universal axiomatization; see Corollary 2.5] Let T* be the extension of
T© by an axiom asserting that O # K. Then T* eliminates quantifiers by [29], so
A= U4
i<mj<k

where either A; ; is L£(K)-definable or
Aij = {yeK":F(y)eO} or A;; = {ye K":F(y) ¢ O}

for some L(K)-definable function F': K™ — K. For each ¢ < m and each j < k, we take an £(K)-definable
set B j C A; j such that if a € A}, then a € B}. We do this as follows.
(i) If A; ; is L(K)-definable, then we set B; ;j := A, ;.
(ii) Suppose 4;; = {y € K™ : F(y) € O} for some L(K)-definable F. If F(a) ¢ Oy, then we set B; ; := (.
If F(a) € Oy, then since res(M) = res(K), we may take u € K~ with v < 1 and |F(a)| < u. We set

Bij = {ye K":|F(y)| <u}.
(iii) Suppose A;; = {y € K" : F(y) ¢ O} for some L(K)-definable F. If F(a) € Oy, then we set B; ; := 0.
If F(a) € Oypy, then since I'yy =T, we may take d € K~ with d > 1 and |F(a)| > d. We set
BiJ = {y e K": |F(y)| > d}

Now set

B = J ) Bij 0

i<m j<k

Corollary 5.5. Suppose M is an immediate extension of K, let F: A — K be an LO(K)-definable function,
and let a € AM. Then there is an L(K)-definable cell D C A with a € DM such that either F(y) = 0 for all
y € DM or F(y) ~ F(a) for ally € DM.

ProOOF. If F(a) = 0, then apply Lemma to the £P(K)-definable set {y € A: F(y) = 0}. If F(a) # 0,
then take b € K* with F(a) ~ b and apply Lemma[5.4] to the £ (K)-definable set {y € A: F(y) ~b}. O

Let £ be an element in an immediate T-extension of K. Then the set
v(l—K) = {v(l—y):ye K}

is contained in I" and has no largest element. To see this, let y € K be given and take b € K with £ —y ~ b.
Then v(¢ —y —b) > v({ —y) = v(b) € I". These values v(¢ — y) completely determine the extension K (¢) up
to LO(K)-isomorphism:

Corollary 5.6. Let K ({) be a simple immediate T -extension of K and let a € M withv(a—y) = v({—y) €T
for each y € K. Then there is a unique LO(K)-embedding K () — M sending ¢ to a.

PROOF. First, we will show that a and £ realize the same cut in K. Let y € K with y < £ and take f € K~
with¢ —y~ f. Thenl—y—f<f,soa—y—f=<l—y—f<f. Thusa—y~ f > 0. Likewise, if y € K
and y > ¢, then y > a. This gives us a unique L£(K)-embedding ¢: K {¢) — M sending ¢ to a. To get that ¢
is an £ (K)-embedding, let F': K — K be L£(K)-definable. We need to show that F(£) € Oy if and only
if F(a) € Op. We assume that F(¢) # 0, and we will show that F(¢) ~ F(a). Using Corollary take
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an interval I C K with £ € I5() such that F(y) ~ F(¢) for all y € I}, Since K has a proper immediate
extension, it is not trivially valued, so M is an elementary T®-extension of K. Thus, F(a) ~ F(y) ~ F(¢),
since a € I™. O

If a is an element in a simple immediate TC-extension K (£) of K, the set v(a — K) can be expressed as a

translate of v(¢ — K) as follows:

Lemma 5.7. Let K{{) be a simple immediate T -extension of K and let a € K{¢) \ K. Then
via—K) = y+v(l - K)
for some v € T.

PROOF. Let F: K — K be an L(K)-definable function with F(¢) = a. Since a ¢ K, we have F'(¢) # 0.
Using Lemma and Corollary take an open interval I C K with £ € I*(9 such that F is C* on I and
such that F’(y) ~ F'(¢) for all y € T, Set v := vF’(¢) € T and let u € I. By the o-minimal mean value
theorem, we have

F(t) = F(u) = F'(b)({ —u)

for some b € K (f) between £ and u. Then vF'(b) = v since b € I so
v(a—F(u) = v(F()— F(u) = v+ vl —u).

The set {v(¢{ —u) : u € I} is cofinal in v(¢ — K) and, since F(I) contains an interval around a, the set
{v(a— F(u)) : u € I} is cofinal in v(a — K). This gives v(a — K) =+ v({ — K), as desired. O

Spherical completeness and pseudocauchy sequences. Let B be a collection of closed v-balls in K.
Then B is said to be nested if By N By # () for any By, Bo € B. If B is nested, then it is totally ordered by
inclusion. If every nested collection of closed v-balls in K has nonempty intersection in K, then K is said to
be spherically complete. If M is an elementary T©-extension of K, then we let B denote the collection
{BM : B € B}. Below we list some facts about spherical completeness. These are all standard facts from

valuation theory, but we include brief proofs.

Lemma 5.8.

(1) Let B be a nested collection of closed v-balls in K with empty intersection. Then K has a simple
elementary T -extension K {(a) with a € (| BX(@).

(2) Let B and a be as in (1). Then the set v(a — K) has no largest element and for y € K, the value
v(a —y) does not depend on the choice of a, just on the assumption a € ﬂBK<“>.

(3) Suppose M is an immediate extension of K and let a € M\ K. Then the collection of all closed v-balls
B in K with a € BM is nested and has empty intersection in K.

(4) If K is spherically complete, then K has no proper immediate T -extensions.

ProoOF. For (1), the assumption that B is nested gives that () By is nonempty for any finite subcollection By C
B. By model theoretic compactness, we can find a in an elementary T®-extension of K with a € (| BX(®).
For (2), let y € K, take a v-ball B € BB which doesn’t contain y, and let b € B. Then v(a —b) > v(a —y), so
v(a — K) has no largest element. We also have v(a —y) = v(b —y), and v(b — y) clearly does not depend on
a. For (3), let By, By be closed v-balls with a € B N B}. As M is an elementary T'%-extension of K and
B1, By are LO(K)-definable, there is b € K with b € B; N By. This shows that the collection of all closed
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v-balls B in K with a € BM is nested. To see that this collection has empty intersection in K, let b € K be
given and take d € K with v(a —d) > v(a —b). Let

v = v(a—d), B = {yeK:v(y—d) =~}
Then a € B™ but b ¢ B. Finally, (4) follows immediately from (3). O

Instead of working with nested collections of closed v-balls, it is sometimes more useful to work with sequences
of elements from K. A pseudocauchy sequence (pc-sequence) in K is a well-indexed sequence (a,) in
K such that

ar — Qg < Qg — Qp
for all 7 > o > p greater than some index py. Let (a,) be a pc-sequence. An element a in a TO-extension

of K is said to be a pseudolimit of (a,) if for some index pg, we have

a—a;, < a—ap
for all o > p > po. In this case, we say that (a,) pseudoconverges to a and we write a, ~» a. The
pc-sequence (a,) is said to be divergent if it has no pseudolimit in K. Suppose (a,) is divergent with
pseudolimit a in some T®-extension of K. Given y € K, we have a — a, < a —y for all sufficiently large p;

otherwise, we would have a, ~» y. If (b,) is another pc-sequence in K, then (b,) is said to be egquivalent to

(ap) if (a,) and (b,) have the same pseudolimits in every T'7-extension of K.

By removing some initial terms of the pc-sequence (a,), we arrange that a; —a, < a5 —a, for all 7 > o > p.

We may then associate to (a,) a family of closed v-balls (B,) as follows: let

(5.1) Yo = V(a1 — ap), B, = {ye K:v(y—ap) =7}

The family (B,) is nested: if o > p, then a, € B, N B,. Moreover, for a € M, we have a € ﬂp Béw if and
only if a, ~ a. Thus, (a,) is divergent if and only if p Bp = (), so if K is spherically complete, then every
pe-sequence in K has a pseudolimit in K. The converse also holds; see [4, 2.2.10]|. This correspondence,
when paired with (1) of Lemma also tells us that every divergent pc-sequence pseudoconverges in an

elementary T°-extension of K.

Immediate extensions of power bounded models. If T is power bounded, then we have a better

understanding of the immediate T'@-extensions of K. This is due to the following result of Tyne:

Fact 5.9 ([67], 12.10 and 13.4). Let T be power bounded and let K (£) be a simple T® -extension of K.
(1) If Ty # T, then there is a € K with v({ —a) ¢ T
(2) Ifres K(£) # res K, then there are a,b € K with b({ —a) <1 and b({ — a) ¢ res K.

Item (1) above is often referred to as the valuation property. Item (2) is called the residue property.

These properties allow us to characterize the simple immediate T©-extensions of K as follows:

Lemma 5.10. Let K({) be a simple TC -extension of K. The following are equivalent:
(1) v(£ — K) has no largest element;

(2) there is a divergent pc-sequence in K which pseudoconverges to €;
(3) for each a € K there isd € K with { —a ~ d.

If in addition, T is power bounded, then the above three conditions are all equivalent to:
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(4) K(¢) is an immediate extension of K.

PRrROOF. Assume (1) holds and let (a,) be a well-indexed sequence in K such that v(¢ — a,) is strictly
increasing and cofinal in v(¢ — K). One easily verifies that (a,) is a divergent pc-sequence in K which
pseudoconverges to £. Now, assume (2) holds and let (a,) be a pc-sequence witnessing this. Given a € K,
take p with £ —a, < ¢ —a. Then { —a ~ a, —a € K. Finally, suppose (3) holds, let a € K, and take d € K
with ¢ —a ~ d. Then v({ —a —d) > v({ — a), so v({ — K) has no largest element.

Clearly, (4) implies (3), even without the assumption of power boundedness. Suppose now that T is
power bounded and that (3) holds. Then v({—a) € T for each a € K, so ' 4y = I by the valuation property.
Let a,b € K with b(¢ — a) < 1 and take d € K with £ —a ~ d. If b = 0, then b({ —a) = 0 € res(K) and if

b+ 0, then b({ — a) ~ bd so b({ — a) = bd € res(K). Thus, res K(f) = res K by the residue property. O

We can use this equivalence together with Lemma [5.8] to show that if 7" is power bounded, then any nested

collection of closed v-balls has nonempty intersection in an immediate T©-extension of K.

Corollary 5.11. Let T be power bounded and let B be a nested collection of closed v-balls in K with empty
intersection. Then there is a simple immediate T -extension K () of K with £ € (\BX). Given a € N BM,
there is a unique LO(K)-embedding K ({) — M sending ¢ to a.

ProOF. Using (1) of Lemma let K (¢) be a simple elementary T®-extension of K with ¢ € (B,
By (2) of Lemma the set v(¢ — K) has no largest element, so K(¢) is an immediate extension of K by

Lemma For a € (BM, we have v({ —y) = v(a—y) for all y € K by (2) of Lemma SO Corollary
gives us a unique £ (K )-embedding K (¢) — M sending / to a. O

Corollary 5.12. Let T be power bounded and let (a,) be a divergent pc-sequence in K. Then there is an
immediate T -extension K(£) of K with a, ~ (. If a, ~ a € M, then there is a unique L° (K)-embedding
K{l) = M sending ¢ to a.

Proor. Apply Corollary to the family (B,) given in (5.1)). |

Corollary 5.13. Suppose T is power bounded. Then K has a spherically complete immediate TC -extension

which is unique up to LO (K )-isomorphism.

ProoF. If K is not itself spherically complete, then K has a proper immediate T@-extension by Corol-
lary It follows by Zorn’s lemma that K has a spherically complete immediate T©-extension. For
uniqueness, let L and M be two spherically complete immediate T©-extensions of K. We first show that
there is an £ (K)-embedding L — M. For this, we assume K # L, and we let £ € L\ K. Let B be the
collection of all closed v-balls B in K with £ € BL. This collection is nested and has empty intersection in K
by (3) of Lemma Let a € (\BM and, again using Corollary take an LY (K)-embedding K (¢) — M
sending £ to a. Continuing in this manner, we construct an £°(K)-embedding L — M, and we identify L
with an £9-substructure of M via this embedding. Then M is an immediate extension of L, so L = M by
(4) of Lemma as L is spherically complete. |

The assumption of power boundedness in Corollary [5.13] is necessary.

Remark 5.14. If T is not power bounded and O # K, then K has no spherically complete T'©-extension.
To see this, we use Miller’s dichotomy and a theorem of Kuhlmann, Kuhlmann, and Shelah. Suppose toward
contradiction that K is itself spherically complete, O # K, and T is not power bounded. By [564], K
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admits an £())-definable exponential function exp. Let k C O be a lift of res(K), so exp|g is an exponential
function on k. Using [4, 3.3.32], we take a subgroup 9 C K~ such that v|gy: 91 — T is a group isomorphism.
Using [4], 3.3.42], we get an Lgng—isomorphism from K to the Hahn field k[[901]] which is the identity on 9t
and k. The exponential on K induces an exponential on k[[91]] which restricts to the exponential exp|g on

k, contradicting the main theorem in [51].

5.2. Coarsening and specialization

In this section, we set up notation and prove some basic lemmas about coarsening and specialization. For
the remainder of this section, we assume that T is power bounded with field of exponents A, and we let A be
a nontrivial convex A-subspace of I'. We set I' := T'/A, and we let v: K* — I" be the map a — va+A € I

Then v is a Krull valuation on K with valuation ring and maximal ideal
O = {ye K :vy >4 for some § € A}, 0 = {ye K:vy>A}L
Lemma 5.15. O is a T-convex valuation ring of K.

PROOF. Let F: K — K be a continuous £(0)-definable function and let @ € O. We need to show that
F(a) € O. If va > 0, then a € O, so F(a) € O C O. Suppose va < 0, so va € A<. Take A\ € A and
b € K> such that |F(y)| < |y|* for all y € K with |y| > b. As F is £(0))-definable, we may assume {b} is
L(()-definable as well, so vb = 0 and |a| > b. Then |F(a)| < |a|]*, so vF(a) > \va € A. O

We let Ka denote the £P-structure (K, ), so Ka = T© by the above lemma. We refer to K as the
A-coarsening of K. The residue field res(Ka) = O/ is itself a TC-model with valuation v: res(Ka) — A
given by

v(ia+06) = wva
for a € O\ 6 and with T-convex valuation ring Ores(ka) = {a+0 : a € O}. We refer to res(Ka) with

this valuation ring as the A-specialization of K. Note that Oeq(k,)/Ores(i5) is naturally L-isomorphic
to res(K).

Fact 5.16 ([4], 3.4.6). K is spherically complete if and only if Ka andres(Ka) are both spherically complete.

Let M be a T-extension of Ka with I'y; = I'. Let Ores(m) be a T-convex valuation ring of res(M) and
suppose that the expansion of res(M) by O,eqnr) is a TO-extension of res(Ka) with [res(iry = A Let
O3 € M be the convex subring

Oy = {aeM:aec Oy and a € Owesan) }-
Lemma 5.17. O}, is a T-convex valuation ring of M and Oy, N K = O.

PROOF. Let a € O}, and let F': M — M be an L(()-definable continuous function. Since a € Ores(ary and

Ohres(m) is T-convex, we have F(a) = F(a) € Ores(mry by [29, 1.13]. Thus, F'(a) € Oy, so Oy, is T-convex.
The equality O3, N K = O follows from the equivalence

ye O yE@andy+é€Ores(KA)
fory e K. O

Let M* be the T9-model with underlying T-model M and T-convex valuation ring O = 0%, as defined
above. Then M* is a T%-extension of K, and we have M% = M (as T®-models).
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Lemma 5.18. 'y~ =T' and res(M*) is naturally L-isomorphic to Oyes(nr)/Ores() -

PROOF. As M* is a T%-extension of K, we have I' C T'js-. For the other inclusion, let a € (M*)*. We
need to find b € K* with ab=! € Oj,.. First, take f € KX with af =" € O}, and set u :=af~1 € res(M)*.
Next, take g € O with ug—! € O

res

(M) Then for b := fg, we have ab™! € 0., as desired. As for the

residue field, note that {a@: a € Op-} = Ores(ar), S0 We have a surjection
ar—a+ Ores(M) * On+ — Orcs(M) /Orcs(M)
with kernel
{a eOpy~:a€ Ores(]\/[)} = Op~.
This induces a natural isomorphism res(M*) — Ores(ar)/Ores(ar)» as required. O

By the above lemma, we see that M* is an immediate extension of K if and only if res(M) is an immediate

extension of res(Ka). We summarize the discussion above with a diagram:
s
res(Ka) —o res(M)

| |

res(K) — — res(M”)

Horizontal arrows are all embeddings in the indicated language. Downward arrows are projections and are

only defined on the T-convex valuation ring of their source. Every square commutes.

5.3. The Wilkie inequality

In this section, we assume that 1" is power bounded with field of exponents A. Many classical results about
valued fields and their extensions have useful analogs which hold in the power bounded setting. We list one

such result below.

Fact 5.19 ([24], Section 5). Let M be a TC -extension of K and suppose vk (M|K) is finite. Then
rke (M|K) 2 ke (res M| res K) 4+ dimy (T'pr/T).

Fact is an analog of the Abhyankar-Zariski inequality, and it is referred to in the literature as the Wilkie
inequality. We most frequently use the Wilkie inequality when M is a simple extension of K. Here is a

consequence of the Wilkie inequality:

Lemma 5.20. Let S be a cut in . Then there is a simple T -extension K(f) of K where f > 0 and where
vf realizes the cut S. This extension is unique up to LO(K)-isomorphism and is completely described as
follows: f realizes the cut

{ye K:y<0orvy > S}

and O 4y 1s the convex hull of O in K(f).
PrOOF. Let K(f) be a simple extension of K where f realizes the cut

{ye K:y<0orvy>S}

55



Let Ok sy be the convex hull of O in K(f), so Ok yy is indeed a T-convex valuation ring of K by Fact
One easily verifies that v f realizes the cut S, where v is the valuation induced by O sy, so it remains to
show uniqueness. Let O* be another T-convex valuation ring of K(f) with O* N K = O. If O* # Ok y,
then by Fact there is g € O* with g > O. Then the residue field of K(f) with respect to O* is strictly
bigger than res(K), as it contains the image of g. By the Wilkie inequality, the value group of K (f) with
respect to O* is equal to I', so v*(f) € T, where v* is the valuation induced by O*. Thus v*(f) doesn’t
realize the cut S. O

In Proposition below, we use the Wilkie inequality to bound the derivative of a unary L(K)-definable

function. This proposition will be used a number of times in this thesis. First, we need two lemmas.

Lemma 5.21. Let M = K{(a) be a simple T® -extension of K with a = 1 and va €T. Let F: K — K be an
L(K)-definable function with F(a) < 1. Then F'(a) < a™!.

PROOF. By replacing a with —a, we may assume that a > 0. The Wilkie inequality gives that res(M) =
res(K), so we may take u € O* with F(a) —u < 1. Replacing F' with F' — u, we may assume that F(a) < 1.
Note that this does not change F”.
We first handle the case that O = K, so a > K. Phrased in terms of limits, we have

Jim [F(z)] =0,
and we want to show that

. / _

xl;ngox|F (x)] = 0.

Let 6,9 € K~ be given. We need to find d > g with d|F’(d)| < §. By increasing g, we may assume that
|F(g)| < /4, that F is continuous and |F| is decreasing on [g, +o0), and that F is C* on (g, +oc). The

o-minimal mean value theorem gives d € (g,2¢g) with
F(2g) - F 2|F
F'(d)] = (29) — Flg)| o 21F(9)l
g g

Since d < 2¢ and |F(g)| < §/4 we have
2|F
dF'(d)] < d'g(g)' < 4|F(g9)| < 6.

Now suppose @ # K. Then M is an elementary T®-extension of K, so it suffices to show that for
any L£O(K)-definable set A C K> with a € AM, there is y € A with F'(y) < y~!. Let A be such a set.
By shrinking A, we arrange that A is convex, that F is C* on A, and that F(y) < 1 for all y € A. Since
va ¢ I" and T is densely ordered, the set A contains elements ¥,y with y; < y2. The o-minimal mean value

theorem gives

F(y2) — F(y
Pty — Pl = Flw),
Y2 — U
for some y € A between y; and yo. Since F(y2) — F(y1) < 1 and y2 — 41 < y2 = y, we have F'(y) < y~!, as

desired. O

Lemma 5.22. Let M = K{a) be a simple TC-extension of K with a < 1 and a € res(K). Let F: K — K
be an L(K)-definable function with F(a) < 1. Then F'(a) < 1.

PROOF. Let k C O* be a lift of res(K), so k{a) is a lift of res(M) by [29, 5.1]. The Wilkie inequality gives
that T'ys =T, so since I'S has no largest element, it suffices to show that |F'(a)| < d for each d € K~ with
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d = 1. Let d be given. We will show that for any subinterval I C K> with a € I™, there is y € I with
|F'(y)| < d. Let I be such an interval and take an £(k)-definable function G: K — K with |F(a)| < G(a).
By shrinking I, we arrange that F is C' on I and that |F(y)| < G(y) for all y € I. As a € I"*™) | we sece
that I must be infinite, so I N k is infinite. Take y1,y2 € I Nk with y; < 92, s0 y2 — y1 =< 1. Note that
G(yi) € k, so |F(y;)] < G(y;) < d for i = 1,2. The o-minimal mean value theorem gives

for some y € I between y; and yo. In particular, |F'(y)| < d. |

Proposition 5.23. Let M = K{a) be a simple TC-extension of K with a o f for all f € K and let
F: K — K be an L(K)-definable function. Then F'(a) < a=*F(a).

PRroOOF. First, suppose a = 1 and va € T'. The Wilkie inequality gives I'y; = I & Awva, so take d € K~ and
A € A with F(a) < da*. Then d~'a=*F(a) < 1 and, applying Lemmato the function y +— d~ 'y~ F(y),
we get

d r'a " F'(a) =M 'a *1F(a) < a7t

Since —A\d~'a"*"'F(a) < a™!, we see that d~'a=*F'(a) < a™!, so

Now, suppose a < 1 and va € . Let G: K — K be the function given by

) Fly™h) ify#0
Gl = { 0 ity = 0.

Then F(a) = G(a™!). By applying the previous case to G and a~! = 1, we get
F'(a) = —G'(a™Ya™? < aG(a a2 = a'F(a).

Finally, suppose va € I' and take b € K with b < a, so b~ 'a =< 1. Note that b—La ¢ res(K), for otherwise
we would have a ~ bu for some u € O, contradicting our assumption on a. The Wilkie inequality gives
Ty =T, so take d € K~ with F(a) < d. Applying Lemmawith b~ la in place of ¢ and with the function
y+— d~1F(by) in place of F, we see that

d7*bF'(a) < 1,

so F'(a) b~ 'd < a=1F(a). O

Note that our standing assumption of power boundedness is necessary for Proposition[5.23] as the proposition
clearly fails when a is infinite and F' is an exponential function with F’ = F. Our assumption that a ¢ f
for all f € K is also necessary. To see this, suppose a ~ f € K and let F(Y) =Y — f. Then F(a) < a so
a"'F(a) < 1, but F'(a) = 1. Here is an application of Proposition for use in the proof of Lemma

Corollary 5.24. Suppose O = K, let b € K" be an L(D)-independent tuple, and let K{a) be a simple
TO-extension of K with a < 1. Let G: K'*" — K be an L(())-definable function with G(a,b) < 1 and let
d=(do,...,d,) € K¥*". Then Jg(a,b)d < a™*.

PRrROOF. Viewing G as a function of the variables Yy, ...,Y,,, we have
oG oG oG
JG(a7 b)d - 87}/6(@7 b)do + 875/1(&’ b)dl +--- 4+ TY—n(Ch b)dn
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Since d; < 1 for i = 0,...n, it suffices to show that g—g < a~! for each 3. For i = 0, we apply Proposition
to the function y — G(y, b) to get g—g(a, b) < a~'G(a,b) < a~!. Fori > 0, we will again use Proposition
but doing so requires a bit of an argument. By symmetry, it suffices to show that g—g(a, b) < a=!. Let
E := dcl(by,...,b,) and view E as an elementary L£%-substructure of K with Op = ONE = E. Then
by ¢ E, s0 by o f for any f € E, since F is trivially valued. Viewing E(a) as a T®-extension of E with
va € T'g = {0}, the Wilkie inequality gives res E{a) = res E, so by ¢ f for any f € E{a). Thus, we may apply
Proposition [5.23| with E{a) in place of K, with by in place of a, and with the function y — G(a,y, bs, ..., b,)
in place of F to get g—g(a,b) < b7'G(a,b). Since b;! € K and G(a,b) < 1, this gives g—g(a,b) <1=<at O
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CHAPTER 6

T-convex T-differential fields

In this chapter, let K | T, let O be a T-convex valuation ring of K with maximal ideal o, and let d be
a T-derivation on K. If 9 is continuous with respect to the valuation topology on K, then we call K a T-
convex T-differential field. By [4, Lemma 4.4.7], 9 is continuous if and only if do C ¢o for some ¢ € K *.
If do C o, then we say that K has small derivation.

Let £99:= £O U L’ = LU{0O,d} and let T be the LZ°-theory of T-convex T-differential fields. For the
remainder of this chapter, let K = (K,0,9) &= T9°. Following [5], we say that a T©“-extension M of K is
strict if

do C g0 = Iy om C gonr, 00 C po = 9O C PO

for each ¢ € K*. Let T" be the value group of K and consider the following subsets of T, introduced in [5]:
I'k(d) = {v(¢):¢€ K™ and do C ¢o}, Sk(@) == {yel:T(@)+~=T()}

We omit the subscript and write I'(d) and S(9) when K is clear from context. Note that I'(9) < v(do) is a
downward closed subset of I' and that S(9), the stabilizer of I'(9), is a convex subgroup of I'. The purpose

of this chapter is to prove the following:

Theorem 6.1. Suppose that T is power bounded with field of exponents A and that S(9) is a A-subspace of

I'. Then K has an immediate strict TC?-extension which is spherically complete.

The condition that S(9) is a A-subspace of T' is equivalent to the condition that the set of stabilizing
elements is closed under power functions given in Chapter [I} since S(d) = {vf : f is a stabilizing element}.
This condition is satisfied when T is polynomially bounded. It is also satisfied when K is Hp-asymptotic, a

case we study in Chapter [7]

The assumption of power boundedness in Theorem [6.1] is necessary. If T is not power bounded and O # K,
then K has no T-convex extension which is spherically complete by Remark We are unsure whether
S(9) is always a A-subspace of I', or whether this assumption is necessary. Note that if O = K, then K
is itself spherically complete. Moreover, if 9 is trivial and 7" is power bounded, then K has a spherically
complete immediate TC-extension M by Corollary Viewed as a T9%-model with trivial derivation,
M is a spherically complete immediate strict 7©-extension of K. Accordingly, we make the following

assumption:

Assumption 6.2. For the remainder of this chapter, T is power bounded with field of exponents A and the

deriwation and valuation on K are nontrivial.
A consequence which we use freely is that any T@-extension of K is an elementary T@-extension.

In [5], Aschenbrenner, van den Dries, and van der Hoeven proved that every equicharacteristic zero val-

ued field with a continuous derivation has an immediate strict valued differential field extension which is
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spherically complete. The case T' = RCF of Theorem is a special case of the main result in [5]. Our
proof of Theorem is similar in structure to the proof of this result. As in [5], we first handle the case
S(9) = {0}, and then we reduce to this case using a coarsening argument. Our definition of the set Z (K, ¢) is
also quite similar to that in [5]. However, since we work with £(K')-definable functions instead of differential
polynomials over K, many of the key tools from [5] are not available to us. For example, the property
of having positive Newton degree, which plays a starring role in [5], is here replaced with the property of

eventual smallness.

In Section [6.1} we prove some basic lemmas about T-convex T-differential fields. In Section [6.2] we assign
a valuation to definable functions in implicit form, which acts as an analog of the Gaussian valuation for
polynomials. We use this to study the behavior of these functions. The aforementioned property of eventual
smallness is introduced in Section In Section we introduce the sets Z(K,¢). These sets tell us when
a cut in K can be filled by an element contained in the d-closure of K. In Section [6.5] we consider the special
case S(9) = {0}, and in Section we prove Theorem First, let us start with some examples.

Examples of T-convex T-differential fields. As mentioned above, the following example fits comfortably

within the framework of [5]:

Example 6.3 (Real closed valued fields). Let (R, O) be a real closed valued field. Then O is RCF-convex
by [29] 4.2]. Let 9 be a derivation on R which is continuous with respect to the valuation topology. By
Lemma d is an RCF-derivation, so (R, 0,9) = RCF®?. Conversely, every model of RCFO? is a real

closed valued field with a continuous derivation.

For examples which are new to our setting, we look to the models considered in Section [3:2] Let us begin
with Hahn fields.

Example 6.4 (Hahn differential fields). Let (k,dx) = T2,, let 9 be a divisible monomial group, and
extend 9y to a derivation 9 on k[[9]]an by setting o( Y, fum) := > 0k(fm)m. Then 9 is a Tyy-derivation
on k[[9M]]an, as shown in Example Let O be the convex hull of k in k[[9]]an, so O is Tyy-convex by
Fact[5.1] With respect to O, the derivation d is monotone, that is, df < f for all f € k[[9]]an. In particular,
d is small, so (k[[fmﬂ any O, 8) = T9°. This model is spherically complete and has many constants: for each
f € E[[9M]]an, there is a constant ¢ in the constant field C[[M]]an with f < c.

In [61], Scanlon proved an Ax-Kochen-ErSov (AKE) result for Hahn differential fields k[[90]] where k is an
(unordered) differential field of characteristic zero and where the derivation on k is extended to k[[9]] as
in the example above. As a consequence, he showed that if 91 is divisible and k is differentially closed,
then the valued differential field k[[90]] is model complete. Scanlon’s AKE result can also be used to show
that if 99t is divisible and k is a closed ordered differential field (or equivalently, a model of RCF%; see
Definition and Proposition [£.15)), then the ordered valued differential field k[[91]] is model complete in
the language Egﬁag' This raises the question: if k = (Tan)g and k[[M]an = 757 is as in Example is
E[[M]]an model complete in the language £9;°? As with the uniqueness questions discussed at the end of the
chapter, answering this question likely requires some analog of differential henselianity. For a generalization

of Scanlon’s AKE result, see [44].

Now let us turn our attention to transseries and surreal numbers:
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Example 6.5 (Transseries). Recall from Example that the field T of logarithmic-exponential transseries
admits a natural expansion to model Tapn exp = Let O be the convex hull of R in T, so O is Tan, exp-
convex by Fact Since 9 is small by [32] 4.1], it is continuous, so we may view Tay exp a8 a model of
TO,B

an,exp*

0
Tan,cxp .

Example 6.6 (Surreal numbers). As discussed in Example we have a natural expansion of the field
As with T, we let O be the convex hull of R in No,
50 O is Tan exp-convex. The Berarducci-Mantova derivation is small [8, 7.7], s0 Noan exp can also be viewed

as a model of 57 .

d
No of surreal numbers to a model Noan exp [ Ty exp-

6.1. Additional background

Here, we say a bit more about small derivation, coarsening, strict extensions, and the sets I'(d) and S(9).
The differential residue field. The following fact demonstrates how 90O is controlled by do.

Fact 6.7 ([M], 4.4.2). If K has small derivation, then 00 C O. Consequently, do C ¢o = 30 C ¢O for
each ¢ € K*.

Suppose K has small derivation. By the above fact, 9 induces a map @+ da: res(K) — res(K). We denote
this map also by 9, and we call it the induced derivation on res(K). This induced derivation is even a
T-derivation. To see this, let F' be an n-ary £(f)-definable C!-function with open domain and let ¢ be the
L(0)-formula defining the domain of F. Set

U = oK) C K", V = ¢(resK) C res(K)",

so V C U. Let F denote both its interpretation as a function U — K and its interpretation as a function

V — res(K) and let w € U with @ € V. By [29] 1.13|, we have F(u) = F(a), so

oF (a) = oF(u) = dF(u) = Jp(u)ou = Jp(u)da.

Accordingly, we view res(K) as a model of T°. Note that the induced derivation on res(K) is trivial if and
only if 00 C o.

Coarsening and specialization. Let A be a nontrivial convex A-subspace of I'. Recall the T©-models
K and res(Ka) associated to K and A from Section We may view Ka as a T99-model with the same
derivation as K; the valuation topology induced by O is either discrete or the same as the topology induced

by O, so 9 is still continuous in K.

Suppose K has small derivation. Then Ka does as well by [4, 4.4.4], so we may consider the induced
derivation on res(Ka). This induced derivation is a T-derivation by the remarks above, and it is also small,

hence continuous. Thus, we may view res(Ka) as a T9%-model as well.

Strict extensions. Let M be a T@9-extension of K. Below we list some basic but important facts about

strict extensions.

is a stric “-extension of K if and only i is a stric “-extension o or ¢ € .
1) M is a strict T9-extension of K if and only if M is a strict 79 -extension of K? f K*
(2) If M is a TO?-extension of K and M is contained in a strict T9-extension of K, then M is itself a

strict extension of K.
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(3) If M is a strict T9-extension of L and L is a strict 79-extension of K, then M is a strict extension
of K.

(4) If M is an elementary T©-extension of K, then M is a strict extension of K.
We have a useful test for determining whether an immediate T'©-extension is strict:

Fact 6.8 ([5], 1.5). Suppose that M is an immediate T -extension of K and let 9y be a T-derivation on
M which extends 9. If
do C g0 = dyom C ¢poum

for each ¢ € K*, then M is a strict T°-extension of K.
More on I'(9) and S(9). For ¢ € K*, we have
L(¢719) = T(0) —ve,  S(¢~'9) = S(9),

so () is invariant under compositional conjugation. If M is a strict T©*-extension of K with I'y; = T,
then I'ps(9) = I'(9) and Sp(9) = S(9). Using that K is real closed, we can show that I'(9) is closed in T’
(with respect to the order topology).

Lemma 6.9. Let a €. If a — e € T'(9) for each e € I, then o € T'(9).
PROOF. Suppose a ¢ I'(d). Take a € 0 with a > 0 and v(a’) < o. Then

v((al/z)’) = v(d) - zva < a— -va,

2
so a — Lva ¢ T(0). O
6.2. Valuations of definable functions

In this section, let F': K" — K be an L£(K)-definable function in implicit form. We set vF := v(mp) € T,
and we call vF the valuation of F. Lemmas [3.34 and [3.37] give

vFyq xa = vF +vd, vF? = vF 4+ rvg

for a € K and d, ¢ € K*. The valuation of F' acts as a sort of crude replacement for the Gaussian valuation
associated to differential polynomials, used frequently throughout [4]. Below, we use vF to find points u € K

where F(Jju) is “not too small.”

Lemma 6.10. Suppose that K has small derivation and that the induced derivation on res(K) is nontrivial.
Then
vF(Jju) < vF

for some u € O*.
PROOF. Fact|5.2]gives that Gr(Ir) C res(K)'™" is L(res K)-definable and dim (Gr(Ir)) < r. Thus, the set
{y eres(K) : 35(y) € Gr(Ip)} U {0}

is a thin subset of res(K'). Proposition applied to res(K) gives u € O* with 3 (u) = 35 (u) € Gr(Ip).
Then either Ir(35 'u) = 1 or Ir(95 'u) < 1 and

u®™ # Ip(35 ).
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In either case, u(™) — Ir (g5 'u) = 1, so
F(ng) = mp (u(r) — IF(Hg_lu)) = mp. O

Lemma 6.11. Suppose S(9) = {0} and let § € T”. Then there is v € T'(9) and u € K with |vu| < § such
that
vF(Jiu) < vF +ry+p5.

PRrROOF. We claim that for any ¢ € I'”, we can find v € T'(9) and a € o such that v(a’) — v < e. Let
e € I'” be given and, using that e ¢ S(9) = {0}, take v € I'(9) with v + & & I'(d). Then there is a € o
with v(a’) < v+ ¢, as desired. This claim yields an elementary T©%-extension M of K with v € I'y;(9) and
a € oy such that
v(a)—vy < T~
Let A be the convex A-subspace of I'y; consisting of all € € T'y; with |e| < T~ and let ¢ € M* with vp = 7.
Then M? has small derivation, so M% does as well by [4 4.4.4]. Since v(¢~'a’) < T and v(a’) > ve, we
have ©(¢~1a’) = 0, so the derivation on res(MX) is nontrivial. Applying Lemma to Mz and F'?, we get
w € M with vu = 0 and
BF? (31, u) < OFC.
Then |vu| < T~ and
UF¢(3Z>—13MU) —vF? = vF(g, u) — (vF +r1vg) = vE(J u)—vF —ry < I,
In particular, [vu| < 8 and vF(d}, u) < vF+7ry+ 3. As M is an elementary T°“-extension of K, the lemma
follows. O

Corollary 6.12. Suppose S(9) = {0}, let 8 € T, and suppose that vF(35a) = vF(J5b) for all a,b € K with
|val, |vb] < B. Then there is v € T'(9) such that vF(I5u) < vF + rvy for all u € K with |vu| < B.

Proor. We first handle the case r = 0, so Ir € K. Take a € O* with a  Ir. Then
F(a) = mF(a—IF) = mp,

so vF(a) < vF. For u € K with |vu| < 8, we have vF(u) = vF(a) < vF, as desired. Now assume 7 > 0.
Let a € K with |va| < 8 and set

a = r ' (vF(3ha) — vF).
For u € K with |vu| < 8, we have vF(Jju) = vF(dja) = vF + ra, so it suffices to show that « € T'(d). Let
e € I'” with re < 8. Using Lemma take b € K* and v € I'(9) with |vb] < re < 3 and

vF(35b) < vF +ry+re.
By assumption, vF'(g5a) = vF(95b), so
a—e = r ' (vF(da) —vF) —e = r ' (vF(3hb) —vF) —e < v € I(9).
As e can be taken to be arbitrarily small, we have a € T'(3) by Lemma (]
6.3. Eventual smallness

In this section, let F': K" — K be an L£(K)-definable function in implicit form, let ¢ range over K>, let

¢ < 1 be an element in a T%%-extension of K, and suppose v(¢ — K) has no largest element.
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A property is said to hold for all y € K sufficiently close to ¢ if there is ) € v(£ — K) such that the property
holds for all y € K with v(¢ —y) > 7. We say that F is small near (K,/) if Ir(J; 'y) < 1forally € K
sufficiently close to £.

Lemma 6.13. Let ¢ € K* with vpg € I'(9) and suppose vp < vdg. If F?0 is small near (K0, 1), then F?
is small near (K?, /).

PRrROOF. By replacing K, F, and ¢ with K%, F%_ and ¢al¢, we may assume ¢g = 1 (so K has small
derivation) and ¢ = 1. Set § := ¢~19. Suppose F is small near (K, ¢) and let y € o be close enough to ¢ so
that Ip(d5 'y) < 1. We claim that I (J5 'y) < 1. By Lemma we have

Iro(@i ') = o7 (100" Zﬁr )8'y) = o7 Ie(@ Y Z¢ €08y,

As IF(Hgfly) < 1 and ¢ = 1, we have ng’TIF(Sg*ly) =< 1, so it remains to show

r—1
D 67 (9)d'y < 1.
=0

We claim that ¢f < ¢. This is clear in the case that ¢/ < ¢, for then ¢ < 1 < ¢ (note that if ¢ < 1, then
we are in this case by Fact . On the other hand, if ¢’ = ¢ = 1, then ¢' < ¢ by [4, 6.4.1]. Now [5] 2.2
gives ¢~ 7€ (¢) < 1 for each i < r. Since K? has small derivation and y < 1, we have ¢~ "¢7(¢))8%y < 1 for
each ¢ < r as desired. |

We say that F is eventually small near (K, /) if F? is small near (K?,¢) whenever v¢ € I'(9). Unlike
smallness, eventual smallness is invariant under compositional conjugation: F' is eventually small near (K, ¢)

if and only if F¢ is eventually small near (K?,¢). By the above lemma, the set
{ve € T'(9) : F? is small near (K?,¢)}

is a downward closed subset of I'(9). Thus, F is eventually small near (K, ¢) if and only if F? is small near
(K*?,¢) for all sufficiently large v¢ € I'(9), and F is not eventually small near (K, ¢) if and only if F? is not
small near (K?,¢) for all sufficiently large v € I'(9). Eventual smallness serves as a crude analog of the
Newton degree in [4] and [5]; one should think of F' being eventually small as analogous to F' having positive

Newton degree. Of course, Newton degree makes no sense for arbitrary definable functions.

Lemma 6.14. Suppose that S(9) = {0} and that F is eventually small near (K,£). For each 8 € I'>, we

have
F(35a) # F(33b)

for some a,b € K with va,vb > —f.
PROOF. Let 8 € T~ and let a € K with |va| < 8. If F(J5a) # F(35b) for some b € K with |vb| < 3, then
we are done, so we may assume F'(J5a) < F(J3b) for all b € K with |vb| < 8. Then Corollary gives
v € T'(9) with vF(J5a) < vF + rvy. Take ¢ with v¢ = . Then F? is small near (K?, (), so we may take
y € o close enough to £ so that Ips (g5 'y) < 1. Since 8"y < 1 as well, we have

F(35y) = F*(dzy) = ¢'mp(8'y — Ips(d5 ') < ¢'mp,
so vF(J5y) > vF +ry = vF(3}a). O
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6.4. Vanishing

In this section, let ¢ range over K*, let £ be an element in a strict T9%-extension L of K, and suppose
v(£ — K) has no largest element. Unlike in Section we do not assume £ < 1.

Definition 6.15. Let F': K'*" — K be an £(K)-definable function in implicit form. We say F vanishes
at (K,() if Fq xq is eventually small near (K,d"'(¢ —a)) for all a € K and d € K* with { —a < d.

Let Z(K,¢) be the set of all £L(K)-definable functions in implicit form which vanish at (K, ¢). For each r, we
let Z,(K, ) be the functions in Z(K, ¢) of arity 1+ r, so Z(K, ¢) is equal to the disjoint union |J, Z, (K, £).
The set Z (K, £) serves a similar purpose to the set in [4] and [5] with the same name. Note that Z(K,¢)
does not depend on ¢, only on the £P-type of £ over K. we will show in Proposition below that if
Z(K, ) = then F(35¢) # 0 for all L(K)-definable functions F' in implicit form.

Lemma 6.16. Zy(K, () = (.

PROOF. Let F': K — K be an L(K)-definable function in implicit form, so Ir € K. Let d € K with
d=/f—1Ip andlet a € K with / —a <d. Then Ir —a = d, so

IF+a,,><d = d_l(IF_a) =1

and Fl, xq is not small near (K,d~({ — a)). As Ffmxd = Fi4xa for all ¢, we see that Fl, xq is not

eventually small near (K, d=1(¢— a)), so F ¢ Z(K,1). |

Lemma 6.17. Suppose S(9) = {0}, let F € Z,.(K,{), and lety € K. Then there is z € K with{ —z < {—y
and F(ggy) # F(52).

PROOF. Let a € K and d € K* with £ —a <d < ¢ —y. Set f:= vd —v(f —y) > 0. Since Fly, xq is
eventually small near (K,d~'(¢ — a)), Lemma gives by, by € K with vby,vby > —3 and

VFY g xa(d3b1) # vF4q xa(d5b2).
Either vF 4 xq(d5b1) or vF4, «a(J5b2) is different from vF(J5y), so suppose vF4, xq(d5b1) # vF(35y) and
set z :=dby + a. Then F(33z) = Fya xa(3501) # F(35y) and, since v(dby) > vd — 8 = v(£ — y), we have
v(l—2) = v((l—a)—dby) > min{v(l —a),v(db)} > v(l—y). O
Behavior of nonvanishing functions. Fix r and suppose Z,(K,¢) = () for all ¢ < r. Our goal is to prove

the following result:
Proposition 6.18. Let F': K'*" — K be an L(K)-definable function in implicit form with F & Z,.(K, ().
Then F(35¢) # 0 and

F(350) ~ F(3y)
for all y € K sufficiently close to £.
This proposition requires a somewhat lengthy proof by induction, so we make the following hypothesis.
Induction Hypothesis (IH). We assume that for all ¢ < r and all L(K)-definable functions F: K79 — K
in implicit form, we have F(330) # 0 and

F(830) ~ F(3y)
for all y € K sufficiently close to £.
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Lemma 6.19. Suppose (IH) holds. Then K (35 '¢) is an immediate T® -extension of K.

PROOF. Let ¢ < r be given and assume K (Hg_1€> is an immediate T7-extension of K (this holds vacuously
when ¢ = 0). We will show that K(JJ¢) is an immediate T“-extension of K<3371€>7 from which the lemma
follows by induction. Let G: K? — K be an £(K)-definable function. For all v € K sufficiently close to ¢,
we have

(9D —G@EI) ~ Y9 - GEiy) € K
by (IH). Since G is arbitrary, we may apply Lemma with K(ﬁg_lf) and £ in place of K and £ to get
that K (39¢) is an immediate T%-extension of K (34~ "¢). O

Lemma 6.20. Suppose (IH) holds, let A C K" be LO(K)-definable, and suppose g5 ' (¢) € AX. Then A has
nonempty interior and 35" (y) € A for ally € K sufficiently close to (.

Proor. Using Lemmas and we take an £(K)-definable cell D contained in A with g5~ '(¢) € D¥.
Let ¢ < r be given and assume m,(D) is open and 33_1(3/) € my(D) for all y € K sufficiently close to
¢ (this holds vacuously when ¢ = 0). We will show that m441(D) is open and Ji(y) € mg41(D) for all
y € K sufficiently close to ¢, from which the lemma follows by induction. If m,11(D) is not open, then
Tg4+1(D) = Gr (Gl (p)) for some L(K)-definable function G: K9 — K, so (@ = G327 '0), contradicting
(IH). Therefore, w441 (D) is open. Suppose mg41(D) is of the form

{(a,b) : a € my(D) and G(a) < b < H(a)}
for some L(K)-definable functions G, H: K9 — K. Then (IH) gives
YD~ Gy ) ~ 09— @) > 0 > 09~ HET) ~ @ — H(y )

for all y € K sufficiently close to ¢, so G(3'y) < y'9 < H(3Z 'y) for these y. This gives 34(y) € mg41(D)
for all y € K sufficiently close to ¢ as desired. If w,41(D) is of the form

{(a,b) : a € my(D) and b > G(a)} or {(a,b):a € my(D) and b < H(a)},

then a simpler version of the above argument works. If m,y1(D) = m,(D) x K, then the result follows

immediately from the inductive assumption. O

Corollary 6.21. Suppose (IH) holds and let G: K™ — K be an L(K)-definable function. If G(35~¢) =0,
then G(35~y) = 0 for all y € K sufficiently close to €. If G(35 ') # 0, then

G~ ~ G5 y)

for all y € K sufficiently close to £.

Proo¥. If G(3571¢) = 0, then apply Lemma to the £(K)-definable set
{a € K" : G(a) =0}.

If G(35'¢) # 0, then since K (35 ¢) is an immediate T%-extension of K by Lemma we may take
g € K* with G(35~'¢) ~ g. Now apply Lemma to the £P (K )-definable set

{ae K" :G(a) ~ g}. O
We are now ready to prove Proposition [6.18
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PROOF OF PROPOSITION [6.18] Suppose Proposition holds with ¢ in place of r for all ¢ < 7 (this is
vacuous if r = 0). Then (IH) holds, since we are assuming that Z,(K,¢) =0 forall g < r. Let F: K" — K
be as in the statement of the proposition. Since F' ¢ Z,.(K,{), we may take a € K and d € K* with {—a < d
such that F,, x4 is not eventually small near (K, A= — a)). Set e := d~'({ — a) < 1 and take ¢ with
v¢ € T'(9) such that F? , is not small near (K?,e). Set § := ¢~19 and set

+a,x
¢’71
M= Mpe 0 G = (IFfayxd)—dfla,xdfl‘
We have
F(350) = Floaldie) = mps  (Fe—Ipo  (@7') = m(&e—G(@;'0).

Using Corollary we take 1 € v(¢ — K) such that for all y € K with v(¢ —y) > 0, either
G@;'y) = G@ ) = 0 or G(&;'y) ~ G@;'0) # 0.

Then n — vd € v(e — K) and, since e < 1, we may increase 7 and arrange n — vd > 0. Since Ffa,xd is not

small near (K, e), we may take zgp € K with

v(e —20) > n—vd, I (35 '20) = 1.

“4a,xd

Then v (¢ — (dzo + a)) > 71, so we have

S\
—

G870 ~ G(@ (o +a)) = Ipo (35 20)

X

Since 8 is small, L strictly extends K, and e < 1, we have §"e < 1, so
F(350) = m(8"e — G(35710)) ~ —mG(3;'¢) # 0.
Now, let y € K with v(¢ —y) > n and set z := d~*(y — a), so

F@y) = Floal®2) = mpe (82— Tpe  (@57'2) = m(82 -G y)).

,xd

Since v(e — z) > 1 —vd > 0, we have z < 1, so 8z < 1. Since v(¢ —y) > 7, we also have G(3} 'y) ~
G(357 ) = 1. Thus,

F(dyy) = m(8"z = G35~ "'y)) ~-mG(8"y) ~ —mG(@;~'0) ~ F(3;0). 0

6.5. Constructing immediate extensions when S(9) = {0}

As in the previous section, let £ be an element in a strict 79°-extension L of K and suppose v(¢ — K) has

no largest element.

Proposition 6.22. Suppose Z(K,¢) = 0. Then K(J5°0) is an immediate strict TO-extension of K. Let b
be an element in a strict TO-extension M of K with v(b —y) = v({ —y) for each y € K. Then there is a
unique LO°(K)-embedding K (J3°€) — M sending { to b.

PROOF. By Lemma K (35°¢) is an increasing union of immediate T©-extensions of K, so it is itself an
immediate T'%-extension of K. It is also strict, as L is strict. As for the existence of an £99( K )-embedding

K (35°0) — M, we proceed by induction. Let r > 0 and suppose we have an £Y(K)-embedding
v K357 M) — M
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which sends the tuple g5~ (¢) to g5 ' (b) (this holds vacuously when 7 = 0). Let G: K" — K be an L(K)-
definable function. As Z(K,b) = Z(K,{) = (), Proposition (applied to both ¢ and b) gives n € v(¢ — K)
such that
(O —G@H) ~ Y —G@T ) ~ b7 — G(g5 D)

for y € K with v(¢ —y) = v(b—y) > n. Since G is arbitrary and +(G(J;~'¢)) = G(35~'b), we may apply
Corollary with K(HSfl@, ¢ and b in place of K, ¢, and b to extend 2 to an £ (K )-embedding
K(g50) — M sending (") to b("). The union of these embeddings is an £°(K)-embedding K (35°¢) — M
which sends g5°(¢) to g5°(b). This is even an £9?(K)-embedding by Lemma As an £99(K)-embedding,
it is uniquely determined by the condition that ¢ be sent to b. O

Proposition 6.23. Suppose S(9) = {0}, let F € Z,11(K,¢), and suppose that Z,(K,l) = O for all ¢ < r.
Then K has an immediate strict T -extension K (J5a) with F(35 " a) =0 and v(a —y) = v({ —y) for each
y € K. Let b be an element in a strict TO?-extension M of K with F(35'b) = 0 and v(b—y) = v({ — y)
for each y € K. Then there is a unique LO°(K)-embedding K (J5a) — M sending a to b.

ProoF. Let (ag,...,a,) realize the £O(K)-type of g5(¢) in some T®-extension of K. Then K{ay,...,a,)
is an immediate T®-extension of K by Lemma The tuple J5(¢) is L(K)-independent by Proposi-
tion so (ag,...,a,) is L(K)-independent as well. Using Lemma we extend 9 to a T-derivation on
K{ag,...,a,) with a; = a;41 for i < r and a] = Ip(ag,...,a,). Set a := ag so K{ao,...,a,) = K{(Jja) and
a™t) = I (95a).

We need to show that K{(J5a) is a strict extension of K. Let ¢ € K* with v¢ € T'(d) and let G: K™! —
K be an L(K)-definable function with G(Jja) < 1. By Fact it suffices to show that G(dja) < ¢. We
assume that G(J5a) # 0, and we take an L£(K)-definable open set U C K'*" on which G is C' and which
contains J}(a) in its natural extension. By Proposition we have

G(g5a) = G¥(F5a) +Ic(@5a)(d a”,...,a"), Ip(35a)).
Let Y = (Yp,...,Y;) and let H: U — K be the function
H(Y) = G[a] (Y) + JG(Y) (Yh BERE) YT’7 IF(Y))v

so H(35a) = G(d5a)’. Suppose toward contradiction that H(J5a) = ¢. Since 35 (¢) and g} (a) have the same
LO(K)-type and Z,.(K,¢) = (), Lemma and Corollary give n € v({ — K) with

5y € U, G(dy) ~ G(dya) < 1, H(3yy) ~ H(dza) = ¢

for all y € K with v(¢ —y) > 7. For the remainder of this proof, we let y € K with v(¢ — y) > n. Since
G(3Yy) < 1 and v¢ € I'(9), we have

G@y) = G a5y) +Ic@y) (W, ...,y "YY< 6 < H(@y).
Thus

‘s T 8G T '8 ‘s T
G(33y)' — H(d3y) = 87(331/) (l/( ) Ir(35y)) ~ —H(3y).

Since H(J)y) # 0, we have g—g(agy) # 0, so

y ) — Ip(3y) ~ —H(3yy) ﬁ(ﬁry) _1-
d d aYr J
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We have H(J5y) ~ H(d5a) and, by increasing 1, we may assume g—g(ggy) ~ g—g(ﬁga). Thus

oG -t
F(3g+1y) = mF(y(T+1) — ]F(ggy)) ~ —mpH(J5a) (ay(gga)) )

In particular, F(35y) ~ F(g5112) for all y, 2 € K with v(¢ — y),v(¢ — z) > 7, contradicting Lemma
Now let M and b be as in the statement of the proposition. Since J5(¢) and Jj(a) have the same
LO(K)-type and Z,.(K, ) = (), we may construct an £ (K )-embedding

K{Jja) - M

which sends g5 (a) to J5(b) as in the proof of the previous proposition. This is even an £9(K)-embedding
by Lemma As an L9?(K)-embedding, it is uniquely determined by the condition that a be sent to
b. O

Theorem 6.24. Suppose S(9) = {0}. Then K has a spherically complete immediate strict T -extension.

PROOF. We may assume that K is not itself spherically complete. It suffices to show that K has a proper
immediate strict 79 %-extension, as the property S(3) = {0} is preserved by immediate strict extensions. Let
B be a nested collection of closed v-balls in K with empty intersection in K and let ¢ be an element in an
elementary T©-extension of L of K with £ € (\BY. Then v(¢ — K) has no largest element by Lemma
If Z(K,¢) =0, then K(J5°¢) is a proper immediate strict 79-%-extension of K by Proposition Suppose
Z(K,0) # 0. Lemma [6.16] gives Zo(K, ) = 0, so take r maximal such that Z,(K,¢) =0 for all ¢ <r. Then
Proposition provides a proper immediate strict 7¢-extension K (J5a) of K where a is in the natural
extension of each B € B. |

Before moving on, let us consider a case that can be handled by Theorem [6.24] Suppose that K has small
derivation and that the induced derivation on res(K) is nontrivial. Then I'(9) = 'S, so S(3) = {0}; see |5}
1.7 and 1.15]. Given a T9%-extension M of K, it follows from Fact that M is a strict extension of K if

and only if M has small derivation. Thus, we have the following:

Corollary 6.25. If K has small derivation and the induced derivation on res(K) is nontrivial, then K has
a spherically complete immediate T©°-extension with small derivation.

6.6. Coarsening by S(9)

In this section, we prove our main theorem. First, we establish some results on residue field extensions.

Lemma 6.26. Suppose K has small derivation and let L = K(a) be a simple TC°-extension of K with
ax<1,a ¢ res(K), and o' < 1. Then L has small derivation. Moreover, if 00 C o and o' < 1, then
aLOL Q or,.

PROOF. Let F': K — K be an L(K)-definable function with F(a) < 1. We need to show that
F(a) = FPa)+ F'(a)d’ < 1.

Proposition m gives that F’(a) < a='F(a) < 1, so F'(a)a’ < 1 and it remains to show that FI¥(a) < 1.
The Wilkie inequality gives ', =TI, so L is an elementary T©-extension of K and it suffices to show that
for any £ (K)-definable set A C O with a € A%, there is y € A with F¥(y) < 1. Let A be such a set and,
by shrinking A if need be, assume that F is C! on A and that F(y) < 1 for all y € A. Since F'(a) < 1, we

69



can use L-elementarity to take y € A with F'(y) < 1. Since v’ < 1 by Fact we have F'(y)y’ < 1. Since
F(y) <1 as well, this gives

FPlty) = F(y) - F'(y)y’ < 1.
This takes care of the first part of the lemma.

For the second part, assume that 00 C o and that @’ < 1. We need to show that F(a)" < 1 for each
L(K)-definable function F': K — K with F(a) < 1. The proof is essentially the same as the proof of the
first part, but now Proposition only gives that F’(a) < 1. We make up for this by using our assumption
that 00 C 0 and that a’ < 1. O

The following corollary serves as an analog of [5, 6.7].

Corollary 6.27. Suppose 00 C o and let E be a T-extension of res(K). Then there is a strict TO°-extension
L of K such that Ty, =T, the derivation on res(L) is trivial, and res(L) is L(res K)-isomorphic to E.

PrOOF. It suffices to consider the case E = res(K)(f) where f & res(K). Let L = K(a) be a simple

T-extension of K where a realizes the cut
{ye K:y<QoryecOandy< f}.
We expand L to an £P-structure by letting
Op == {yeL:lyl <dforallde K withd> O}.

Fact|5.3|gives that this expansion of L is a T@-extension of K. Note that a € Or, and that res(L) = res(K)(a)
is L(res K)-isomorphic to FE, since a and f realize the same cut in res(K). In particular, res(L) # res(K),
so I', =T by the Wilkie inequality. Using Lemma [3.31] we extend 9 uniquely to a T-derivation on L with
a’ = 0. We claim that L is a strict T9“-extension of K. Let ¢ € K* and note that ¢~ 'a’ = o’ = 0.
If oo C ¢o, then Lemma applied to K® and L? in place of K and L gives 9,01, C ¢o;. Likewise,
if 00 C ¢o, then Lemma gives 3,0 C ¢or. The case ¢ = 1 gives that the derivation on res(L) is
trivial. O

We are now ready to prove the main theorem:

ProOOF OF THEOREM We assume that S(9) is a A-subspace of K and we need to show that K has an
immediate strict 79-extension which is spherically complete. Set A := S(3). If A = {0}, then we are
done by Theorem so we may assume that A # {0}. We arrange by compositional conjugation that
K has small derivation. The assumption that A is a A-subspace of K allows us to coarsen by A, which
we do, yielding the T9?-model K. The derivation on res(KA) is trivial by [5, 6.1] and Sk, (9) = {0}
by |5, 6.2]. Let E be a spherically complete immediate T©-extension of res(Ka); such an extension exists
by Corollary Using Corollary we take a strict T9?-extension L of Ka such that I';, = I, the
derivation on res(L) is trivial, and res(L) is L(res Ka)-isomorphic to E. Then Sz.(9) = {0} as well, and we
apply Theorem to L to get a spherically complete immediate strict 7¢-extension M of L. We have
res(M) = res(L) as T-models, so res(M) is L(res Ka)-isomorphic to E. We equip res(M) with a T-convex
valuation ring Oieg(ar) so that res(M) is L0 (res K )-isomorphic to E; then res(M) is a spherically complete
immediate T©-extension of res(Ka). Now let M* be the T99-model with underlying 7°-model M and
T-convex valuation ring
Om- = {a €Oy :a€ Owgan}-
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Then M* is an immediate T©%-extension of K with MR = M; see Section By [Bl 6.4], M* is a strict
T99-extension of K. As M% = M and res(M}) = res(M) are both spherically complete, M* is spherically
complete by Fact [5.16] O

The diagram below catalogs the objects and maps involved in the proof of Theorem

KA strict L strict M = MZ

LO’B J LO,B

res(Ka) —;— res(L) —;— res(M) L—NO> E
\_/ J

EO

res(K) = res(M*) — — res(E)

As with the diagram in Section [5.2] each horizontal arrow is an embedding in the indicated language and
every downward arrow is a partially defined projection. Isomorphisms are labeled as such and every square

commutes.

If A is archimedean, then S(9) is always a A-subspace of I'. Thus, we have the following:

Corollary 6.28. If T is polynomially bounded, then K has an immediate strict TO?-extension which is

spherically complete.

Uniqueness. Suppose K has a spherically complete immediate strict 7€ %-extension M. It is natural to ask:
under which circumstances is M the unique spherically complete immediate strict 7€ %-extension of K up to
LO(K)-isomorphism? Uniqueness holds if K is itself spherically complete, for then M = K. In particular,
it holds if © = K. If 9 is trivial, then any immediate strict 79 %-extension of K has trivial derivation as

well, so K has a unique spherically complete immediate strict 7©-extension up to £9(K)-isomorphism

by Corollary

Suppose T'= RCF. If 9 is small, res(K) is linearly surjective, and K is monotone, then M is unique up to
Cgfg(K)—isomorphism by [4, Section 7.4|. If 9 is small, res(K) is linearly surjective, and K is asymptotic

S;lag(K )-isomorphism by [57]. See Section H for more information about
asymptotic fields. An example of a real closed H-field R which does not have a unique spherically complete
0,3

ring (12)-isomorphism is given in [5].

then again M is unique up to L

immediate strict RCF©*-extension up to £

When T # RCF, nothing is known about uniqueness outside of the trivial cases. All the results in the case
T = RCF depend crucially on differential henselianity, a differential-algebraic property which we have yet

to generalize to our setting.
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CHAPTER 7

Hp-fields

In this chapter, let K = (K,0,d) be a model of T® with constant field C, value group I', and maximal
ideal 0 C O.

Definition 7.1. K is an Hp-field if the following conditions hold:

(H1) for all f € K, if f > O, then f’ > 0;
(H2) O=C+o.

The purpose of this chapter is to study Hp-fields and their simple extensions. We also consider pre- Hp-fields,
which arise as T9°-submodels of Hp-fields, and Hp-asymptotic fields, which arise as coarsenings of Hp-fields.
Our investigation of these structures is based on the study of H-fields, pre-H-fields, and H-asymptotic fields
conducted in [4]. Indeed, (pre)-Hrp-fields are just T©°-models which are also (pre)-H-fields in the sense
of [4]. This is not quite true for Hp-asymptotic fields, as we will see in Section All of our results require

power boundedness, so we make the following assumption.
Assumption 7.2. For the remainder of this chapter, T is power bounded with field of exponents A.

Of course, the definitions made in this chapter make sense even when 7' is not power bounded. Our main
result is that every Hp-field has a Liouville closed Hp-field extension, that is, an Hp-field extension where
every element has an integral and an exponential integral. In [2], Aschenbrenner and van den Dries showed
that every H-field has at least one and at most two Liouville closures (minimal Liouville closed H-field
extensions) up to isomorphism. Though some H-fields were known to have exactly one Liouville closure up
to isomorphism and others were known to have exactly two, the precise dividing line was unknown until
Gehret showed that the number of Liouville closures is determined by the property of A-freeness [41]. The
same is true in our setting; we give a precise characterization of the number of nonisomorphic minimal
Liouville closed Hrp-field extensions of a given Hyp-field in Theorem [7.57] As an application, we show in
Theorem that any £9;°-embedding of an R,,-Hardy field H into T, extends to an £9;’-embedding of
a Liouville closed R,,-Hardy field extension of H.

We consider more general simple extensions of Hp-fields in Section [7.7] In Theorem [7.59] we show that every
Hrp-field has an Hp-field extension which satisfies an “order 1 intermediate value property.” This was first
shown for H-fields in [3] and for R-Hardy fields in [27].

After giving some examples of Hrp-fields, we introduce the class of Hp-asymptotic fields in Section
There, we recall a number of important results from [4] and apply some of our results from Chapter @ In
Section we discuss the aforementioned property of A-freeness and adapt some arguments from [41] to our
setting. Pre-Hp-fields are introduced in Section [7.3] and the relationship between pre-Hp-fields, Hp-fields,

and Hp-asymptotic fields is discussed in more detail.
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Extensions of pre-Hrp-fields by integrals are studied in Section [7.4] and we show that every pre-Hp-field
has a minimal Hrp-field extension (called the Hp-field hull) which is unique up to unique isomorphism. In
Section [7-5] we study extensions of pre-Hp-fields by exponential integrals and extensions of Hp-fields by
constants. Section is devoted to the proof of Theorem on the existence and uniqueness of minimal
Liouville closed Hp-field extensions. Finally, in Section we prove Theorem [7.59

Examples of Hp-fields.

Example 7.3 (Real closed H-fields). Recall from Example that the models of RCFP are exactly the
real closed valued fields with a continuous derivation. Thus, the class of Hrcp-fields is the same as the class
of real closed H-fields.

Example 7.4 (R-Hardy fields). Let R be an o-minimal expansion of the real field and let Lz be a language in
which Tz, the theory of R, has quantifier elimination and a universal axiomatization. Recall from Chapter
that an R-Hardy field is a Hardy field H which is closed under all function symbols in Lz. Let H be an
R-Hardy field and suppose that R is contained in H, where each r € R is identified with the germ of the
constant function z — r. As discussed in Chapter [I, H admits an expansion to an elementary Tr-extension
of R. Moreover, the natural derivation on # is a T’r-derivation and the underlying ordered differential field
of H is an H-field. Thus, H can be further expanded to an Hr,-field where the valuation ring, Oy, is the
convex hull of R in H. Arbitrary R-Hardy fields (those which may not contain R) are not Hp,-fields in
general, but as we will see in Section @, all R-Hardy fields are pre-Hr, -fields.

Now we turn our attention to transseries and surreal numbers.

Example 7.5 (Transseries). Recall from Example that the expansion Tay exp Of T is a model of ngxp.
It is well-known that T is an H-field; the axiom (H1) is verified in [32] 4.3] and the axiom (H2) follows easily
since the valuation ring O is the convex hull of the (Dedekind complete) constant field R. Therefore, Tap exp

is an Hap, exp-field.

Example 7.6 (Surreal numbers). The surreal numbers with derivation and valuation as in Example is
also an H-field; see [8] 6.24 and 6.25]. Thus, the expansion NoOay exp 1S an Hap exp-field.

A major result in [4] is that T is model complete in the language Egr’lag. It is natural to ask: is Tan exp model
complete in the language [,g;?exp? In [6], it is shown that T admits a canonical elementary Egr’lag—embedding

0,9
ring”

into No. In particular, T and No are elementarily equivalent as £

(O]
an,exp

structures. It is easy to see that this
embedding is even an L -embedding (it is strongly R-linear and is compatible with the exponential on
both T and No). One may wonder: is this embedding £5;%,, -elementary? Answers to these questions are
likely some ways off even for the reduct T,,, though this thesis is a first step. Of course, Ty, exp is DOt power
bounded, so the results this chapter and the previous chapter can not be applied directly to Hap, exp-fields.

They can be applied to H,,-fields.

In Chapter |8 we show that the reduct T, of T,, is model complete in the language ﬁgva and that the
embedding T — No in [6] is £9-elementary. These results essentially follow from the results in [4]; the
only result from this chapter which is used is Proposition Our proof in Chapter [8| uses facts about
restricted elementary functions which do not hold for general restricted analytic functions, so we believe that
the results in on Hp-fields in this chapter will be necessary to prove any sort of model completeness result

for Tan or Tan exp-
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Remark 7.7. The Hahn differential field k[[90]] considered in Example [6.4]is not an Hp-field unless 9t and
dk are both trivial. Indeed, suppose 9t is nontrivial and take m € 9t with m > 1. Then m > O but dm = 0,
violating (H1). If 91 is trivial, then O = k and o = {0}, so if (H2) holds, then 9y, is trivial.

7.1. Hp-asymptotic fields

Definition 7.8. K is an Hp-asymptotic field if for all g € K with g > 1, we have
(HA1) ¢' >0,
(HA2) ¢gf = f' for all f € 0, and
(HA3) gf = f/ for all f € OX.

The definition above differs slightly from the definition of an H-asymptotic field given in [4], though we
claim that every Hp-asymptotic field is H-asymptotic. Indeed, (HA2) and (HA3) along with [4], 9.1.3] imply
that every Hr-asymptotic field K is asymptotic, that is, f < g < f' < ¢’ for all f,g € K* with f,g < 1.
To see that each Hrp-asymptotic field K is H-asymptotic in the sense of [4], let f,g € K* with f < g < 1.
We need to show that fT = g. Applying condition (HA1) to g~! and g/f, we have

g =g <0 g -f= (9N >0,

so fT < gt < 0. In particular, fT 3= g7, as desired. Conversely, if K |= T° is asymptotic, then K satisfies
(HA2) and (HA3) by [4, 9.1.3]. However, the H-asymptotic fields in [4] are not necessarily ordered, and not
every H-asymptotic K = T satisfies (HA1).

For the remainder of this section, we assume that K is an Hp-asymptotic field. We say “Hp-asymptotic
field extension” to mean “T'©“-extension which is an Hp-asymptotic field.” Note that any Hp-asymptotic
field with nontrivial valuation must also have nontrivial derivation by (HA1). Indeed, (HA1) ensures that
the constant field of any Hp-asymptotic field is contained in the valuation ring. We will collect a few facts
from [4] about H-asymptotic fields for later use, and then we will examine the immediate Hp-asymptotic

field extensions of K.
Fact 7.9 ([4],9.1.4). Let f,ge K with g £ 1. If f < g, then f' <g'. If f < g, then f ~g<= ' ~ 4.

Let f € K* with f % 1. As K is asymptotic, the values v(f’) and v(fT) only depend on vf, so for v = vf,
we set
o= o), A = () = v+
This gives us a map
¢:T7% =T, o) = Al
Following Rosenlicht [59], we call the pair (T',) the asymptotic couple of K. We have the following

important subsets of IT":

(T<) = {y 1y e~} (T7) = {y:vel~},

(%) = (IS u (), Vo= (%) = (Y iyer”)
It is always the case that (I'S)’ < (I'”) and that ¥ < (I'”). If there is 8 € T with ¥ < 8 < (I'”)’, then we
call 8 a gap in K. There is at most one such 3, and if ¥ has a largest element, then there is no such 5. If K

has trivial valuation, then the four important subsets above are empty and 0 is a gap in K. We say that K

is grounded if ¥ has a largest element, and we say that K is ungrounded otherwise. Finally, we say that
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K has asymptotic integration if I' = (I'”)’. If 8 is a gap in K or if 3 = max ¥, then I\ (I'7)" = {5}.
We have the following trichotomy for the structure of Hp-asymptotic fields:

Fact 7.10 ([4], 9.2.16). Ezactly one of the following holds:
(1) K has asymptotic integration;
(2) K has a gap;
(3) K is grounded.

Remark 7.11. Though it will not be used in this thesis, it is worth noting that if A is a nontrivial convex
A-subspace of T', then the A-coarsening K is Hp-asymptotic by [4, 9.2.24]. If K has small derivation and
Y(A7) C A, then the A-specialization of K is Hp-asymptotic by [4, 9.1.3]. The axiom (HA1) does not
follow directly from [4] 9.2.24] or [4], 9.1.3], but it is easily verified in both cases, using that it holds in K.

Immediate extensions of Hr-asymptotic fields. By definition, any Hr-asymptotic field is a model of
T2, but the continuity assumption for 799 is actually implied by the second condition. In the lemma

below, we give a test for whether an immediate T9%-extension of K is Hp-asymptotic.

Lemma 7.12. Let M be an immediate TO-extension of K. If f' < gt for all f € o and all g € K with
g = 1, then M is an Hp-asymptotic field.

PROOF. Let h € M with h = 1 and take g € K with h ~ g. For € € op; with h = g(1 + €), we have

e ,

1+e¢ -
By assumption, &’ < ¢f, so hf ~ ¢. As K is Hp-asymptotic, we have g' > 0, so At > 0 as well. Additionally,
we have hf ~ gt = f’ for all f € oy, by assumption. Now let f € O3, Take v € K and 6 € oy with

H—gt = (hfg) = (1+2) =

f=u+6s0f =u 4. Wehave &' < gt by assumption and v’ < g, since K is Hp-asymptotic and
u,g € K,s0 f' <g' ~hi. O

We can use the above lemma to relate Hp-asymptotic field extensions to strict extensions, as considered in
Chapter @ First, let us consider the relationship between I'(9) and .

Lemma 7.13. If K is grounded or has asymptotic integration, then T'(d) = U+, If B is a gap in K, then
D) = v+ U {8).

PROOF. Let v € ¥ and take g € K with g = 1 and v(g') = 7. Then g = f for all f € o by (HA2), so
v € T'(d). This shows that ¥+ C I'(d). Now let 3 € I' \ ¥*. If B is not a gap in K, then 3 € (I'">)’, so
B ET(9). If Bis agap in K, then 8 =sup ¥, so § € I'(d) by Lemma a

Corollary 7.14. Let M be an immediate T®?-extension of K. Then M is a strict extension of K if and
only if M is Hp-asymptotic.

PROOF. Suppose that M is a strict T9%-extension of K and let f € 0p;. As ¥ C I'(3) by Lemma we
have ' < ¢ for all ¢ € K* with v¢ € U. Thus, M is an Hp-asymptotic field by Lemma Conversely,
suppose that M is Hp-asymptotic and let ¢ € K* with v € T'(9). Lemmagives vp < (I'”)". We claim
that doas C ¢ony, from which strictness follows by Fact [6.8] Let f € o and take g € o with f ~ g. Then
v(g') € (I, s0 f' ~ g < ¢ by Fact[7.9 O
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Since K is Hr-asymptotic, we have S(d) = {0} by |5l 1.14], so K has a spherically complete immediate
strict T9*-extension by Theorem By Corollary this extension is Hp-asymptotic. Thus, we have
the following:

Corollary 7.15. K has a spherically complete immediate Hp-asymptotic field extension.

In this chapter, we are primarily interested in simple extensions. Since S(3) = {0}, we can use Proposi-

tion to get a handle on certain simple immediate Hp-asymptotic field extensions of K:

Proposition 7.16. Let G: K — K be an L(K)-definable function, let (a,) be a divergent pc-sequence in K,
and suppose a;, — G(a,) ~» 0. Then K has an immediate Hr-asymptotic field extension K(a) with a, ~ a
and o' = G(a). If b is a pseudolimit of (a,) in an Hp-asymptotic field extension M of K with b = G(b),
then there is a unique LO°(K)-embedding K (a) — M sending a to b.

PROOF. Since there is a divergent pc-sequence in K, we have O # K, so 9 is nontrivial by (HA1) and
Assumption is satisfied. This allows us to freely use the results in Chapter @ Let F: K? — K be the
function F(Yp,Y1) := Y1 — G(Yp), so F is in implicit form. Let ¢ be a pseudolimit of (a,) in an elementary
TO9-extension of K. We claim that F' € Z; (K, ). If not, then since Zy(K,¢) = () by Lemma we may
apply Proposition [6.18] to get that

y —Gly) = F(y,y) ~ F((,0)

for all y € K sufficiently close to £. In particular, aj, — G(a,) ~ a;, — G(a,) for all sufficiently large indices
a, p, contradicting our assumption that a), — G(a,) ~» 0. Thus, ' € Z;(K, ¢) as claimed, so Proposition
gives an immediate strict 79 %-extension K (a) of K with a’ = G(a) and v(a —y) = v(¢{ —y) for each y € K.
In particular, v(a —a,) = v(¢—a,) for all indices p, so a is a pseudolimit of (a,). The T°°-model K (a) is an
Hrp-asymptotic field by Corollary For b and M as in the statement of the proposition, Corollary
gives a unique L£P(K)-embedding K(a) — M sending a to b. This is even an £9°(K)-embedding by
Lemma B.311 (|

Corollary 7.17. Let s € K with vs € (I'”) and s € 9o and suppose v(s — 90) has no largest element.
Then K has an immediate Hp-asymptotic field extension K({a) with a < 1 and o' = s such that for any
Hr-asymptotic field extension M of K with s € oy, there is a unique LO°(K)-embedding K (a) — M.

PrOOF. Let (a,) be a well-indexed sequence in o such that v(s — a})) is strictly increasing as a function of p
and cofinal in v(s — d0). The proof of [4 10.2.4] gives that (a,) is a divergent pc-sequence in K. We apply
Propositionwhere G is the constant function s to get an immediate Hp-asymptotic field extension K (a)
of K with a, ~» a and o’ = s. Let M be an Hp-asymptotic field extension of K and let b € oy with ¥ = s.
Then for p < o, we have
(b—a,) = s—a, ~ (as—a,).

Since b — a,,a, — a, < 1, Fact gives us that b —a, ~ a, — a,, so a, ~+ b. Proposition gives
an £9?(K)-embedding 2: K(a) — M sending a to b. For uniqueness, let 7: K{(a) — M be an arbitrary
LO9(K)-embedding. Then j(a) — b € Oy since j(a)’ = s = ¥'. Since j(a), b < 1 and C}; C OF,, we must
have j(a) = b. This shows that j = s. O

Corollary 7.18. Let s € K with v(s —dK) < (I'”)" and suppose v(s — 0K) has no largest element. Then
K has an immediate Hp-asymptotic field extension K{a) with a’ = s such that for any Hp-asymptotic field
extension M of K and b € M with b’ = s, there is a unique LO°(K)-embedding K (a) — M sending a to b.
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PROOF. Let (a,) be a well-indexed sequence in K such that v(s — a},) is strictly increasing as a function
of p and cofinal in v(s — dK) and such that s — a, < s for each p. The proof of [4, 10.2.6] gives that (a,)
is a divergent pc-sequence in K. We apply Proposition [7.16] where G is the constant function s to get an
immediate Hp-asymptotic field extension K(a) of K with a, ~» a and @’ = s. Let M be an Hp-asymptotic

field extension of K and let b € M with v/ = s. For p < o, we have
(b—a,) = s—a, ~ (a5 —a,),

sov(b—a,) € (') and b—a, > 1. Fact gives b — a, ~ a, — a,, 80 a, ~+ b and Proposition gives
an L99(K)-embedding +: K(a) — M sending a to b. O

7.2. A-freeness
In this section, let K be an ungrounded Hp-asymptotic field with I" # 0. A logarithmic sequence in K
is a well-indexed sequence (¢,) in K such that:
(1) €41 < E; for all p;
(2) £, = £, = 1for all o > p;
(3) (vl,) is cofinal in I'<.

Logarithmic sequences can be constructed by transfinite recursion. Note that if M is an Hp-asymptotic field

extension of K with I'< cofinal in I'§;, then any logarithmic sequence in K is a logarithmic sequence in M.

A A-sequence in K is a sequence (A,) where A, = —Ey for some logarithmic sequence (¢,) in K. By [4,
11.5.3], any two A-sequences are equivalent as pc-sequences. We say K is A-free if no A-sequence in K has

a pseudolimit in K.
Lemma 7.19. If K is an increasing union of A-free Hr-asymptotic fields, then K is A-free.

PrOOF. By [4, 11.6.1], K is A-free if and only if for all s € K, there is g € K with g = 1 and s — g/ = g.

This equivalent condition is preserved by increasing unions. (]

For the remainder of this section, let (£,) be a logarithmic sequence in K with corresponding A-sequence
(Ap). Nothing here will depend on the specific choice of (£,). Below are two consequences of A-freeness
from [4]

Fact 7.20 ([4], 11.5.2 and 11.6.1 (v)). If K is A-free, then K has asymptotic integration. If K is A-free and
A is a pseudolimit of (\,) in an Hp-asymptotic field extension of K, then v(h — K) = W+,

For us, the importance of A-freeness comes from its relation to gaps:

Lemma 7.21. Suppose K has asymptotic integration, let s € K, and let M = K(f) be an Hrp-asymptotic
field extension of K with f #0 and fT =s. Then vf is a gap in K(f) if and only A, ~ —s.

PROOF. One direction is by [4, 11.5.12]: if vf is a gap in M then A, ~» —s. For the other direction, suppose
Ap ~» —s. Then [4], 11.5.13] with —s in place of A gives

(i) v(s — (K*)T) is a cofinal subset of U+, and

(i) vf ¢T.
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We claim that Wy, C ¥+, The Wilkie inequality and (ii) above give I'yy = I' @ Avf, so we need to show that
(v + Mvf) € Ut for each v € T and each A € A. Let v and X be given and take y € K> with vy = 7. We

1/x

may assume \ # 0, and we set z := y~/* so yf = —Azf. We have

(v 4+ Mf) = vyf)T = vy +Xs) = v(ds — A\2T) = wv(s — 27),

so ¥(y + M f) € ¥t by (i) above and ¥y, C Ut as claimed. Now suppose toward contradiction that vf is
not a gap in M. Then W,;, being a cofinal subset of U+, has no maximum and so vf € (FE)’. Take 8 € Ff/[
with 8’ = vf and take y € K with 8T < vy € U. Our assumption that A, ~ —s along with [4, 11.5.6 (iii)]
gives s —yf <y, so

Yf —vy) = o(f/y)t = v(s —y") >y,
contradicting [4] 9.2.2] (with a = vf and v = vy). O

In [41], Gehret defines a property—the yardstick property—which allows us to check whether A-freeness is

preserved in various extensions. Let S be a nonempty convex subset of I' without a largest element.

(1) We say that S has the yardstick property if there is 3 € S such that v — x(y) € S for all y € S>5,
where x(0) = 0 and x(«a) is the unique element of I' with x(a)’ = ¥ («) for a # 0.

(2) We say that S is jammed if for every nontrivial convex subgroup {0} # A C T, there is 8 € S such
that v — 8 € A for all y € §>7.

Note that if S is jammed, then so is 7 4+ S for any v € I'. Being jammed and having the yardstick property

are incompatible, except in the following case:

Fact 7.22 ([41], 3.17). Let S be a nonempty convex subset of I' without a largest element which has the
yardstick property. Then S is jammed if and only if S* =T'<,

The lemma below is an analog of [41] 6.19] with virtually the same proof; only minor modifications and

substitutions are required.

Lemma 7.23. Let K{a) be a simple immediate Hp-asymptotic field extension of K. If K is A-free and
v(a — K) CT has the yardstick property, then K{a) is A-free.

PROOF. Suppose toward contradiction that K (a) is not A-free and take A € K (a) with A, ~» A. Since A ¢ K,
Lemmagives v € T with v(A— K) = y+v(a— K). Fact|7.20|gives v(A— K) = ¥}, so v(A— K) is jammed
by [41, 3.11]. Thus, v(a — K) is jammed as well, so v(a — K) = I'< by Fact In particular, v(a — K)
has a supremum in T, so v(A — K) = Ut also has a supremum in T', contradicting that K has asymptotic
integration by Fact [7.20] O

o-freeness. An w-sequence in K is a sequence (®,) where @, = —(21/ + A2) for some A-sequence (A,)
in K. We say K is w-free if no ®-sequence in K has a pseudolimit in K. If A, ~» A € K, then the
corresponding @-sequence (®,) has pseudolimit —(21' + A?) € K, so o-freeness implies A-freeness. The
property of @-freeness plays a much larger role than A-freeness in [4], but in this chapter, A-freeness is the
more central concept. Even so, ®-freeness makes an appearance in Corollary [7.35] and Proposition [7.43]
below. Proposition [7.43] will be used in Chapter [§] and we discuss @-freeness a bit more in the context of
H-fields in Section Bl
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7.3. Hrp-fields and pre-Hp-fields

Definition 7.24. K is a pre-Hp-field if for all g € K with g > 1, we have

(PH1) g' >0, and
(PH2) g' = f' for all f € O.

Every pre-Hrp-field is Hp-asymptotic, and if K is Hp-asymptotic and gt = f/ for all f,g € K with g = f =<1,
then K is a pre-Hp-field. As with Hp-asymptotic fields, every pre- Hp-field is a pre- H-field, as defined in [4].
In the case of pre-Hp-fields, the converse also holds: every model of 79 which is a pre-H-field is a pre-Hyp-
field. To see this, use [4], 10.1.1] and note that (PH1) is equivalent to the condition that ¢’ > 0 for all g € K
with ¢ > O. If K is an £O-substructure of a pre-Hp-field, then K is a pre-Hp-field.

Recall from the beginning of this chapter that K is an Hp-field if
(H1) for all f € K, if f > O, then f’ > 0, and
(H2) O=C+o.

Note that if K is an Hp-field, then C is a lift of res(K).

Lemma 7.25. The following are equivalent:
(1) K is a pre-Hp-field and O = C + o;
(2) K is an Hr-asymptotic field and O = C + o;
(3) K is an Hp-field.

PRrROOF. It is immediate that (1) implies (2). Suppose (2) holds and let f € K with f > O. Then f > 1 so
ff>0by (HA1). As f > 0, this gives f’ > 0, so (H1) is satisfied. Of course (H2) is satisfied by assumption,
so (3) holds. To see that (3) implies (1), we need to show that every Hpr-field is a pre-Hrp-field. For (PH1),
let f € K with f = 1. Then |f| > O, so |f|' > 0. Since fT = |f|T, this gives fT > 0. Now for (PH2), let
f,9 € K with g = 1 and f < 1. We need to show that g' = f’. This is shown in [4 10.5.1], but we repeat
the proof here. First, by replacing g with —g if need be, we may assume that ¢ > 0. As O = C + 0, we
may subtract a constant from f to arrange that f < 1. Let ¢ € C7, 80 0 < ¢+ f,¢ — f =< 1. This gives

gle+ f),9(c—f)>0O,s0 g'(c+ f)+gf,¢ (c— f)—gf >0Dby (H1), yielding
gle=f) > gf > —g(c+[)
Dividing by g gives
gic—f) > f > —=g'(c+ 1)
As f <1 and ¢ € C™ can be taken to be arbitrarily small, we see that f’ < ¢! as desired. |

Corollary 7.26. Let K be an Hp-field and let M be an Hp-asymptotic field extension of K with res(M) =
res(K). Then M is an Hp-field with Cp = C.

PrROOF. We have C' C C)py and by (HA1L), we have Cpy C Opr. As C is a lift of res(K) = res(M), it is
maximal among the elementary L-substructures of M contained in Oy, so C' = Cy; and Oy = C + opy;
see [29] 2.11 and 2.12]. We conclude that M is an Hp-field by Lemma O

Lemma 7.27. Let K be a pre-Hr-field and let M be an immediate Hp-asymptotic field extension of K.
Then M is a pre-Hp-field. If K is an Hp-field, then M is as well.
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PROOF. Let f,g € M with g = f =< 1. We need to show that g' = f’. Using that I'y; = T, take a € K
with ¢ < a, so g! < af. Using that res(M) = res(K), take b € K with f —b < 1,s0 (f —b) < af, as M is
Hp-asymptotic. As K is a pre-Hp-field, we also have b’ < a', so

fr= (-0 < el = gl
If K is an Hyp-field, then Corollary [7.26] gives that M is an Hrp-field as well. O

uTO,B

As with Hp-asymptotic fields, we say “(pre)-Hr-field extension” to mean -extension which is a (pre)-

Hrp-field.” Using Lemma we have the following consequence of Corollary

Corollary 7.28. Every pre-Hr-field has a spherically complete immediate pre-Hrp-field extension. Fvery
Hy-field has a spherically complete immediate Hp-field extension.

The next lemma gives a useful test for whether a simple extension of K is a pre-Hp-field.

Lemma 7.29. Let K be a pre-Hrp-field and let M = K {a) be a T®-extension of K with va & T'. Suppose M
is equipped with a T-derivation extending the T-derivation on K such that for all g € K* and A € A with

ga® = 1, we have

(i) (ga*)" >0,
(ii) (ga™)t = f’ for all f € K with f < 1,
(iii) (ga)t = F(a) for all L(K)-definable functions F: K — K with F(a) < 1 and F(a) ¢ K.

Then M is a pre-Hrp-field. If K is an Hr-field, then so is M.

PROOF. Let h € M with h = 1 and take ¢ € K* and A\ € A with h < ga*. By the Wilkie inequality, we
have res(M) = res(K), so by multiplying g with an element in O*, we may even assume that h ~ ga*. Take
e € opr with h = ga*(1 + ¢). Then
6/ ~ /

1+e¢

We have ¢’ < (ga)' by (ii) and (iii), so hf ~ (ga*)T. In particular, T > 0 by (i), so (PH1) holds. For
(PH2), let f € Opr. We need to show that hf = f’. Since hf ~ (ga*)T, it suffices to show that (ga*)' = f’.
This follows from (ii) if f € K, so we may assume f € M\ K. As res(M) = res(K), we may take u € O with
f—u < 1. Take an L(K)-definable function F': K — K with F(a) = f —u. Then f' = v’ + F(a)’ < (ga*)T
by (ii) and (iii). Finally, if K is an Hp-field, then M is as well by Corollary[7.26] since res(M) = res(K). O

th—(ga)‘)]L = (1—|—<€)Jf =

Remark 7.30. Let K be an Hp-field. If E = T is an £9-substructure of K, then £ may not be an
Hrp-field, as the (existential) condition (H2) may not be met. Of course, F will be a pre-Hyp-field. Let A be
a nontrivial convex A-subspace of I'. Then the A-coarsening K is an Hp-asymptotic field by Remark [7.11]
but it is not an Hp-field, as there are elements in the valuation ring O of Kx which are greater than the
constant field Cx,, = C. It may or may not be the case that K is a pre- Hp-field; see [4], 10.1.5] for necessary
and sufficient conditions for this to hold. If K has small derivation and (A7) C A, then res(Ka) is an
Hy-field by 4 10.1.18].

Remark 7.31. Here is one observation worth making in connection with our discussion of dense pairs in
Section the LT reduct (K, P) of an Hp-field K, where P(K) = C, is a tame pair, as defined in [29].
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7.4. Extensions by integrals and the Hp-field hull

In this section, let K be a pre-Hp-field. At the end of this section, we show that K has an Hp-field extension,
called the Hp-field hull, which embeds uniquely over K into any Hrp-field extension of K. Before this, we
consider various extensions by integrals. Some of these extensions will be used for the Hp-field hull, but
others will not be used until Section [Z.6l

Adjoining integrals.

Lemma 7.32. Let s € K and suppose vs is a gap in K. Then K has a pre-Hr-field extension K {a) with
a <1 and a’ = s such that for any Hr-asymptotic field extension M of K with s € 0oy, there is a unique
LO?(K)-embedding K (a) — M. The pre-Hr-field K (a) is grounded with

res K{a) = resK, Il = I'® Ava, Vi@ = U U {va'}, val > 0.

PROOF. By replacing s with —s if need be, we arrange that s < 0. Let K (a) be a simple TC-extension of K
where a > 0 and 0 < va < I'”. The Wilkie inequality gives I'(qy = I' @ Ava and res K(a) = res K. Using
Lemma we equip K {a) with the unique T-derivation that extends the derivation on K and satisfies
a’ = 5. We need to show that K {a) is a pre-Hp-field extension of K. Let g € K* and A € A with ga* ~ 1.
By Lemma [7.29] it suffices to verify the following:

(i) (gat)t >0

(ii) (ga)t = f' for all f € K with f < 1;

(iii) (ga*)t = F(a) for all L(K)-definable functions F': K — K with F(a) < 1 and F(a) ¢ K.

)

Since (T'<)’ < vs and 0 < va < I'”, we have
(T'<) < vs—wa < vs.

If g < 1, then g < ¢’ < 5 < af, so
(ga™)T = g+ Xa’ ~ Xal.
Since a < 1 and ga* < a* = 1 by assumption, we must have A < 0. Since a' = s/a < 0, we have Aa > 0, so

(ga*)t > 0 as well. If g # 1, then we must have g = 1, so g' > 0. Since vg' € (I'<), we have
(gaMT = gT + Xal ~ gf > 0.

This takes care of (i) and also gives us that (ga*)' = af. We can use this to quickly take care of (ii): if
f €0, then f' < s<al < (ga)t.

Now we turn to (iii). Let F': K — K with F(a) < 1 and F(a) ¢ K. We need to show that F(a)’" <
a’ = s/a. We consider two cases. First, suppose O = K. Take an L({))-definable function G: K'*" — K
and an £(())-independent tuple b = (b, ...,b,) € K™ with F(a) = G(a,b). Then

F(a)" = G(a,b) = Jg(a,b)(s,b],...,b),

so by applying Corollary with (s,b},...,b),) € K™ in place of d, we get F(a) < a=!. Since s < 1,
this gives F(a)’ < s/a, as desired. Now suppose O # K. We need to show that FI(a) + F'(a)s < s/a.
Propositionm gives F'(a) < a 'F(a) < a™!, so F'(a)s < s/a and it remains to show that FI’)(a) < s/a.
Since K {a) is an elementary T©-extension of K, it suffices to show that for each £LP(K)-definable set A C K
with a € AK(®) | there is y € A with FFl(y) < s/y. Let A be such a set and, by shrinking A if need be,
assume that F is C* on A and that y, F(y) < 1 for all y € A. Since F'(a) < a™!, we can use £7-elementarity

81



to take y € A with F’(y) < y~'. Multiplying by v’ gives F'(y)y’ < y' for this y. Since F(y) < 1 and K is a
pre-Hrp-field, we have F(y)’ < y'. Thus,

Fll(y) = Fy) - F'(y)y =< .

Since y < 1 and vs is a gap in K, we have ¥/ < s, so FPl(y) < yT < s/y, as desired.

Finally, let M be an Hp-asymptotic field extension of K and let b € op; with &’ = 5. Then bf = s/b
must be negative by (HA1), so b is positive since s is negative. Moreover, vb must realize the cut I'S since
vs € (I'y;) and vs < (7). Lemmamgives a unique £ (K )-embedding 2: K (a) — M sending a to b and
Lemma@tells us that 2 is an £9?(K)-embedding. Let 7: K{a) — M be an arbitrary £°(K)-embedding.
Then j(a) — b € Cypy since j(a)’ = s =b'. Since j(a), b < 1, we see that j(a) = b. This shows that j =1, so 2

is unique. ([l

Lemma 7.33. Let K be an Hp-field, let s € K, and suppose vs is a gap in K. Then K has an Hp-field
extension K(a) with a > 1 and o’ = s such that for any Hr-asymptotic field extension M of K and b € M
with b = 1 and b’ = s, there is a unique LO°(K)-embedding K (a) — M sending a to b. The Hp-field K (a)

is grounded with
res K{a) = resK, Ik = I'®Ava, U@y = YU{va'l, val > .

PROOF. We may assume that s > 0. Let K (a) be a simple T-extension of K where a > 0 and I'S < va < 0,
0 'k (q) = I'® Ava and res K (a) = res K by the Wilkie inequality. Using Lemma we equip K (a) with
the unique T-derivation that extends the derivation on K and satisfies ¢’ = s. To see that K{(a) is an
Hrp-field extension of K, let ¢ € K* and A € A with ga® > 1. By Lemma it suffices to verify the
following:
(i) (ga)t > 0;
(ii) (ga™)t = f' for all f € K with f < 1;
(iii) (ga*)t = F(a) for all £L(K)-definable functions F': K — K with F(a) < 1 and F(a) ¢ K.
Since vs < (I'”) and I'S < wa < 0, we have
vs < vs—wva < ([7).
Since K is an Hp-field, we have for each f € O some ¢ € C with f — ¢ € 0, which gives
o(f) = o(f-¢) € (T7) > wval.
Therefore if g < 1, then v(g") = v(¢’) > v(al) and
(gaMT = g' + Xa ~ Xal.
Since A and a = s/a are both positive, we have (ga*)" ~ Aa® > 0. If g £ 1, then g = 1 and g' = af, which
gives
(gaMT = g" + Xal ~ gf > 0.

This takes care of (i) and tells us that (ga*)' 3= a'. Then (ii) follows, since v(f’) > va' > v(ga*)! for f € O.

Now we turn to (iii). Let F: K — K with F(a) < 1 and F(a) € K. As in the proof of Lemma
we need to show that F(a)’ = FUl(a) 4+ F'(a)s < s/a. Proposition gives F'(a) < a1F(a) < a1, so

F'(a)s < s/a and it remains to show that FI%(a) < s/a. We claim that |Fl¥(a)| < s/a® < s/a. Since
F is £(K)-definable, it suffices to show that for each interval I C K with a € I*(%) there is y € I with
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|FPl(y)| < s/y?. Let I be such an interval and, by shrinking I if need be, assume that F is C' on I and that
|F(y)] < 1forall y € I. Since K is an Hrp-field and a realizes the cut OV, the interval I contains a constant
c € C~. Since |F(c)] < 1 and s is a gap in K, we have

F(e) = FPl(e)+ F'(e)d = FU(¢) < s.

Since ¢® < 1, we have ¢?F¥(c) < s, which yields |FI)(¢)| < s/c?, as desired.

Finally, let M be an Hrp-asymptotic field extension of K and let b € M with b > 1 and " = s. Then
bl = s/b must be positive, so b is positive since s is positive. Since vs € (I'y;)" and vs > (I'<)’, we see that
vb must realize the cut I'<. Lemma gives a unique £ (K )-embedding +: K {(a) — M sending a to b, and
this is even an £0?(K)-embedding by Lemma [3.31} O

Lemma 7.34. Let K be an Hp-field, let s € K and suppose vs = maxW. Then K has an Hrp-field extension
K{a) with a’ = s such that for any pre-Hr-field extension M of K and b € M with b’ = s, there is a unique
LO9(K)-embedding K (a) — M sending a to b. The Hp-field K {(a) is grounded with

res K{a) = resK, Iy = T'® Ava, Uiy = U U {va'}, val > 0.

PROOF. Identical to the proof of Lemma|[7.33] For the embedding part of the lemma, one needs to note that
for b € M with b’ = s, it must be the case that b > 1. O

The assumption that K is an Hp-field in Lemma [7.33] is necessary, but this assumption can be removed in
Lemma [7.34} see Remark [7.40] below. Lemma [7.34] can be used to associate to each grounded Hp-field a
canonical ungrounded ®-free extension. First, let us say that K is closed under logarithms if for each
a € K*, there is b € K with &/ = a'.

Corollary 7.35. Let K be a grounded Hp-field. Then K has an ungrounded o-free (hence, A-free) Hr-field
extension Ky with res(Ky) = res(K) which embeds over K into any pre-Hrp-field extension of K which is

closed under logarithms.

PROOF. Let s € K with vs' = maxV¥. Using Lemma we take an Hp-field extension K(a) where
a' = st. We have
res K{a) = resK, Fxw@y = I'® Ava, Ui = YU {va'}, val > W.

Repeating this process, we construct for each n an Hp-field extension K, of K with

Ky, = K, Kni1 = Kplan), ay = a, a, . = al.
Set K¢ :=J,, K. Then res(K,) = res(K) and

Ik, = F@@Avan, g, = WU {val,val,..}, U < wvaf < wval < -,
n

Moreover, K is o-free by [4, 11.7.15], since K, is ungrounded and each K, is grounded. Let M be a preHr-
field extension of K which is closed under logarithms. Then there are elements bg, by, ... € M with b)) = sf

and b}, | = bi for each n. Repeated use of the embedding property in Lemma allows us construct an
LO?(K)-embedding K, — M which sends a,, to b, for each n. O

We can use Corollaries and [7.18] to say something about immediate extensions of K by integrals.
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Corollary 7.36. Let s € K with vs € (I'”)" and s € do. Then K has an immediate pre-Hr-field extension
K{a) with a < 1 and o' = s such that for any Hr-asymptotic field extension M of K with s € doyy, there is
a unique LO°(K)-embedding K (a) — M. If K is ungrounded and A-free, then so is K(a).

PROOF. Let S := v(s —90) and let y € 0. Then v(s —y') € (I'”)’, so we may take b € 0 with s — ¢/ < b'.
Take v € O with s — ¢y’ = ub’. Then

s—(y+ub) = s—y —uw —u'b = —u'b <V < s—y,

since u’ < bf by (PH2). Thus, S has no largest element and Corollarygives an immediate Hp-asymptotic
field extension K {a) of K with a < 1, a’ = s, and the desired embedding property. By Lemma K{a)
is itself a pre-Hp-field. By [41], 8.5], the set v(a — K) has the yardstick property, so if K is ungrounded and
A-free, then K(a) is as well by Lemma O

Corollary 7.37. Let s € K with v(s —dK) C (I')'. Then K has an immediate pre-Hr-field extension
K{a) with o’ = s such that for any Hr-asymptotic field extension M of K and b € M with ' = s, there is
a unique LO°(K)-embedding K (a) — M sending a to b. If K is ungrounded and A-free, then so is K{(a).

PRrROOF. Let S :=wv(s —dK) and let y € K. Then v(s — y') € (I')’, so we may take b > 1 with s — ¢’ < b'.
As in the proof of Corollary [7.36] we have s — (y+ub)’ < s —y' for u:= (s—y') /b’ € 0%, so S has no largest
element. Corollary gives an immediate Hr-asymptotic field extension K(a) of K with o’ = s and the
desired embedding property. By Lemma K {a) is itself a pre-Hp-field. By [41l 9.6], the set v(a — K)
has the yardstick property, so if K is ungrounded and A-free, then K (a) is as well by Lemma O

The Hp-field hull. We now show that K has a minimal Hp-field extension. We say that g € I is a fake
gap in K if 3 is a gap in K and 8 = v(V') for some b € K. Then necessarily b < 1, for otherwise 8 € (I'7)’.
Likewise, b ¢ ¢ for any ¢ € C, for otherwise b’ = (b —¢)’ and 3 € (I'”)’. Thus, no Hr-field has a fake gap.
Of course, if K is grounded or has asymptotic integration, then K does not have a fake gap. Suppose K
does not have a fake gap and let M be an immediate pre- Hp-field extension of K. We claim that M does
not have a fake gap. Let b € M with b < 1 and take a € K with b—a < 1. Then v(b—a) € (I'”)". As K

has no fake gap, we also have v(a’) € ('), so
() = v((b—a) +d') = min{v(b—a), v(a)} e ).

Theorem 7.38. K has an Hrp-field extension Hp(K) such that for any Hp-field extension M of K, there
is a unique LO°(K)-embedding Hy(K) — M. For L := Hy(K), we have

L = K(Cp), res(L) = res(K).

PROOF. We first construct a pre-Hrp-field extension Ky of K which does not have a fake gap as follows: if
K does not have a fake gap, then we let K := K. If K has a fake gap 8 = v(V'), then we apply Lemma
with s = b’ to get a pre-Hp-field extension K({a) of K with a < 1 and o’ = b'. Then K (a) does not have a
fake gap as it is grounded, and we set K := K(a). Given an Hp-field extension M of K, we claim that there
is a unique £L9°(K)-embedding Koy — M. This is clear if Ky = K. If not, then let b be as above and take
c € Cyy with b~ c. Then v = (b—¢) € dops, so Lemma gives a unique £°(K)-embedding Ky — M.
Note that Ko = K(b—a) and b — a € Ck,, so Ko = K(Ck,). Lemma [7.32] also gives res(Kj) = res(K).
Suppose Ky is not an Hp-field, so there is b € Ok, with b & Ck, +0k,. Then b’ ¢ dog,, for otherwise we
would have b—¢ € Cf, for some e € o, . Since v(b') is not a fake gap, we have v(V') € (I'z, ). Corollary
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gives an immediate pre-Hp-field extension K* := Ky{a) of Ky with a < 1 and o’ = b'. Given an Hr-field
extension M of Ky, take ¢ € Cj with b ~ ¢. Then b = (b — ¢)' € dops, so Corollary gives a unique
LO9(Kg)-embedding K* — M. Note that K* = Ko(b—a) and b —a € Ck~, so K* = Ko(Cg-) = K(Ck~).
As K* is an immediate extension of Ky, there is no fake gap in K*. By iterating this process, we build
an immediate Hp-field extension L of K such that for any Hp-field extension M of Ky, there is a unique
L99(Ky)-embedding L — M. Using also the embedding property for Ky over K, we see that for any Hp-field
extension M of K, there is a unique £9°(K)-embedding L — M. Moreover, res(L) = res(Kj) = res(K) and
L = K(Cp) by construction. We let Hr(K) be this extension L. O

The universal property in Theorem determines Hp(K) uniquely up to unique £99(K)-isomorphism.
We call Hr(K) the Hp-field hull of K. If K does not have a fake gap, then Hp(K) is an immediate
extension of K; in particular, 'y, (k) = I'. If 3 is a fake gap in K, then I'y, (k) = I' © Ava for a € Hr(K)
with I'S < va < 0 and v(a’) = 8. The following consequence of Theorem is not used anywhere, but it
may be worth noting.

Corollary 7.39. The following are equivalent:

(1) every spherically complete immediate Hr-asymptotic field extension of K is an Hp-field;
(2) K has a spherically complete immediate Hr-field extension;
(3) K does not have a fake gap.

ProOF. By Corollary [7.15] we know that K has a spherically complete immediate Hp-asymptotic field
extension, so (1) implies (2). Suppose (2) holds and let M be a spherically complete immediate Hr-field
extension of K. By the universal property of the Hrp-field hull, there is a unique £9°(K)-embedding
Hp(K) — M. Then Hr(K) is an immediate extension of K, so I'y,.(x) = I and K does not have a fake
gap by the remarks preceding this corollary. Finally, suppose (3) holds and let M be a spherically complete
immediate Hp-asymptotic field extension of K. Then M is a pre-Hp-field by Lemma and the remarks
before Theorem tell us that M does not have a fake gap. Thus, Hp(M) is an immediate extension of
M, so M = Hp(M), as M has no proper immediate extensions. O

Remark 7.40. We can use the Hp-field hull to remove the assumption that K is an Hp-field in Lemma
Here is how: suppose K is a pre-Hp-field and let s € K with vs = maxW¥. Let L = Hp(K), so L is an
immediate extension of K and vs = max ¥, since K is grounded. Apply Lemmal[7.34]to L to get an Hrp-field
extension L(a) with a’ = s. Then K(a), being an £°-substructure of an Hrp-field, is a pre-Hp-field. Of

course, K (a) is grounded with
res K(a) = resK, Ik = I'® Ava, Vg = PU {va'}, val > .
Moreover, if b is an element in a pre- Hp-field extension M of K with b’ = s, then there is a unique £°(K)-

embedding K{a) — M sending a to b. This stronger version of Lemma can be used to strengthen

Corollary accordingly.

If K is a pre-Hp-field and vs is a gap in K with s € K, we may wonder whether K has a pre-Hp-field
extension K (a) with a > 1 and ¢’ = s as in Lemma The above argument shows that this can be done
so long as vs is not a fake gap in K. If vs is a fake gap in K, then s can not have an infinite integral, so

there is no such extension.
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7.5. Exponential integral and constant field extensions

In this section, let K be a pre-Hp-field. We begin by looking at two types of extensions of K by ezponential

integrals, that is, elements a with a' € K. After this, we consider extensions of Hp-fields by constants.
Adjoining exponential integrals.

Lemma 7.41. Let s € K withvs € (I'™) and suppose that s # y' for ally € K*. Then K has an immediate
pre-Hrp-field extension K {a) with a ~ 1 and a' = s such that for any Hr-asymptotic field extension M of K
with s € (1 + op)t, there is a unique LO(K)-embedding K {a) — M. If K is ungrounded and \-free, then
so is K{a).

PROOF. Let S :=uv(s— (14 0)") C (I')". By the proof of [4, 10.4.3], S has no largest element. Let (a,) be
a well-indexed sequence in 14 o such that v(s— a);) is strictly increasing in S as a function of p. Then (a,) is
a divergent pc-sequence in K, again by the proof of [4, 10.4.3]. We apply Proposition With G(Y)=sY
to get an immediate pre- Hp-field extension K (a) of K with a, ~» a and at = s. Note that a ~ 1, since each
a, ~ 1. Let M be an Hp-asymptotic field extension of K and let b € M with b ~ 1 and bf = 5. Then a;f) ~ b,
and so a, ~» b by the proof of [4, 10.4.3]. Proposition gives an L9?(K)-embedding 2: K(a) — M that
sends a to b. For uniqueness, let j: K(a) — M be an arbitrary £99(K)-embedding. Then j(a)/b € C};
since j(a)’ = s = bT. Since j(a) ~ 1 ~ b, we see that j(a) = b, so 7 = 1. By [41}, 7.6], the set v(a — K) has
the yardstick property, so if K is ungrounded and A-free, then K{a) is as well by Lemma |

Lemma 7.42. Let s € K with v(s — (K*)T) C W+, Then K has a pre-Hp-field extension K (a) with a > 0
and o' = s such that for any pre-Hrp-field extension M of K and b € M> with bt = s, there is a unique
Eo’a(K)-embeddmg K{a) = M sending a to b. Moreover, the extension K{(a) has the following properties:

(1) va €T and Tk ey =T @® Ava;

(2) resK({a) =resK;

(3) W is cofinal in Wi (qy;

(4) a gap in K remains a gap in K{a);

(5) if K is ungrounded and A-free, then so is K{a).

PROOF. Let b be an element in a pre-Hp-field extension M of K with b > 0 and b’ = s. Then vb & T}
otherwise there is f € K and u € Oy, with b/f = u, so s — fT = ul <« and v(s — fT) > U, a contradiction.
Let y € K* with y < b. Then y/b < 1 so y' < bf = s. Likewise if y € K* with y = b, then y' > s. Thus, vb
realizes the cut
S = {vy:yl >s} CT.
Let K(a) be a simple T%-extension of K where a > 0 and va realizes the cut S. The Wilkie inequality gives
Ik(ay = I' © Ava and res K(a) = res K. Using Lemma we equip K(a) with the unique T-derivation
which extends the derivation on K and satisfies a' = s. If we can show that K(a) is a pre-Hrp-field, then
the embedding property of K{a) follows from Lemmas and and the discussion above.
To see that K (a) is a pre-Hrp-field, let g € K* and A € A with ga* = 1. By Lemma it suffices to

verify the following:

(i) (ga)t > 0;

(ii) (ga*)t = f' for all f € K with f < 1;

(iii) (ga*)T = F(a)’ for all £L(K)-definable functions F': K — K with F(a) < 1 and F(a) ¢ K.
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First we deal with (i). If A = 0, then g = 1 and (ga™) = gt > 0. If A > 0, then since ga* > 1 we have

a=g "' s0os> (g )t =—A"1gf. This gives A"1gt + s> 0, so

(ga)t = g"+2xs = AA"'gl +5) > 0.
On the other hand, if A < 0, then a < g*)‘_l, so A 1gt + 5 < 0 and again,
(ga™)T = XA 7lgT+5) > 0.

Note that since

(M) = AN s) = As = (7)) = 5= ()
we have v(ga*)t € U+, Thus, for (ii) it suffices to note that At = f for all f,h € K, since K is a pre-Hrp-
field. Likewise, for (iii), it suffices to show that h' = F(a)’ for all h € K with h = 1 and all £(K)-definable
functions F: K — K with F(a) < 1 and F(a) ¢ K. Suppose toward contradiction that there are F, h for
which this does not hold, so F'(a) < 1 but

F(a) = F¥(a)+ F'(a)as = h'.

By replacing F' with —F if necessary, we may assume that F(a)’ > 0. Since res K{a) = res K, we have
F¥(a) + F'(a)as > uht > 0 for some v € K with v =< 1. We may take an interval I C K> with a € I5(®
such that
F)l < 1, FOy)+ F'(y)ys > uhf

for all y € I. For y € I, we have F(y) < 1, s0 F(y)' = FPl(y) 4+ F'(y)y’ < h' since K is a pre- Hp-field. This
gives

(FP ) + F'(y)ys) — (Fy) + F'(y)y') = Flyy(s—y") > %um > 0.
In particular, the function F”(y)y(s —y') has constant sign on I. By shrinking I, we may assume that F”(y)
and y have constant sign on I, so s — y' has constant sign on I as well. This is a contradiction: if y € I is
greater than a, then y = a and y' > s and if y € I is less than a then y < a and y' < s.

Now that we know that K{a) is a pre-Hp-field extension of K with the required embedding property,
all that remains is to check that K(a) satisfies properties (1)-(5). We have already verified properties (1)
and (2). For (3), let h € K(a) with h = 1. Then h < ga* for some g € K and some A € A by (1), so
v(h) = v(ga*)t, since K(a) is Hp-asymptotic. We have already shown that v(ga*)" € ¥+, so v(h) € Wt
as well. As for (4), let 3 be a gap in K. Then 8 > V¥, so 8 > Wi, since ¥ is cofinal in W 4. Suppose
toward contradiction that 3 is not a gap in K(a), so 3 = o’ for some o € T, (a)" The universal property in
Lemma m gives max Vg (q) = al > U, contradicting that ¥ is cofinal in Uk (a)-

Finally, suppose K is ungrounded and let (¢,) be a logarithmic sequence in K with corresponding A-
sequence (A,). Then K (a) is ungrounded since ¥ is cofinal in Wy 4. It follows that I' is cofinal in Fl<((a)'
To see this, let f € K{a) with f > 1 and suppose toward contradiction that f < g for all g € K with g > 1.
Then fT < g' for such g, so v(ff) > ¥ since K is ungrounded, contradicting (3). Therefore, (£,) remains
a logarithmic sequence in K(a) and (A,) remains a A-sequence in K(a). Suppose toward contradiction that
K is MAfree and that A, ~» A € K(a). Then A ¢ K, so a € K(A). This is a contradiction, as K(A) is an
immediate T%-extension of K by Lemma and va € T'. This proves (5). ([l

We can use Lemma along with Corollary and Lemma, to prove the following extension result
for pre-Hp-fields. This result will be used in Chapter [§]
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Proposition 7.43. K has an ungrounded ®-free Hr-field extension.

PROOF. By passing to the Hp-field hull of K, we may assume that K is an Hp-field. First, we will show
that every Hp-field with asymptotic integration has an Hp-field extension with a gap. Then, we will show
that every Hp-field with a gap has a grounded Hp-field extension. Finally, we will show that every grounded
Hp-field has an ungrounded w-free Hp-field extension.

For the first part, suppose K has asymptotic integration. As having asymptotic integration is a property
of the asymptotic couple of K, every immediate extension of K also has asymptotic integration. By applying
Corollary [7.28 we can pass to a spherically complete extension of K, so we may assume that K is spherically
complete. Let (A,) be a A-sequence in K, so (A,) has a pseudolimit A € K by spherical completeness. The
set v(A+ (K*)T) is a cofinal subset of U+ by [4] 11.5.13], so Lemma gives an Hrp-field extension K (a)
of K with at = —A. This extension has a gap, namely va, by Lemma

Now, assume that K has a gap g € I'. Take s € K with vs = 8 and use Lemma [7.32] to get a
grounded Hrp-field extension K (a) of K with o/ = s. Finally, if K is grounded, apply Corollary to get
an ungrounded w-free Hp-field extension K, of K. O

Constant field extensions.

Proposition 7.44. Let K be an Hrp-field and let E be a T-extension of C. Then there is an Hr-field
extension L of K where Cy, is L(C)-isomorphic to E such that for any Hp-field extension M of K and any
L(C)-embedding 1: C, — Cyy, there is a unique LO°(K)-embedding L — M extending 1.

PRrROOF. It suffices to consider the case E = C(f) where f ¢ C. Let L = K{(a) be a simple T-extension of

K where a realizes the cut
(CT o) = {ye K:y<O}U{ct+e:cecC<l and ¢ € 0}.
We expand L to an £-structure by letting
Op = {yeL:ly <dforallde K withd> O}.

This expansion of L is a T%-extension of K by Fact Note that a € Op, and that a ¢ res(K), so the
Wilkie inequality gives I';, = T'. Using Lemma[3.31] we extend o uniquely to a T-derivation on L with a’ = 0.

We claim that L is an Hrp-field extension of K. To see that L satisfies (H1), let F: K — K be an
L(K)-definable function with F'(a) > Or. We need to show

F(a) = F¥a)+ F'(a)d’ = F¥a) > 0,

As FP is £(K)-definable, it suffices to show that for any subinterval I C K with a € I, there is y € I with
F(y) > 0. Let I be such a subinterval. Using that T';, = T’ and that > has no least element, take d € K
with F(a) > d > Op. By shrinking I, we arrange that F(y) > d for all y € I. Since a € I"**(") we see that
I must be infinite. Thus, I N C is infinite, so take ¢ € INC. As ¢ € C, we have F(c) = FPl(c). Asc € I,
we have F(c) > d > O, so F(c) = Fl¥(c) > 0, as desired. By (H1), we have Cp, C Oy,. Clearly, Cf, contains
C(a). Since C{a) is a lift of res L, it is maximal among the elementary L-substructures of L contained in
Or, so C{a) = Cp and O = CL + or; see [29] 2.11 and 2.12]. This establishes (H2) and completes the
proof that L is an Hp-field. It also tells us that Cr, is £(C)-isomorphic to E.

Given an Hp-field extension M of K and an £(C)-embedding +: C, — Cj, there is at most one possible
L99(K)-embedding 7: L — M which extends 7, namely the one which sends a to 2(a). Let us show that this
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is actually an £9(K)-embedding. By assumption, a and 1(a) realize the same cut over C. Since a — ¢ ¢ o,
and 1(a) — ¢ & oy for all ¢ € C, this assumption gives that a and +(a) realize the same cut over O. Asa € Of,
and 1(a) € Oy, we see that a and +(a) realize the same cut over K, so j is an £(K)-embedding. Lemma [3.31]
ensures that j is an £%(K)-embedding. To see that j is an £99(K)-embedding, let f € K{a). If f € Oy,
then |f| < ¢ for some ¢ € Cp, so |3(f)| < u(c) € Cr, which gives 3(f) € Op. Conversely, if f & Op, then
|f] > d for some d € K with d > O, so |3(f)| > d, which gives 3(f) & Oun. O

7.6. Liouville closed Hr-fields

In this section, K is an Hp-field.

Definition 7.45. We say that K is Liouville closed if for each y € K thereis f € K and g € K* with
' =g¢" =y. A T-Liouville extension of K is an Hp-field extension L of K where
(1) Cr, =C, and
(2) each a € L is contained in an Hp-subfield K{(t,...,t,) C L where for i = 1,...,n, either ¢, €
K(ty,...,t;i 1) ort; #0and t] € K(ty,...,t;i1).

A T-Liouville closure of K is a T-Liouville extension of KX which is Liouville closed.
Below we list some easily verified facts about T-Liouville extensions of K.

Fact 7.46.
(1) If L is a T-Liouville extension of K and M is a T-Liouville extension of L, then M is a T-Liouville

extension of K.
(2) If M is a T-Liouville extension of K and L is an Hr-field extension of K contained in M, then M is
a T-Liouville extension of L.

(3) If (Li)icr is an increasing chain of T-Liouville extensions of K, then the union |, ; L; is a T-Liouville

el
extension of K.

(4) Ewvery T-Liouville extension of K has the same cardinality as K.

Let K (a) be one of the extensions constructed in Lemmas|7.32}[7.33] [7.34}[7.41)and[7.42)and in Corollaries|7.36]
and Then K (a) is an Hp-field extension of K with constant field C' by Corollary Thus, K{a) is a
T-Liouville extension of K. Suppose K is grounded and let K be the Hp-field extension of K constructed

in Corollary Then K is the union of an increasing chain of T-Liouville extensions of K, so K, is an
T-Liouville extension of K by Fact [7.40]

T-Liouville towers.

Definition 7.47. A T-Liouville tower on K is a strictly increasing chain (K,).<, of Hp-fields such that:
(1) Ko = K;
(2) if p < v is an infinite limit ordinal, then K, = U, ., K»;
(3) if p < v, then K,y = K,(a,) with a, ¢ K, and one of the following holds:

(a) aj, = s, € K, with a, <1 and vs, is a gap in K;

(b) aj, = s, € K, with a;, = 1 and vs,, is a gap in K;

(c) a), = s, € K, with vs;, = max Vg, ;

(d) @), = s, € K, with a, <1, vs, € (F;u)’7 and s, & 00k, ;
(e) aj, = s, € K, with v(s, —0K,) € (I' )";
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() aL =s, € K, with a, ~ 1, vs, € (1";#)’7 and s, # y' for all y € K
(g) aL = s, € K,, with a, > 0 and v(s, — (KMX)T) - \I/ﬁ(u.
The Hp-field K, is called the top of the tower (K,),<u-

Note that (a), (b), (c), (f), and (g) correspond to Lemmas [7.32} [7.33] [7.34] [7.41] and [7.42] and that (d) and
(e) correspond to Corollaries and respectively. Thus, if (K,).<» is a T-Liouville tower on K, then

each K, is a T-Liouville extension of K. Since each T-Liouville extension of K has the same cardinality as

K, maximal T-Liouville towers on K exist by Zorn’s lemma.

Lemma 7.48. Let L be the top of a maximal T-Liouville tower on K. Then L is Liouville closed and,

therefore, L is a T-Liouville closure of K.

ProoF. By (a) and (b), L does not have a gap, and by (c), L is not grounded, so L has asymptotic
integration by Fact Let s € L. If s has no integral in L, then v(s —dL) € (I's)’ by (e), so there is
y € L with v(s —y’) > (I's)’. Since L has asymptotic integration, we have v(s —y’) € (I'7)’ so by (d),
there is f € or with f' = s —¢’. Then s = (f + y)’, a contradiction. If s has no exponential integral in
K>, then v(s - (LX)T) g \Ili by (g), so there is b € L* with v(s — bf) > \I!f Again, asymptotic integration
gives v(s — b) € (I'7)" so by (f), there is g € L* with g ~ 1 and g' = s — bl. Then s = (bg)', another

contradiction. O

Lemma [7.48] gives the existence of T-Liouville closures. In the remainder of this section, we investigate
uniqueness. First, let us use T-Liouville towers to prove some additional facts about Liouville closed Hrp-
fields.

Lemma 7.49. K is Liouville closed if and only if K has no proper T-Liouville extensions.

Proor. If K is not Liouville closed, let (K,).<, be a maximal T-Liouville tower on K. Then K, is a
T-Liouville closure of K by Lemma [7.48] so in particular, K, is a proper T-Liouville extension of K. Now
suppose K is Liouville closed, let L be a T-Liouville extension of K, and let a € L. We will show that
a € K. By definition, a is contained in an Hrp-subfield K(t1,...,t,) C L where for i = 1,...,n, either
t. € K(t1,...,t;i—1) or t;-r € K(ty,...,t;—1). We show by induction that K(t1,...,t;) = K for each i < n.
Fix ¢ < n and suppose that K (t1,...,t;—1) = K. If t; € K, then since K is Liouville closed, there is f € K
with f* =t¢;. Then t; = f + ¢ for some ¢ € Cp, = C, so t; € K as well. Likewise, if t;f € K, then there is
g € K* with gt = tl—L, so t; = cg for some c € C = C*, again giving t; € K. |

Lemma 7.50. Let L be a Liouville closed Hr-field extension of K and let (K,).<v be a T-Liouville tower
on K. Suppose that (K,),.<v s a tower in L, that is, each K, is an Hp-subfield of L. Suppose also that
(K )<y cannot be extended to a T-Liouville tower (K,,)u<v+1 in L. Then (K,),<v s a mazimal T-Liouville

tower on K.

PROOF. By Lemma[7.49] it suffices to show that K, is Liouville closed. If vs is a gap in K, for some s € K,
then L contains an element a with ¢’ = s. By subtracting a constant from a, we may assume that a % 1.
By Lemma (if @ < 1) or Lemma (if @ = 1), we see that K,(a) C L is a T-Liouville extension of
K, contradicting the maximality of (K,),<, in L. Thus, K, has no gap and likewise, Lemma shows
that K, is ungrounded, so K, has asymptotic integration by Fact [7.10]

Fix s € K. If v(s —9K,) € (I'; )’, then K(f) is a T-Liouville extension of K, contained in L for any
f € L with f' = s by Corollary contradicting the maximality of (K,)u<, in L. Therefore, we may
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take y € K, with v(s —y') > (I'; )’. As K, has asymptotic integration, we have v(s —y') € (T'g ). If
s—1y € dok,, then K(g) is a T-Liouville extension of K, contained in L for any g € oy, with ¢/ =s— 1y’ by
Corollary again contradicting the maximality of (K,),<, in L. Thus, s —y’ € dok,, so s € 9K,. A
similar argument, using Lemmas and shows that s has an exponential integral in K*. O

Corollary 7.51. Let L be a Liouville closed Hp-field extension of K. Then L is a T-Liouville closure of K
if and only if L has no proper Liouville closed Hp-subfields which contain K.

PROOF. Suppose that L is a T-Liouville closure of K and let M be a Liouville closed Hp-subfield of L
containing K. Then L is an T-Liouville extension of M by Fact [7:46] so M = L by Lemma [7.49] Now
suppose that L is not a T-Liouville closure of K and let (K}),<, be a maximal T-Liouville tower on K in
L. Then K, is a T-Liouville closure of K by Lemmas and In particular, K, is a proper Liouville
closed Hp-subfield of L containing K. O

A-freeness and the uniqueness of T-Liouville closures. Whether K has a unique T-Liouville closure

up to £99(K)-isomorphism is closely tied to the existence of gaps, which is in turn related to A-freeness.

Lemma 7.52. Let (K,).<v be a T-Liouville tower on K and suppose K,, does not have a gap for all p < v.
Then K,, embeds over K into any Liouville closed Hp-field extension of K.

PROOF. Let M be a Liouville closed Hp-field extension of K. We will construct an increasing chain of
LO9(K)-embeddings (1,,: K,, — M),<,. We let 19: Ko — M be the identity on K, and we take increasing
unions at limits. For successors, fix 4 < v and let 2,,: K, — M be an £L99(K)-embedding. Since K, has no
gap, K41 is an extension of type (c), (d), (e), (f), or (g). The embedding properties in Lemmas
and and Corollaries and give an L9(K)-embedding tut1: Kpup1 — M extending 1. (|

Let © C {(a),(b),...,(g)}. Then a O-tower on K is a T-Liouville tower (K,),<, on K where for each
v < v, the extension K41 is one of the extensions from ©. For example, if © = {(a), (b),...,(e)}, then the

only extensions in a ©-tower are extensions by integrals.

Proposition 7.53. Suppose K is ungrounded and A-free. Then K has a T-Liouville closure L which em-
beds over K into any Liowville closed Hp-field extension of K. Any T-Liowville closure of K is LO°(K)-

isomorphic to L.

ProOF. Let © = {(d), (e), (), (g)} and let (K,),<, be a maximal ©-tower on K. Then for each p < v, K,
is ungrounded and A-free by Lemmas [7.19] [7.41] and [7.42] and Corollaries [7.36] and In particular, each
K, has asymptotic integration. This shows that K, has no extensions of type (a), (b), or (c), so (K,)u<v

is even a maximal T-Liouville tower on K. Set L := K,,, so L is a T-Liouville closure of K. Let M be a
Liouville closed Hp-field extension of K. By Lemma there is an £99(K)-embedding ¢: L — M. If,
moreover, M is a T-Liouville closure of K, then +(L) is a Liouville closed Hr-subfield of M containing K,
so 1(L) = M by Corollary Thus, L is unique up to £99(K)-isomorphism. O

Proposition 7.54. Suppose K is grounded. Then K has a T-Liouville closure L which embeds over K into
any Liowville closed Hp-field extension of K. Any T-Liouville closure of K is LO°(K)-isomorphic to L.

PROOF. Let K be as in Corollary Then K, is ungrounded and A-free, so K has a T-Liouville closure
L which embeds over K, into any Liouville closed Hp-field extension of K, by Proposition [7.53] Then L

is a T-Liouville closure of K as well, since K, is a T-Liouville extension of K. Let M be a Liouville closed
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Hp-field extension of K. Clearly, any Liouville closed Hp-field is closed under logarithms, so Corollary
gives an L99(K)-embedding K, — M which further extends to an £%?°(K)-embedding L — M. As in
Proposition [7.53] uniqueness follows from this embedding property and Corollary [7.51} O

Gaps and the nonuniqueness of T-Liouville closures. If K has a gap vs, then we have a choice to
make. Either we can adjoin an integral a of s with a < 1, as is done in Lemma [7.32] or we can adjoin an
integral b of s with b > 1, as in Lemma [7.33] This “fork in the road” prevents K from having a unique

T-Liouville closure, but as we will see below, this is really the only obstruction to uniqueness.

Proposition 7.55. Let B €T be a gap in K. Then K has T-Liouville closures L1 and Lo with § € (I‘zl)’
and B € (FE)’. Let M be a Liouville closed Hrp-field extension of K. If 8 € (I'y;), then there is an
LO?(K)-embedding Ly — M. Likewise, if 3 € (T'y;)’, then there is an LO°(K)-embedding Ly — M. Any
T-Liowville closure of K is LO°(K)-isomorphic to either Ly or L.

PROOF. Let s € K with vs = . Let K7 := K{a) be the Hp-field extension of K given in Lemma S0
a < landd = s, and let Ky := K (b) be the Hp-field extension of K given in Lemmal[7.33] sob > 1 and b’ = s.
Then K7 is grounded, so it has a T-Liouville closure I.; which embeds over K;j into any Liouville closed
Hp-field extension of K7 by Proposition @ Likewise, K5 has a T-Liouville closure Ly which embeds over
K5 into any Liouville closed Hp-field extension of Ks. Now let M be a Liouville closed Hp-field extension
of K. If 8 € (I'y;)’, then the embedding property in Lemma gives an £99(K)-embedding K; — M,
which in turn extends to an £9°(K)-embedding L1 — M. If 3 € (I'y;)’, then using the embedding property
in Lemma instead, we get an £L99(K)-embedding Ly — M. If M is a T-Liouville closure of K, then M
is £99(K)-isomorphic to either L; or Ly by Corollary since M contains the £9( K )-isomorphic image
of either L, or Lq as a Liouville closed Hp-subfield. O

We can use Lemma to show that Hp-fields with asymptotic integration which are not A-free also have

two distinct T-Liouville closures.

Proposition 7.56. Suppose that K has asymptotic integration and is not A-free. Then K has T-Liouville
closures Ly and Ly which are not LO°(K)-isomorphic. If M is a Liowville closed Hry-field extension of K,
then there is an LO°(K)-embedding of either Ly or Lo into M. Any T-Liouville closure of K is LO°(K)-

isomorphic to either Ly or Ls.

PRrROOF. Let (A,) be a A-sequence in K with pseudolimit A € K, so v(?» + (KX)T) is a cofinal subset of ¥+
by [4] 11.5.13]. Lemmagives an Hp-field extension K (a) of K with a > 0 and af = —A. By Lemma
va is a gap in K{a). By Proposition K (a) has T-Liouville closures Ly and Ly with va € (I'7 )’ and
va € (T',)’, one of which embeds over K (a) into any Liouville closed Hr-field extension of K (a). We claim
that there is no Eo’a(K )-embedding L; — Lo; in particular, L, and Lo are nonisomorphic over K. To see
this, take by € Ly and by € Ly with by < 1, by = 1, and b} = by, = a. Then (b})" = (b4)T = af = —A. Suppose
toward contradiction that 2: Ly — Ly is an £99(K)-embedding. Then +(b))" = (b5)1 so 1(b1) = c1ba + co for
some ¢y, ce € CL, with ¢; # 0. Since by > 1, this gives 2(by) > 1, contradicting that by < 1.

Let M be a Liouville closed Hp-field extension of K. Lemma gives an L9(K)-embedding K (a) —
M and Proposition allows us to extend this embedding to an £99(K)-embedding of either L; or L
into M. As in Proposition [7.55] we may use Corollary [7.51] to see that any T-Liouville closure of K is
L99(K)-isomorphic to either Ly or L. O
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Putting together the above propositions, we can now precisely state our main theorem on the existence and

uniqueness of T-Liouville closures.

Theorem 7.57. If K is grounded or if K is ungrounded and A-free, then K has exactly one T-Liouville
closure up to LOP(K)-isomorphism. If K is ungrounded and not A-free, then K has ezactly two T-Liouville

closures up to LO(K)-isomorphism. For any Liowville closed Hp-field extension M of K, there is an
LO9(K)-embedding of some T-Liowville closure of K into M.

An application to R,,-Hardy fields. In this subsection, let R, Lz, and T be as in Example [7.4] and
let H be an R-Hardy field containing R (so H is an Hrpy-field). Let [f] be a germ of a real-valued unary
function at +oo. Then [f] is said to be comparable to H if for each [g] € H, either g(x) < f(z) eventually,
or g(x) > f(x) eventually, or g(x) = f(x) eventually (where eventually means for all sufficiently large x). If
[f] is comparable to H, then we let

H{[f]) = {t([f]) : tis a unary Lr(H)-term}.

If, in addition to being comparable with #, the function f is eventually C* and [f’] € H{[f]), then H{[f])
is an R-Hardy field; see [30] 5.12] and the remarks at the end of [30]. If /' = g or f = exp(g) for some
[g] € H, then [f] is comparable to H by Boshernitzan [9] 5.3]; see also [60]. In both cases, f is eventually
C! and [f'] € H([f]), so it follows that

e H{[expg]) is an R-Hardy field for [g] € H, and
o H([f]) is an R-Hardy field if [f'] € H.

Since any increasing union of R-Hardy fields is an R-Hardy field and since Hardy fields are bounded in size,
Zorn’s lemma and the remarks above give us a Liouwville closed R-Hardy field extension of H where every
germ has an integral and an exponential (thus, every germ also has a nonzero exponential integral). We
denote by Lig(H) the intersection of all Liouville closed R-Hardy field extensions of H. Then Lig(H) is
a Tr-Liouville closure of H in the sense defined above; this follows from Corollary when TR is power

bounded, but it is also true in general (with the appropriate generalization of a T-Liouville closure).

Here is an application when R = R,,,. The appropriate language here is Lr = L, (the extension of L,, by
function symbols for multiplicative inversion and n'® roots). For an R,,-Hardy field H, let us use Lin,(H)

instead of Lig,, (). The following theorem is an analog of a theorem on Hardy fields from [2].

Theorem 7.58. Let H be an R,,-Hardy field and let 1: H — T, be an Eg;a-embedding, Then 1 extends to
an LE?-embedding Lia, (1) — Tan.

PRrROOF. Note that any R,,-Hardy field contains R,, as an E%a—substructure. If H = R,,, then we extend
1 to an £9°-embedding of
H(Ran) = {[t] : t is a unary £}, (0)-term}

by sending [t] € H(Ray) to t(z) € T,y where z € T,y is the distinguished positive infinite element with
derivative ' = 1. One can easily verify that this is an £9;°-embedding. Thus, by replacing H by H(Ray,)
if need be, we may assume that H is a proper extension of R,,. Let K := «(H) € Tay and let (K,),<w
be a maximal T,,-Liouville tower on #(#) in T,,. Lemma tells us that K, is a T,,-Liouville closure
of K. Moreover, none of the Hp-fields K, have a gap by [2] 6.6], so Lemma gives an £LZ’-embedding
7: K, — Liay(H) which extends 27!, Since Liay(#H) is a Tyy-Liouville closure of H, we have 5(K,) = Lia, (H)
by Corollary Thus, we may take j71: Liy,(H) — Tan to be our £9;’-embedding. |
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7.7. The order 1 intermediate value property

In this section, let K be a pre-Hp-field. Our goal is to prove the following extension result:

Theorem 7.59. K has an Hr-field extension M with the following property: for every L(M)-definable
continuous function F: M — M and every by,bo € M with

b/1 < F(bl), b/2 > F(bz),

there is a € M between by and by with o’ = F(a).
Before proving this theorem, we need a lemma about extensions of pre-Hp-fields:

Lemma 7.60. Suppose K is ungrounded, let L be a TC -extension of K with
O = {yEL:|y|<df0ralld€Kwithd>(9},

and let 91, be a T-derivation on L extending 9 such that ¢’ > 0 for all g € L with g > Op. Then L is a
pre-Hr-field extension of K.

PROOF. Let g € L with g = 1. Then |g|’ > 0 by assumption, so gt = |g|" > 0, proving (PH1). For (PH2),
take f € Or. We need to show that f' < gf. We will do this by showing that v(f’) > ¥ and that vg' € ¥+.
To see that vf’ > ¥, let d € K withd > O. Thend+ f,d— f > Op,sod + f',d — f' > 0. This gives
—d' < f" < d', sov(f) = v(d). Since this holds for all d € K with d > O, we have v(f') > (I'S)". As K
is ungrounded, we have ¥ C ('), so v(f’) > ¥. To see that vg! € U+ take d € K with [g| > d > O.
Then |g|d=/? > d'/? > O so (|g\d_1/2)Jf = g' —d'/2 > 0, which gives g > df/2. As d' > 0, we have
vgt <wdl € ¥, so vgt € U, (]

Theorem is a consequence of the following proposition; an analog of [3] 4.3]. See also [27], where van
den Dries proves this for R-Hardy fields.

Proposition 7.61. Let F: K — K be an L(K)-definable continuous function and let by, by € K with
b/1 < F(bl), b/2 > F(bg)

Then there is an Hp-field extension M of K and a € M between by and by with o’ = F(a).

PROOF. If K is grounded, then we may use Corollary [7.35] to replace K with an ungrounded pre-Hp-field
extension, so we assume that K is ungrounded. Let us handle the case that b; < by. Let I be the interval
(b1, b2) and set
A= {yel:y <F(y}.

Since b} < F(b1) and since F' and 9 are continuous, we have y’ < F(y) for all y € T sufficiently close to b;.
Thus, A is nonempty. Likewise, 3’ > F(y) for all y € T sufficiently close to by, so A is not cofinal in I. If A
has a supremum b € I, then &’ = F(b) by continuity, and we may take M = Hrp(K). Thus, we may assume
that A has no supremum in I. Let L := K{a) be a simple T-extension of K where a realizes the cut AY.
Using Lemma we extend the T-derivation on K uniquely to a T-derivation on L by setting o’ := F(a).

We also equip L with the T-convex valuation ring

Op = {yeL:lyl <dforallde K withd > O}.
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We claim that L is a pre-Hp-field extension of K. If we can show this, then we may take M = Hp(L).

By Lemma [7.60] it is enough to show that ¢’ > 0 for all ¢ € L with ¢ > Op. Let G: K — K be an

L(K)-definable function with G(a) > Or. We may assume G(a) ¢ K. Suppose toward contradiction that
G(a) = G"a)+G'(a)F(a) < 0.

Take d € K with G(a) > d and take a subinterval J C I with a € J* such that G is C! on J and such that
for all y € J, we have
Gly) > d, Gy +G'(y)Fy) < 0.

Let y € J. Since G(y) > d > O and K is a pre-Hp-field, we have G(y)’ = G1(y) + G'(y)y’ > 0, so

(G ) + G (y)y) — (GNy) + G (W F(y) = G (¥ - Fly) > o.

By shrinking J, we may assume that G’(y) has constant sign on J, so y’ — F(y) has constant sign on J as
well. This is a contradiction, as J contains elements of A as well as elements of I\ A. The case that b; > by

is virtually identical; we instead let I be the interval (bg,b1) and let

A= {yel:y >F(y)} O
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CHAPTER 8

Model completeness for T,

In [4], Aschenbrenner, van den Dries, and van der Hoeven showed that the £Sr’lag—theory of the ordered valued
differential field T of logarithmic-exponential transseries is model complete. Recall from Example [7.5] that T
admits an expansion to an Hyy, exp-field, denoted T,y exp- While a model completeness result for Ty, exp (OF
even its £9:%-reduct T,y,) is still out of reach, we show in this chapter how the proof in [4] can be amended
slightly to show that the £9-reduct T, is model complete.

In addition to model completeness, it is shown in [4] that the ﬁgl’l‘;—theory of T is one completion of the
model complete theory of w-free newtonian Liouville closed H-fields. This theory is the model companion
of the theory of H-fields. Recall from Example [7.3] that the class of Hrcp-fields is the same as the class of
real closed H-fields. Any Liouville closed H-field is real closed by definition (not our definition in Chapter
but the definition given in [4]; see Section below). Thus, the theory of ®-free newtonian Liouville closed
H-fields is also the model companion of the theory of Hgrcp-fields. Note that T,. is an H,.-field. We can
leverage our proof of model completeness for T, to show that the theory of ®-free newtonian Liouville closed

H,-fields is the model companion of the theory of H,.-fields.

While these results are obviously related to the other topics in this thesis, the proofs of these results rely
primarily on material from [4]. The only result from previous chapters which will play a role is Proposi-
tion[7.43] and even this can likely be circumvented. Accordingly, we drop our long-standing assumption that

K and L are models of T" and adopt a new assumption for this chapter:

Assumption 8.1. For the remainder of this chapter K and L are H-fields.

Recall from Chapter |1 that we view K = (K,0,09) as an Egr’lag—structure. We still use all of our Hp-field
notation for the H-field K: we use C for the constant field of K, we use o for the maximal ideal of O,
we use K? to denote the compositional conjugate of K by ¢ € K>, and so on. Though these notions and
notations have not been formally defined for H-fields in this thesis, the definitions are the obvious analogs

of the definitions made for Hp-fields. Everything is, of course, formally defined in [4].

As mentioned above, our proof that T, is model complete involves minor variations on the proof in [4] that T
is model complete, so we use Section [8:I] as an opportunity to give an overview of model completeness for T.
In Section[8:2] we introduce restricted elementary functions on H-fields and exploit the differential-algebraic
nature of these functions to strengthen various embedding lemmas. We end this section by proving that
the £9°-theory of @-free newtonian Liouville closed restricted elementary H-fields is model complete. In
Section we use the results in Section to prove our main theorems: the £9°-theory of T, is model
complete and the theory of w-free newtonian Liouville closed H,-fields is the model companion of the theory
of H, .-fields.
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8.1. An overview of model completeness for T

In this section, we walk through the proof in [4] that the theory of ®-free newtonian Liouville closed H-fields
is the model companion of the theory of H-fields. We also use this proof to characterize the completions of

this theory. First, let us say something about the axioms.

The definition of Liouville closedness in the H-field setting is essentially the same as in the Hp-field setting—
every element has an integral and an exponential integral. However, we also require that Liouville closed
H-fields be real closed (this holds automatically for Hp-fields). The definition of o-freeness is exactly the
same as the definition given in Section [7.2] In that section, ®-freeness was only defined for ungrounded
Hp-asymptotic fields, so let us make the convention that by an ®-free H-field, we mean an ungrounded
H-field which is m-free. Newtonianity is rather subtle, but when coupled with ®-freeness, it plays a similar
role to differential henselianity.

For the remainder of this chapter, let NLC denote the Egr’lag

H-fields. In [4], the authors first showed that NLC is the model completion of the theory of w-free H-fields.

Proving this uses our Model Completion Criterion. One needs to show that

(1) every w-free H-field extends to a model of NLC, and
(2) for any K, L = NLC where L is |K|t-saturated, any w-free H-subfield £ C K, and any L',Sr’lag—embedding
1: E — L, there is an Lgr’lag(E)—embedding K — L which extends 2.

Item (1) is handled by the following fact:

-theory of w-free newtonian Liouville closed

Fact 8.2 ([4], 14.5.10). If K is an o-free H-field, then K has an ®-free newtonian Liouville closed H-field

extension L where the constant field C, is a real closure of C.

Let K, L, E, and 7 be as in (2). Since L is real closed, its constant field Cp, is real closed as well. As L
is assumed to be |K|*-saturated, the constant field Cp, is |C|*-saturated as an Line-structure. Since RCF
is the model completion of the theory of ordered fields, we may extend the map ¢|c,: Cr — Cp, to an
Lying-embedding j7: C — Cr. We need another fact:

Fact 8.3 ([4], 10.5.15 and 10.5.16). Let K,L be H-fields, let E be an H-subfield of K, let »: E — L be
an L’ng—embedding, and let 3: C — Cp, be an Lying-embedding with jlc, = t|lc,. Then there is a unique
Egrfg—embedding of the H-subfield E(C) of K into L which extends both v and j.

As E(C) is a d-algebraic extension of K, it is also ®-free by [4, 13.6.1]. Thus, by replacing F with E(C)
and ¢ with the embedding F(C) — L guaranteed by Fact we may assume that Cg = C. To finish off

the proof of (2), we need one more fact:

Fact 8.4 (|[4],16.2.3). Let K, L = NLC and suppose L is |K|"-saturated. Let E be an ®-free H-subfield of
K with Cg = C and let v: E — L be an £ -embedding. Then 1 extends to an £99 -embedding K — L.

ring ring

This concludes the proof that NLC is the model completion of the theory of w-free H-fields. To see that
NLC is the model companion of the theory of H-fields, one needs to use [4, 11.7.18], which states that every
H-field has an o-free H-field extension.

In [4], the authors showed that NLC has two completions: NLCgy,, whose models are the models of NLC
with small derivation, and NLC)s, whose models do not have small derivation (an H-field which does not

have small derivation is said to have large derivation). To prove this, the authors made use of a quantifier
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elimination result, but we can actually characterize the completions directly using Fact To do this, we

need a proposition:

Proposition 8.5. Let K, L = NLC, suppose L is |K|"-saturated, and let1: C — Cp, be an Lying-embedding.
If both K and L have small derivation, then 1 extends to an 97

ring-€mbedding K — L. The same is true if
both K and L have large derivation.

PRrROOF. We first consider the case that K and L have small derivation. Since K is Liouville closed, there
is x € K with 2’ = 1. Since K has small derivation we must have x = 1. Since L is also Liouville closed
with small derivation, there is f € L with f = 1 and f' = 1. We view C as an H-subfield of K with trivial
derivation and gap 0, so ¢ is an Efr’l‘;—embedding. By [4] 10.2.2 and 10.5.11], the H-field C'(z) is grounded
ng—embedding C(z) — L sending x to f. By [4, 11.7.17], this further extends to an

embedding an ®-free H-field E into L. Since E contains C, we have Cy = C, so it remains to use Fact [8:4]

and ¢ extends to an £

Now suppose K and L have large derivation. Again, since K is Liouville closed, there is y € K with
1y’ = 1. Then y < 1 since K has large derivation, so by subtracting a constant from y, we may assume that
y < 1. Since L is also Liouville closed with large derivation, there is g € L with ¢ < 1 and ¢’ = 1. This time,
we use [4, 10.2.1 and 10.5.10] to extend ¢ to an ngg—embedding C(y) — L by sending y to g. Again, C(y)

is grounded, so [4}, 11.7.17] and Fact allow us to further extend to an embedding K — L. (]

To see that NLCyg,y, is complete, let K, L = NLCg,,. We need to show that K and L are Egl’lag—elementarily
equivalent. By replacing L with an elementary extension, we may assume that L is |K|T-saturated. Then C7,
is |C|*-saturated, so there is an Lying-embedding 2: C' = C'p, since C and (', are both models of the complete
theory RCF; see [4, B.9.5]. This in turn extends to an Egr’lag—embedding 7: K — L by Proposition ﬁ As
NLC is model complete, 7 is an elementary embedding, so K and L are Eglgi—elementarily equivalent. The

same proof shows that NLCy, is complete. By [4} 15.0.2], the ordered valued differential field T is a model
of NLCyy. If K = NLCyg, then K¢ = NLCy,, for any ¢ € K~ with v¢ € U. Thus we have the following:
Corollary 8.6. FEvery model of NLCygy, is £9? -elementarily equivalent to T. Every model of NLCyy has a

ring
0,0

compositional conjugate which is Lring—elementarily equivalent to T.

8.2. Restricted elementary H-fields

Definition 8.7. Let sin,cos,exp: K — K. We say that sin, cos, and exp are restricted elementary
functions on K if all three functions are identically zero on K \ [—1,1] and the following axioms are
satisfied:

(RE1) for all a € [—1,1], we have (sina)’ = (cosa)d’, (cosa)’ = —(sina)a’, (expa)’ = (expa)a’;
(RE2) sin(o) C o and cos(0),exp(0) C 1+ o;
(RE3) for all a,b € [—1,1] with a + b € [—1, 1], we have
sin(a +b) = sinacosb + cosasinb,
cos(a+b) = cosacosb—sinasinb,
exp(a+b) = expaexpb.
Let sin, cos, and exp be restricted elementary functions on K. Then sin, cos, and exp remain restricted

elementary functions in any compositional conjugate of K. For each ¢ € [—1,1]¢ we have (sinc)’ = (cosc)c’ =
0 so sinc € C. Likewise, cosc,expc € C for all ¢ € [—1,1]¢. With (RE2), this gives us sin(0) = 0 and
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cos(0) = exp(0) = 1. The next lemma shows that the restrictions of sin, cos, and exp to o are definable in
the underlying H-field of K.

Lemma 8.8. Let sin, cos, and exp be restricted elementary functions on K, let a € o, and let A and B be

the homogeneous linear differential polynomials
AY) = (@)Y +d"Y' —dY", B(Y) = dY -Y'.

Then sina is the unique zero of A in a(1+0), cosa is the unique zero of A in 1+ao, and exp a is the unique
zero of B in 1+ o.

PRrROOF. We begin with sin and cos. Using (RE1), we have

A(sina) = —(a’)*sina 4+ a”(sina) — da'(sina)” = —(a’)*sina + a’a”’ cosa — a’(a’ cosa)’

3

= —(a')*sina+d'a’ cosa+ (a’)?sina — a’a” cosa = 0.

Likewise, A(cosa) = 0. Now we show that sina € a(1 4 0) and that cosa € 1+ ao. This is clear if a = 0, so

we assume that a # 0. Since cosa ~ 1 by (RE2), we have
(sina)’ = (cosa)a’ ~ d'.
Then sina ~ a since K is asymptotic and a,sina < 1; see [4, 9.1.4]. Since sina ~ a < 1, we have
(cosa—1)" = —(sina)d’ < d'.

Again, this gives cosa — 1 < a since K is asymptotic. Finally, we show uniqueness. Again, we assume that
a # 0. Since A is an order two homogeneous linear differential polynomial, the set of zeros of A in K is
a C-linear subspace of K of dimension at most 2; see [4] 4.1.14]. Moreover, sina and cosa are C-linearly

independent since csina € o for all ¢ € C, so the set {sina, cosa} forms a basis for this subspace. Let
b = c¢ysina+ cycosa

be an arbitrary zero of A in K, where ¢1,co € C. If b ~ a, then ¢ must be 0, since otherwise b ~ ¢y =< 1.
This gives b = ¢y sina ~ cja, so ¢; must be 1 and b = sina. If b — 1 < a, then ¢, must be 1, since otherwise
b—1~co—1x1. This gives
b—1 = cysina+cosa—1 € cia+ ao,
so ¢; must be 0 and b = cos a.
The situation for exp is similar, but much simpler. We have B(expa) = a’expa — (expa) = 0 by

(RE1) and expa € 1 4+ 0 by (RE2). Let b be an arbitrary zero of B in K, so b = cexpa for some ¢ € C. If
b~ 1~ expa, then ¢ must be 1, so b =expa. |

Remark 8.9. Suppose O # K. By extending the method used in the proof of Lemma[8.8] we can show that
any restricted elementary functions on K are differentiable on the interval (—1,1). Let restricted elementary
functions sin, cos, and exp be given and let h € o with h # 0. By (RE1) and (RE2), we have

(sinh —h)" = (cosh—1)" < I,
so sinh — h < h, since K is asymptotic. Likewise, (RE1) and (RE2) give

(cosh —1) = —(sinh)h < K, (exph—1—h) = (exph—1)1 < I,
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so cosh —1,exph —1—h < h. Thus,

. sin h 1 . cosh—1 0 . exph—1 1
m = m-—— = m——— = 1.
R0 h ’ B0 h ’ B0 h
Let a € (—1,1) be given. Using the above identities and (RE3), we see that
sin(a + h) —sina . sinacosh —cosasinh —sina
=1 = cosa,
h—0 h h—0 h
cos(a+ h) —cosa . cosacosh —sinasinh — cosa .
lim = lim = —sina,
h—0 h h—0 h
. expla+h)—expa . expaexph —expa
lim = lim = expa.
h—0 h h—0 h

Thus, all three functions are differentiable at a. With obvious modifications, one can show that all three

functions are left differentiable at 1 and right differentiable at —1.

Definition 8.10. Let sin, cos, and exp be restricted elementary functions on K. We say that K is a
restricted elementary H-field if the expansion of the constant field C by sin|¢, cos|c, and exp|¢ is a

model of T;.. The class of restricted elementary H-fields is axiomatized in the language £9-°.

Corollary 8.11. Let K and L be restricted elementary H-fields, let 1: K — L be an £99 -embedding, and

ring

suppose i|c: C — Cr is an Ly.-embedding. Then 1 is an Eg’a-embeddmg.

PROOF. We need to show that «(sin f) = sinu(f), ¢(cos f) = cose(f), and w(exp f) = exp(f) for all f €
[-1,1]. Let f € [-1,1] and take ¢ € [-1,1]¢ and a € 0 with f = ¢+ a. We have

a(sin f) = a(sinccosa + coscsina) = w(sinc)r(cosa) + 2(cos ¢)i(sin a)
by (RE3). Likewise,
1(cos f) = 1(cosc)i(cosa) — 2(sin c)i(sina), wexp f) = w(expe)i(expa).

By our assumption on ¢, it is enough to show that «(sina) = sine(a), 2(cosa) = cosu(a), and 2(expa) =
expi(a). Let A and B be the homogeneous linear differential polynomials over K from Lemma and let
1A and 2B be the images of A and B under ¢, that is,

1A(Y) = —(d)3Y +1(a”)Y —o(d )Y, 1B(Y) = 1(d)Y =Y.

By Lemma we know that sina is a zero of A and that sina € a(l + 0), so «(sina) is a zero of 1A and
1(sina) € 1(a)(14o0r). Then «(sina) = sine(a), since sinz(a) is the unique zero of 1A in +(a)(1+0y). Likewise,

1(cosa) = cosi(a) and 2(expa) = exp(a). O
Let us say something about the relationship between restricted elementary H-fields and H.-fields.

Lemma 8.12. FEvery H,.-field is a restricted elementary H-field. In particular, Ty is a restricted elementary
H-field.

PROOF. Let K be an Hyc-field. Then 9 is a Tye-derivation on K, so (RE1) is satisfied. (RE2) holds since
continuity of sin, cos, and exp at 0 is an L,c-elementary property, hence true in all models of Ti,. Likewise,

(RE3) is an L e-elementary property. a

Let T be the £°-theory of ®-free newtonian Liouville closed restricted elementary H-fields. We can use
Lemma to show that certain models of NLC admit expansions to models of T
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Proposition 8.13. Let K = NLC and let C; be an expansion of C to a model of Tye. Then there is a unique
Eg’a—e:vpansion K,e of K to a restricted elementary H-field which contains Cre as an L,o-substructure. This

ezpansion models T2

0,0

ring

by Corollary. Consider the £ -sentence ¢ which states that for all a € o, there is a unique y € a(1+ 0)

PRrROOF. First, consider the case that K has small derivation. Then K is £ -elementarily equivalent to T

rin
with a'y” = —(a')%y + a"y’. By Limmas and the sentence ¢ holds in T,e, so it also holds in K.
Let a € 07. We let sina be this unique y € a(1 + 0) with a’y” = —(a’)3y + a’y/ guaranteed by ¢. A similar
trick allows us to define cosa as the unique y € 1+ ao with a’'y” = —(a’)3y +a”’y’ and to define exp a as the
unique y € 1 4+ o with 3/ = a’y.
We now expand K to an £?-structure—denoted K,.—as follows: let f € [—1,1], take ¢ € [-1,1]¢ and
a € o with f = a + ¢, and define sin f, cos f, and exp f by

(8.1) sin f := sinccosa + coscsina, cos f := cosccosa — sincsina, exp f = expcexpa,

where sin ¢, cos ¢, and exp c are as defined in the expansion C}, and where sin a, cos a, and exp a are as defined
above. Of course, these functions extend the restricted elementary functions on Cy.. We need to check that
sin, cos, and exp are restricted elementary functions on K. The axiom (RE2) holds by definition, so we really
only need to check (RE1) and (RE3). Since the restrictions of sin, cos and exp to o are Egl’qag—deﬁnable, we
can deduce that the identities in (RE1) and (RE3) hold for all a,b € o by observing that they hold for all
infinitesimal elements of T. Showing that these identities hold for arbitrary elements in [—1, 1] follows easily
(though somewhat tediously), using (8.1). For example, let f € [~1,1] and take a € 0 and ¢ € [~1,1]¢ with

f=c+ a. Then
(sin f)) = (sinccosa + coscsina)’ = (sinc)(cosa)’ + (cosc)(sina)’
= —(sincsina)a’ + (cosccosa)a’ = (cos f)a’ = (cos f)f'.

By assumption, K = NLC, so K. = T%!. For uniqueness, let K be another expansion of K to a restricted
elementary H-field which contains Cy. as an L,e-substructure. Let 2: K,e — K be the identity map, so ¢ is
an Lgr’lag—isomorphism and 1|¢ is an L,e-isomorphism. Then 1 is an Eg’a—isomorphism by Corollary SO
K. = K.

If K has large derivation, then take ¢ € K> such that K® has small derivation and expand K¢ in place
of K. The restricted elementary functions defined on K work just as well for K. O

We can combine facts from Section [8.I] with Corollary B.11] to prove the following embedding result:

Proposition 8.14. Let K, L |= T% and suppose L is |K|T-saturated. Let E be an o-free restricted ele-
mentary H-subfield of K and let 1: E — L be an LO-embedding. Then 1 extends to an L°-embedding
K — L.

PRrROOF. By assumption, C, Cg, and C}, are all models of the model complete theory T.. As L is assumed
to be |K|T-saturated, the constant field C, is |C|"-saturated, so we may extend i|c,: Cp — Cp to an
L..-embedding y: C — C,. By Fact there is a unique Eg;lag—embedding of the H-subfield E(C) of K into
L which extends both 2 and 5. As E(C) is a d-algebraic extension of K, it is also o-free by [4], 13.6.1], so we
may use Fact to further extend to an Lgfg—embedding 1*: K — L. Since 1*|¢ = j is an L,e-embedding,

Corollary gives that 2* is an £9%-embedding, as desired. |

101



Let us collect some consequences of Propositions and
Corollary 8.15. T is the model completion of the theory of ®-free restricted elementary H -fields.

PROOF. By Proposition [B:14] and the Model Completion Criterion, we need only show that every o-free
restricted elementary H-field extends to a model of T2 Let K be an @-free restricted elementary H-field.
Then C' is real closed, so K extends to an ®-free newtonian Liouville closed H-field L with C = C by
Fact m By Proposition there is a unique expansion of L to a model of 7% which contains C as an
L,e-substructure. Using Corollary [8:11] where 2: K — L is the inclusion map, we see that this expansion is

a restricted elementary H-field extension of K. O

Corollary 8.16. T2 has two completions: TR, whose models are the models of T2 with small derivation,

re,sm?’
and T

re.lgs Whose models have large derivation.

PROOF. Let K, L |= Tr%{sm. We need to show that K and L are £-elementarily equivalent. By replacing L
with an elementary extension, we may assume that L is | K|T-saturated. Then C}, is |C|"-saturated, so there
is an L,c-embedding ¢: C — C, since C and CJ, are both models of Ty.; see [4, B.9.5|. By Proposition
1 extends to an Lgfg—embedding 7: K — L. Corollary gives that j is even an £-embedding. As

T2 is model complete by Corollary 7 is an elementary embedding, so K and L are £9°-elementarily

equivalent. The same proof shows that 77!

re,lg 18 complete. 0

8.3. The model companion of the theory of H,..-fields

Since T, = T8, by |4, 15.0.2] and Lemma we have the following;:

re,sm

Theorem 8.17. The L°-theory of Ty is model complete.

As mentioned at the beginning of Chapterlﬂ, there is a canonical £57 -embedding 2: T — No. The embedding

ring
1 was shown to be ﬁgr’l‘;—elementary in [6], so No = NLC. Since ¢ is strongly additive and R-linear and since
the restricted sine, cosine, and exponential functions for both T,. and No,. are defined via Taylor expansion,

1 is an £99-embedding. Using that No,, is also a model of the model complete theory T2, we have:

re,?
Corollary 8.18. The embedding 1: Tyo — Noye constructed in [6] is L -elementary.

Remark 8.19. Apart from the numerous results from [4] in Section the proof of Theorem relies

on model completeness for T}, and the following observations:

(1) The restrictions of sin, cos, and exp to the maximal ideal of any restricted elementary H-field are
£ (0)-definable.

ring
(2) Restricted elementary functions are completely determined by their restrictions to the maximal ideal

and the constant field of any restricted elementary H-field.
With the obvious changes, one can also prove that the theory of the ordered valued differential field T
expanded by just the restricted exponential function or just the restricted sine and cosine functions is model
complete. This uses that the theory of R expanded by the restricted exponential function is model complete,

as is the theory of R expanded by restricted sine and cosine functions; see [40, [68].
Here is a useful consequence of Theorem (8.1

Corollary 8.20. Every model of TV, is LO?-elementarily equivalent to Tyo. Every model of T, has a

re,sm re,lg

compositional conjugate which is L°-elementarily equivalent to Tye.
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We can use Corollary to show prove a partial converse to Lemma [8.12
Corollary 8.21. Let K |=T". Then K is an H,.-field.

PRrROOF. Use that T,. is an H.-field, that K has a compositional conjugate which is Eg’a—elementarily
equivalent to Ty, and that if K¢ is an H,-field for ¢ € K>, then K is an H,.-field. O

Remark 8.22. It is not true in general that every restricted elementary H-field is an H,.-field. Here is a
counterexample: consider the Hahn field R[[x%]], equipped with the derivation and valuation ring
G(ch:ﬂd> = chdxdfl, O = { chxd : ¢q = 0 whenever d > 0}.
dez dez dez
Let f € R[[2%]] with |f| < 1, take ¢ € R and ¢ < 1 such that f = c+¢, and let
in(™ (n) (n)
sin f = ZME", cos f = Zwsn, expf = Zwen.

n! n! n!
n n n

It is not too difficult to check that R[[z%]] with the derivation, valuation ring, sin, cos, and exp functions as
defined above is a restricted elementary H-field. However, it is not real closed (for example, = has no square

root) and any H,.-field is real closed.
We can now show that the theory of H..-fields has a model companion.

Theorem 8.23. The theory of ®-free newtonian Liowville closed Hy-fields is the model companion of the
theory of Hye-fields.

PROOF. Lemmal[8:12|and Corollaries[8:15and 8.2 tell us that the theory of ®@-free newtonian Liouville closed
H,-fields is the model completion of the theory of @-free H,c-fields. It remains to use Proposition[7.43] which
tells us that every H,.-field has an w-free H,.-field extension. O
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H-field, I
Hyp-asymptotic field, [74]
Hyp-field, [72]
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A-free,
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o-free, [78]

®-sequence, [78]

amalgamation property,
asymptotic couple,
asymptotic integration, [75]
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canonical parameter, @

closed v-ball,

closed ordered differential field, @
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compatible, [I9]

Index

compositional conjugate of K, m
constant field,

cut,

definable,

dense pair, [45]

divergent pc-sequence, [52]
downward closure,

eventually small near (K, ¢),

exponential function, [TT]

fake gap,
field of exponents, [T1]

gap, [(4]

generic T-derivation,
germ at +oo, [I]
grounded, [74]

Hahn field,
Hardy field,

immediate extension, @
implicit form, @
indiscernible sequence,

induced derivation on the residue field,

internal to C, @

jammed, @
jet, 4]

lift of the residue field, [A9]
Liouville closed, [89]
logarithmic sequence, [77]

model companion,
model completion,
monomial group of a Hahn field, E
monotone derivation, [60]
monster model,
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nested collection of v-balls, @

o-minimal field,
o-minimal structure,
o-minimal theory,
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polynomially bounded, E
power bounded, @

power function, [IT]
pre-Hyp-field, [79]
pregeometry,

prime model,
pseudocauchy sequence,
pseudoconvergence,

pseudolimit,

rank, [ix]

residue field, @
residue property, @

restricted elementary H-field,

restricted elementary functions, 98]

simple extension,
small derivation, [59]
small near (K,¢),
source cell, [{T]
spherically complete, [F1]
strict extension, [59]
strongly additive map,
summable family,

thin subset, [32]

trivial derivation,

trivially valued model of T,
type of a CF-cell, El

ungrounded, [74]

valuation of F', @
valuation property, @
valuation topology,
value group,
vanishing at (K, ¢),

well-based subset,
well-indexed sequence,
Wilkie inequality,

yardstick property,
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