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Abstract. In this note, we show various minimality results for a geometric theory of fields T : T is stable if
and only if it is strongly minimal, T is simple if and only if it has SU-rank 1, and T is rosy if and only if T is
surgical. Combining the first equivalence with an earlier result of Hrushovski, we deduce that algebraically
bounded stable fields are precisely expansions of algebraically closed fields by constants.

We then consider algebraically bounded and o-minimal expansions of fields with generic derivations. We
show that if M is a simple algebraically bounded structure and ∆ is a generic tuple of derivations on M, then
(M; ∆) is supersimple if and only if the derivations commute. Similarly, if M is an o-minimal structure and
∆ is a generic tuple of T -derivations on M, then (M; ∆) is superrosy if and only if the derivations commute.
We obtain explicit bounds on ranks using the Kolchin polynomial.

Introduction

Geometric theories of fields. In many interesting fields and expansions of fields, the model-theoretic
algebraic closure acl has the exchange property: a ∈ acl(A, b) \ acl(A)⇒ b ∈ acl(A, a). Examples include:

(1) All algebraically bounded fields (for example, algebraically closed and pseudofinite fields) [13].
(2) All o-minimal expansions of ordered fields [42, Theorem 4.1].
(3) All C-minimal expansions of valued fields [27].
(4) All 1-h-minimal expansions of characteristic zero valued fields. In the equicharacteristic case, this

is [8, Lemma 5.3.5]. The mixed characteristic case follows by considering the finest equicharacteristic
coarsening and applying [9, Lemma 2.5.3].

These fields necessarily eliminate the quantifier ∃∞ (any definable family of finite sets has a bound on the
cardinalities of the sets), and so definable sets come equipped with a definable dimension. We call a theory
of fields in which acl always satisfies exchange a geometric theory of fields.

Often, exchange for acl follows from some form of minimality. For example, if T is strongly minimal then
acl satisfies exchange in all models of T . More generally, if T is supersimple of SU-rank 1 (or even superrosy
of þ-rank 1), then acl satisfies exchange. It is folklore that superrosy theories of þ-rank 1 are precisely the
surgical theories of Gagelman [24]; we provide a proof in Appendix A. Of course, many geometric theories
of fields are not rosy; any field with a nontrivial definable valuation is not rosy [33, Fact 1.8].

In the first part of this note, we show that for theories of fields, being geometric is actually equivalent to
minimality under appropriate assumptions. More precisely, we show:

Theorem A (Theorems 2.5, 2.7, and 2.10). Let T be a geometric theory of fields.
(1) If T is stable, then T is strongly minimal.
(2) If T is simple, then T is supersimple of SU-rank 1.
(3) If T is rosy, then T is surgical.

We note that these minimality results do not hold for Kim-independence in NSOP1-theories; see Re-
mark 2.14.

A theory T is said to be algebraically bounded if model-theoretic algebraic closure agrees with field-
theoretic algebraic closure over P := dcl(∅) in every model M |= T . That is, if

a ∈ aclL(B) ⇐⇒ trdeg(a|P(B)) = 0

for a ∈ M and B ⊆ M. This is not van den Dries’ original definition of algebraic boundedness, but it is
equivalent [28]. Combining Theorem A with an earlier result of Hrushovski [25], we obtain:

Corollary 2.6. Any algebraically bounded stable field is an expansion of an algebraically closed field by
constants.
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On the other hand, Hrushovski demonstrates that there are many strongly minimal expansions of an alge-
braically closed field (all of which are necessarily geometric) [25]. The rigidity observed above for algebraically
bounded stable fields does not hold for simple fields. Indeed, any bounded perfect pseudo-algebraically closed
(PAC) field is algebraically bounded and supersimple of SU-rank 1 [26], as is the expansion of an algebraically
closed field by a generic predicate [7]. Of course, it is conjectured that the only supersimple pure fields are
bounded perfect PAC which, combined with Theorem A, implies that these are also the only geometric sim-
ple pure fields. There is a similar conjecture for superrosy pure fields, where PAC is replaced by pseudo-real
closed [33]. This can be similarly extended to geometric rosy pure fields using Theorem A.

Expansions by generic derivations. Beginning in Section 3, we turn our attention to ranks on geometric
fields (always of characteristic zero) equipped with a generic tuple of derivations. As of now, there is no
general framework for expanding a geometric field by derivations and obtaining a model completion (the naive
approach fails in general, see [21]), though there are some frameworks in which things can be done assuming
the existence of a model companion [36, 43]. While our methods can likely be generalized to these frameworks,
we restrict our attention to the two settings where the expansion by a tuple of derivations is known to admit
a model completion: algebraically bounded structures [20] and o-minimal structures [18]. Note that in [18],
the model companion is only shown to exist for o-minimal structures with several commuting compatible
derivations; though, as we show in Appendix B, the model companion also exists in the noncommuting case.

Let T be an algebraically bounded or o-minimal theory extending the theory of fields of characteristic
zero. Let T∆,nc be the theory of models of T equipped with a finite tuple ∆ of derivations (compatible in
the o-minimal case; see Definition 3.3), and let T∆ extend T∆,nc by axioms stating that the derivations in
∆ commute. Both T∆ and T∆,nc have model completions, which we denote by T∆

g and T∆,nc
g respectively.

In Corollary 3.6, we show that the theories T∆ and T∆,nc fit into the framework of derivation-like theories
from [36]. We use this to deduce the following:

Theorem B (Corollaries 3.12, 3.13, and 3.14).
(1) If T is simple, then so are T∆

g and T∆,nc
g .

(2) If T is NSOP1, then so are T∆
g and T∆,nc

g .
(3) If T∆

g has GEI, then it is rosy; likewise for T∆,nc
g .

Note that (1) and (2) hold vacuously for o-minimal theories, and that (1) and (3) were already established
for algebraically bounded theories in [22]. In the o-minimal case, (3) holds unconditionally, since T∆

g and
T∆,nc
g are known to eliminate imaginaries; see [18, Theorem 5.19] and Corollary B.10. It is conjectured

that GEI always transfers from T to T∆
g and T∆,nc

g [22, Conjecture 3.7], a result that is known to hold for
certain topological theories [10, 22]. The results in Theorem B contribute to a growing list of model-theoretic
properties known to transfer from T to T∆

g and T∆,nc
g , including stability, NIP, and distality [20, 22, 18], as

well as NTP2 and the antichain tree property in the case of a single derivation [29].

Generic derivations and ranks. In Section 4, we turn to an analysis of ranks in T∆
g and T∆,nc

g . Let m :=
|∆| denote the number of derivations. First, we investigate supersimplicity, superstability, and superrosiness,
showing that these transfer in the commuting case:

Theorem C (Proposition 4.2, Theorem 4.9). If m > 2, then T∆,nc
g is never superrosy (thus, never super-

simple or superstable). On the other hand:
(1) If T is simple, then T∆

g is supersimple of SU-rank ωm.
(2) If T∆

g has GEI, then T∆
g is superrosy of þ-rank ωm.

The key tool in proving Theorem C is the Kolchin polynomial (or an appropriate modification thereof in
the o-minimal case [19]). It has long been known that the Kolchin polynomial can be used to bound ranks
in differentially closed fields [38], and we show that SU-rank and þ-rank can be bounded by the Kolchin
polynomial in our setting as well.

Following this, we characterize when T∆
g and T∆,nc

g are strongly dependent or, more broadly, strong.
Strong theories are a subclass of NTP2 theories, and strongly dependent theories are those strong theories
that are also NIP.
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Theorem D (Proposition 4.11, Theorem 4.12). If m > 1, then T∆,nc
g is never strong. The theory T∆

g is
strong (respectively, strongly dependent) if and only if T is simple (respectively, stable).

Note that in the case that T is stable, then Corollary 2.6 tells us that it must be an expansion of ACF0

by constants. Thus, T∆
g and T∆,nc

g are expansions of DCF0,m and DCFnc
0,m by constants, respectively. It

follows from known results about differentially closed fields that T∆
g is superstable of U-rank ωm, and thus

strong [38].
A natural question is whether the GEI assumptions in Theorems B(3) and C(2) can be dropped. As

mentioned, this would follow from [22, Conjecture 3.7], but it would also follow from the weaker conjecture:

Conjecture. If T is rosy and algebraically bounded (thus, surgical), then T∆
g and T∆,nc

g have GEI.
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1. Independence relations

Let T be a complete L-theory with infinite models, and let M |= T be a monster model. We will use A,
B, and C to denote small subsets of M.

Definition 1.1 (Adler [3]). An independence relation onM is a ternary relation |̂ between small subsets
of M which satisfies the following axioms:
(1) Invariance: If A |̂

C
B and (A∗, B∗, C∗) ≡L (A,B,C), then A∗ |̂

C∗
B∗.

(2) Monotonicity: If A |̂
C
B, A0 ⊆ A, and B0 ⊆ B, then A0 |̂ C B0.

(3) Base monotonicity: Suppose C0 ⊆ C ⊆ B. If A |̂
C0
B, then A |̂

C
B.

(4) Transitivity: Suppose D ⊆ C ⊆ B. If B |̂
C
A and C |̂

D
A, then B |̂

D
A.

(5) Normality: If A |̂
C
B, then AC |̂

C
B.

(6) Finite character: If A0 |̂ C B for all finite A0 ⊆ A, then A |̂ C B.
(7) Local character: For each A, there is a cardinal κ(A) such that for all B, there is C ⊆ B of cardinality
|C| < κ(A) with A |̂

C
B.

(8) Full existence: For all A,B,C, there is A∗ ≡L(C) A with A∗ |̂
C
B.

(9) Symmetry: If A |̂
C
B, then B |̂

C
A.

An independence relation |̂ is real-strict if it satisfies:
(10) Anti-reflexivity: For all a ∈M, if a |̂

B
a, then a ∈ aclL(B).

A real-canonical independence relation is a real-strict independence relation which also satisfies:
(11) Intersection: for C1, C2 ⊆ B and D := aclL(C1) ∩ aclL(C2), we have

A |̂
C1
B and A |̂

C2
B =⇒ A |̂

D
B.

An independence relation is said to be strict if it extends to an independence relation on Meq satisfying
anti-reflexivity (where aclL is replaced with acleq

L ). Likewise, a strict independence relation is canonical if
its extension to Meq satisfies intersection.

Remark 1.2. In Adler’s definition, full existence and symmetry are replaced by
Extension: If A |̂

C
B and B∗ ⊇ B, then there is A∗ ≡L(BC) A with A∗ |̂

C
B∗.

By [3, Remark 1.2 and Theorem 2.5], full existence and symmetry are equivalent to extension, modulo the
other axioms. By [11, Proposition 3.1.3], the axioms also imply
Strong closure: A |̂

C
B ⇐⇒ aclL(AC) |̂

aclL(C)
aclL(BC).
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Remark 1.3. If T has geometric elimination of imaginaries (GEI), then |̂ is real-strict if and only if it is
strict, and |̂ is real-canonical if and only if it is canonical.

Given independence relations |1^ and |2^ on M, we say that |2^ is coarser than |1^ if

A |1^C
B =⇒ A |2^C

B

for all A,B,C.
Following Adler [3], we say that T is rosy if M admits a strict independence relation. By [3, Proposition

4.7], this agrees with Onshuus’ original definition of rosiness; see [39, 16].

Fact 1.4 ([3, Theorem 4.3], [1, Theorem 3.3]). If Meq admits a strict independence relation |̂ , then it
admits a coarsest strict independence relation |þ^ called þ-forking independence. If |̂ is canonical, then
it coincides with |þ^.

Remark 1.5. Adler [3] defines a theory to be real rosy if M admits a real-strict independence relation. If
T is real rosy, then M admits a coarsest real-strict independence relation, called real þ-forking indepen-
dence. Note that this need not coincide with the restriction of þ-forking independence to real sets, even
in rosy theories. As we will see in Lemma 1.12 and Proposition 3.11 below, we can describe real þ-forking
independence quite explicitly in the theories we consider.

Remark 1.6. Following the proof of [1, Lemma 3.2], we see that if |̂ is a real-canonical independence
relation on M, then it is the coarsest real-strict independence relation on M, and so coincides with real
þ-forking.

Let |f^ denote forking independence in T .

Fact 1.7 ([3, Theorem 5.3]). T is simple if and only if |f^ is an independence relation on M. If T is simple,
then any independence relation on M is coarser than |f^.

1.1. Ranks. Let |̂ be an independence relation on M and let p be an L(A)-type. An L(B)-type q is an
|̂ -forking extension of p if B ⊇ A, q extends p, and ā 6 |̂

A
B for some (equivalently, any) tuple ā realizing

q. The |̂ -rank of p, denoted U |̂ (p), is defined as follows:
(1) We always have U |̂ (p) > 0, as p is assumed to be consistent;
(2) For α any ordinal, U |̂ (p) > α+ 1 if there is an |̂ -forking extension q of p with U |̂ (q) > α;
(3) For λ any nonzero limit ordinal, U |̂ (p) > λ if U |̂ (p) > α for all ordinals α < λ.

If there is an ordinal α with U |̂ (p) > α and U |̂ (p) 6> α + 1, then we put U |̂ (p) := α. Otherwise, we put
U |̂ (p) := ∞. We say that |̂ is ranked if U |̂ (p) < ∞ for all types p. Note that if |̂ is real-strict and
U |̂ (p) = 0, then p is algebraic.

For ā ∈Mn, we put U |̂ (ā|A) := U |̂ (tpL(ā|A)). For an L(A)-definable set X, we set

U |̂ (X) := sup{U |̂ (ā|A) : ā ∈ X}.

We also set
U |̂ (T ) := sup{U |̂ (p) : p is a unary L(∅)-type}.

Following the proof of [46, Theorem 5.1.6], one can establish the Lascar inequalities for the |̂ -rank (no
changes to the proof are needed).

Fact 1.8 (Lascar inequalities). For a, b ∈M, we have

U |̂ (a|A) + U |̂ (b|A ∪ {a}) 6 U |̂ (a, b|A) 6 U |̂ (a|A)⊕ U |̂ (b|A ∪ {a}),

where + is the ordinal sum and ⊕ is the commutative (Hessenberg) sum, it being understood that both sums
take value ∞ if some summand is ∞.

Corollary 1.9. The following are equivalent:
(1) |̂ is ranked;
(2) U |̂ (p) <∞ for all unary types p;
(3) U |̂ (T ) <∞.

4



Fact 1.10. Suppose |1^ and |2^ are independence relations on M and that |2^ is coarser than |1^. Then for
any type p, we have

U |
1
^(p) > U |

2
^(p).

In particular, if |1^ is ranked, then so is |2^.

In many cases of interest, we have specific names for the |̂ -rank:
(1) If T is simple, then |f^-rank is called SU-rank, and the SU-rank of p is denoted SU(p). If in addition

|f^ is ranked, then T is said to be supersimple.
(2) If T is stable, then SU-rank agrees with Lascar’s U-rank. If T is also supersimple, then it is said to

be superstable.
(3) If |þ^ is an independence relation, then |þ^-rank is called þ-rank, and the þ-rank of p is denoted

Uþ(p). If T is rosy and |þ^ on Meq is ranked, then T is said to be superrosy.

1.2. Independence in pregeometric theories. Recall that T is pregeometric if aclL is a pregeometry
in any model of T , and that T is geometric if it is pregeometric and eliminates ∃∞. Suppose that T is
pregeometric and let rkL denote the rank function corresponding to aclL. We define the aclL-independence
relation |M^ as follows:

A |M^C
B ⇐⇒ rkL(A0|BC) = rkL(A0|C) for every finite subset A0 ⊆ A.

The following fact is well-known; we prove a stronger version in Proposition A.3 below:

Fact 1.11. Suppose that T is pregeometric. Then |M^ is a real-strict independence relation on M, and the
|M^ -rank of tp(ā|B) coincides with rkL(ā|B) for all tuples ā ∈Mn. In particular, T has |M^ -rank 1.

Lemma 1.12. Suppose T is pregeometric. Then |M^ is the coarsest real-strict independence relation on M,
and so coincides with real þ-forking independence.

Proof. Let |̂ be a real-strict independence relation on M. By monotonicity and finite character, it suffices
to show that A |̂

C
B =⇒ A |M^C

B for all finite A. Let us first suppose that a |̂
C
B for a single element

a ∈M. If rkL(a|BC) = 1, then rkL(a|C) = 1 as well. On the other hand, if a ∈ aclL(BC), then strong closure
gives aclL(aC) |̂

aclL(C)
aclL(BC), monotonicity gives a |̂

aclL(C)
a, and real-strictness gives a ∈ aclL(C).

In both cases, we have a |M^C
B.

Now we show that A |̂
C
B =⇒ A |M^C

B for A finite by induction on the size of A. Suppose this
holds for a given A, and let a ∈ M with Aa |̂

C
B. Normality, base monotonicity, and monotonicity give

A |̂
C
B and a |̂

AC
B (where we use symmetry to apply base monotonicity on the left). Our induction

hypothesis gives A |M^C
B, and the singleton case gives a |M^AC

B. Applying normality, we have AC |M^C
B

and aAC |M^AC
B, and applying transitivity yields aAC |M^C

B. We conclude by monotonicity. �

Gagelman defines a surgical theory to be a pregeometric theory with the additional property that for
any definable equivalence relation E on a definable set X, only finitely many E-classes have the same aclL-
dimension as X [24]. It is folklore that a theory T is surgical if and only if it is superrosy of þ-rank 1; we
provide a proof in Proposition A.4 below. Accordingly, we use surgical to mean superrosy of þ-rank 1. If
T is surgical, then A |M^C

B ⇐⇒ A |þ^C
B for all A,B,C ⊆ M. If T is pregeometric with GEI, then T is

surgical by [24, Corollary 3.6]. Being pregeometric alone is not enough:

Example 1.13. Let M be an algebraically closed valued field with a nontrivial valuation. Then T is
geometric and |M^ is real-strict and real-canonical, but T is not rosy.

For simple theories with elimination of hyperimaginaries (for example, stable and supersimple theories),
forking independence coincides with þ-forking independence; see [1, Corollary 3.4] or [39, Theorem 5.1.4].
By Proposition A.4, this gives:

Fact 1.14. If T is supersimple with SU(T ) = 1, then T is surgical and |f^ = |þ^ = |M^ .

The SU-rank 1 assumption is necessary:
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Example 1.15. Let M = (M ;E), where M is a set and E is an equivalence relation on M with infinitely
many equivalence classes, all infinite. Then T is ω-stable of Morley rank 2, geometric, and |M^ is real-strict
and real-canonical, but |f^ = |þ^ 6= |M^ .

2. Geometric theories of fields

We assume for the rest of this note that T is a pregeometric theory extending the Lring-theory of fields.
Throughout this section, independence refers to aclL-independence (equivalently, |M^ -independence). Given
a definable set Y ⊆Mn, defined over a small set of parameters A, we set

dimL(Y ) := max{rkL(ā|A) : ā ∈ Y }.

Then dimL(Y ) is independent of the specific choice of defining parameters.
Let X ⊆M be an infinite definable set. For α ∈M, we let

InvX(α) := {(a, b, c, d) ∈ X4 : (a− d)/(b− c) = α}.

Given S ⊆M, we let InvX(S) :=
⋃
α∈S InvX(α). In [17, Lemma 3.47], it is shown that InvX(α) is nonempty

for each α; see also [12, 28]. It follows that T eliminates ∃∞, and so we refer to T as a geometric theory
of fields. Since T is geometric, dimL is a definable dimension function in the sense of [13]. Note that
dimL InvX(α) 6 3; this is even an equality:

Lemma 2.1. Let α ∈M and let (a, b) ∈ X2 be independent over α and the defining parameters for X. Then
the fiber

InvX(α)a,b = {(c, d) ∈ X2 : (a− d)/(b− c) = α}
is infinite. In particular, InvX(α) has dimension 3.

Proof. Fix a set of parameters A such that X is L(A)-definable and rkL(a, b|A,α) = 2. We have (c, d) ∈
InvX(α)a,b if and only if a − bα = d − cα and (c, d) 6= (b, a). Thus, it suffices to show that the set
{(c, d) ∈ X2 : a− bα = d− cα} is infinite. This holds since rkL(a, b|A,α, a− bα) = 1. �

Now let Y = (Yz)z∈Z be a definable family of infinite subsets of M. We allow the indexing set Z to be a
definable set of imaginaries. For a, b ∈ X and z ∈ Z, we let

XYa,b,z := {c ∈ X : X ∩ (a+ (c− b)Yz) is infinite}.

Lemma 2.2. Let (a, b) ∈ X2 be independent over the defining parameters for X and Y. Then for any z ∈ Z,
the set XYa,b,z is infinite.

Proof. Fix z ∈ Z and a set of parameters A ⊆M such that X and Y are L(A)-definable and rkL(a, b|A) = 2.
Let α ∈ Yz with rkL(α|A, a, b) = 1, so rkL(a, b|A,α) = 2. Thus InvX(α)a,b is infinite by Lemma 2.1, so take
(c, d) ∈ InvX(α)a,b with rkL(c, d|A,α, a, b) = 1. Then rkL(c, d|A, a, b) = rkL(c, d, α|A, a, b) = 2, so

rkL(c|A, a, b) = rkL(d|A, a, b, c) = 1.

The intersection X ∩ (a+ (c− b)Yz) is infinite, since it contains d = a + (c− b)α. Thus, c ∈ XYa,b,z, so this
set is infinite as well. �

2.1. Stable geometric fields are strongly minimal.

Lemma 2.3. Let X ⊆ M be infinite and definable over A ⊆ M. Let α ∈ M× and suppose that for all
β, γ ∈ X with rkL(β, γ|A,α) = 2, we have β − γ, αβ/γ ∈ X. Then X is cofinite in M.

Proof. Fix some δ ∈ M with rkL(δ|A,α) = 1. It suffices to show that δ ∈ X. Using Lemma 2.1, take
(a, b, c, d) ∈ InvX(α−1δ) with rkL(a, b, c, d|A,α, δ) > 3. Then rkL(a, b, c, d|A,α) = rkL(a, b, c, d, δ|A,α) = 4.
Applying our hypothesis gives a− d, b− c ∈ X, and so δ = α(a− d)/(b− c) ∈ X as well. �

Lemma 2.4. Let X ⊆ M be an infinite, coinfinite definable set and let Aff(X) = (a+ bX)a∈M,b∈M× be the
definable family of affine translates of X. Let Z be an infinite set given by a finite intersection of sets in
Aff(X) and complements of sets in Aff(X). Then there is Y ∈ Aff(X) such that Z ∩ Y and Z \ Y are both
infinite.

6



Proof. Suppose towards contradiction that we have such a set Z for which there is no Y ∈ Aff(X) with both
Z ∩ Y and Z \ Y infinite. Take a set A of parameters over which Z is defined. Note that if W is a finite
intersection of sets in Aff(X) and complements of sets in Aff(X), then either Z ∩W or Z \W is finite. Let
δ ∈ Z with rkL(δ|A) = 1. We will show that Z ′ := Z − δ is cofinite in M. From this, it follows that X is
either finite or cofinite, a contradiction. Note that Z ′ satisfies the same hypothesis as Z.

We verify the conditions in Lemma 2.3. Let α, β, γ ∈ Z ′ with rkL(α, β, γ|A, δ) = 3. We need to show that
β− γ, αβ/γ ∈ Z ′. First, note that γ + δ ∈ Z ∩ (γ +Z). Since rkL(γ + δ|A, γ) = 1, we see that Z ∩ (γ +Z) is
infinite, and thus cofinite in Z, since γ+Z is a finite intersection of sets and complements of sets in Aff(X).
It follows that Z ′ ∩ (γ + Z ′) is cofinite in Z ′, so it contains β. In particular, β − γ ∈ Z ′.

Next, note that γ ∈ Z ′ ∩ (γ/α)Z ′. As before, we have rkL(γ|A, δ, γ/α) = 1, so Z ′ ∩ (γ/α)Z ′ is infinite and
thus cofinite in Z ′. Thus, β ∈ (γ/α)Z ′, yielding αβ/γ ∈ Z ′, as desired. �

Theorem 2.5. If T is stable, then it is strongly minimal.

Proof. Suppose that T is not strongly minimal and let X ⊆ M be an infinite and coinfinite definable set.
For each finite binary sequence ν ∈ 2<ω, we choose an element Yν ∈ Aff(X) as follows: let Y∅ := X, assume
we’ve defined Yη for η ∈ 26n and that for all ν ∈ 2n+1, the set

Zν :=
⋂

i6n,ν(i)=0

(M \ Yν|i) ∩
⋂

i6n,ν(i)=1

Yν|i

is infinite (this holds for n = 0 as X and M \X are both infinite). Given ν ∈ 2n+1, we use Lemma 2.4, to
find Yν ∈ Aff(X) such that Zν ∩ Yν and Zν \ Yν are both infinite. Doing this for all ν ∈ 2<ω, we see that
Aff(X) has the binary tree property. Thus T is unstable; see [45, Definition 8.2.1 and Theorem 8.2.3]. �

Combining this result with [25, Theorem 1], we immediately obtain:

Corollary 2.6. Any algebraically bounded stable field is an expansion of an algebraically closed field by
constants (see Section 3 for a precise definition of algebraic boundedness).

We remark that we cannot relax the conditions here: by [25, Theorem 2 and Lemma 3], there is a strongly
minimal (thus, geometric) theory T with two field structures of different characteristics (other similar fusion
constructions exist as well).

2.2. Simple geometric fields are supersimple of SU-rank 1. Let Y be a definable family and let
k ∈ N>1. We define D∗(Y, k) as follows: for n ∈ N, we have D∗(Y, k) > n if we can find sets (Yη)∅6=η∈ω6n

from Y such that
(1) For all η ∈ ω<n, the family (Yη,i)i<ω is k-inconsistent;
(2) For all µ ∈ ωn, the set

⋂
∅6=ηEµ Yη is infinite.

In the intersection above, we use η E µ to indicate that η is an initial segment of µ. In the case n = 0, both
conditions hold trivially, so D∗(Y, k) > 0. If D∗(Y, k) > n for all n, then T is not simple.

Theorem 2.7. Suppose T is simple. Then T is supersimple of SU-rank 1.

Proof. We prove the contrapositive: let Y = (Yz)z∈Z be a definable family of subsets of M with each Yz
infinite and suppose that some member of this family k-divides. We will show that T is not simple. We
consider two cases:

Case 1: Suppose that for every infinite definable X ⊆ M, every infinite sequence (zi)i<ω from Z, and
every ` ∈ N, there are a, b, c ∈ X such that the set {i < ω : c ∈ XYa,b,zi} has cardinality at least `. Consider
the definable family

Aff(Y) := (a+ bYz)(a,b,z)∈M×M××Z

We will show that D∗(Aff(Y), k) > n for all natural numbers n by induction. Suppose we’ve already shown
this for a given n, so we have sets (Ỹη)∅6=η∈ω6n from Aff(Y) such that

(1) for η ∈ ω<n, the family (Ỹη,i)i<ω is k-inconsistent, and
(2) for all µ ∈ ωn, the set

⋂
∅6=ηEµ Ỹη is infinite.
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Let µ ∈ ωn be given and set X :=
⋂
∅6=ηEµ Ỹη. Using our case assumption, the fact that some Yz k-divides,

and saturation, we find a sequence (zi)i<ω from Z and elements a, b, c ∈ X such that c ∈ XYa,b,zi for each
i and (Yzi)i<ω is k-inconsistent. We set Ỹµ,i := a + (c − b)Yzi for each i. Then the family (Ỹµ,i)i<ω is
k-inconsistent as well, and for each i, the intersection X ∩ Ỹµ,i = X ∩ (a + (c − b)Yzi) is infinite. Defining
Ỹµ,i in this way for all µ ∈ ωn and all i < ω, we see that D∗(Aff(Y), k) > n+ 1, as desired.

Case 2: Suppose that there is an infinite definable set X, an infinite sequence (zi)i<ω from Z, and ` ∈ N
such that for all (a, b, c) ∈ X3, the set {i < ω : c ∈ XYa,b,zi} has cardinality < `. Then for all (a, b) ∈ X2, the
family (XYa,b,zi)i<ω is `-inconsistent. Consider the definable family X := (XYa,b,z)(a,b,z)∈X2×Z . We will show
that D∗(X , `) > n for all natural numbers n by induction. Suppose we’ve already shown this for a given n,
so we have sets (X̃η)∅6=η∈ω6n from X such that

(1) for η ∈ ω<n, the family (X̃η,i)i<ω is `-inconsistent, and
(2) for all µ ∈ ωn, the set

⋂
∅6=ηEµ X̃η is infinite.

Let µ ∈ ωn be given and let W :=
⋂
∅6=ηEµ X̃η. Let (a, b) ∈W 2 be independent over the defining parameters

for W and Y. For each i, we set X̃µ,i := XYa,b,zi . Then (X̃µ,i)i<ω is `-inconsistent, and for each i, we have

W ∩ X̃µ,i = W ∩XYa,b,zi ⊇W
Y
a,b,zi

,

and the set WYa,b,zi is infinite by Lemma 2.2. This shows that D∗(X , `) > n+ 1, as desired. �

Applying Fact 1.14, we have:

Corollary 2.8. Suppose that T is simple. Then |f^ = |M^ , so SU(ā|A) = rkL(ā|A) for ā ∈Mn.

2.3. Rosy geometric fields are surgical. The rosy case is very similar to the simple case, though some
extra bookkeeping involving index sets is needed. Let Y = (Yz)z∈Z and Z = (Zv)v∈V be definable families
in Meq where each Zv is a subset of Z. Let k ∈ N>1. We define þ∗(Y,Z, k) as follows: for n ∈ N, we have
þ∗(Y,Z, k) > n if we can find sets (Zη)η∈ω<n from Z and (Yη)∅6=η∈ω6n from Y such that

(1) For all η ∈ ω<n, the sets (Yη,i)i<ω are pairwise distinct members of the family (Yz)z∈Zη , and this
family is k-inconsistent;

(2) For all µ ∈ ωn, the set
⋂
∅6=ηEµ Yη is infinite.

In the case n = 0, both conditions hold trivially, so þ∗(Y,Z, k) > 0.

Fact 2.9. If there are Y, Z, k for which þ∗(Y,Z, k) > n for all n, then T is not rosy.

Proof. Let ϕ(x, y) be the formula defining the family Y and let θ(y, z) be the formula defining Z. Then
þ∗(Y,Z, k) 6 þ(x = x, ϕ, θ, k), where the latter is Onshuus’ þ-rank [39, Definition 3.1]; see also the proof
of [39, Remark 3.1.2]. Thus, if þ∗(Y,Z, k) > n for all n, then the same holds for þ(x = x, ϕ, θ, k), so T is
not rosy. �

Theorem 2.10. Suppose T is rosy. Then T is surgical.

Proof. We prove the contrapositive: let Y = (Yz)z∈Z be a definable family of subsets of M with each Yz
infinite and suppose that some member of this family þ-divides. We will show that T is not rosy. After
shrinking Z, we may assume that Y is k-inconsistent for some k. For (a, b) ∈M2, we let Z̃a,b = {(a, b)}×Z.
We consider two cases:

Case 1: Suppose that for all infinite definable X ⊆ M, there are (a, b, c) ∈ X3 such that the set
{z ∈ Z : c ∈ XYa,b,z} is infinite. Consider the definable families

Aff(Y) := (a+ bYz)(a,b,z)∈M×M××Z , Z× := (Z̃a,b)(a,b)∈M×M× .

We will show that þ∗(Aff(Y),Z×, k) > n for all natural numbers n by induction. Suppose we’ve already
shown this for a given n, so we have sets (Z̃η)η∈ω<n from Z× as well as sets (Ỹη)∅6=η∈ω6n from Aff(Y) where

(1) for η ∈ ω<n, the sets (Ỹη,i)i<ω are pairwise distinct members of the k-inconsistent family (Ỹw)w∈Z̃η ,
and

(2) for µ ∈ ωn, the set
⋂
∅6=ηEµ Ỹη is infinite.
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Let µ ∈ ωn be given, and set X :=
⋂
∅6=ηEµ Ỹη. Using our case assumption, let (a, b, c) ∈ X3 be such that

the set {z ∈ Z : c ∈ XYa,b,z} is infinite, and let (zi)i<ω be distinct elements of this set. We set

Z̃µ := Z̃a,c−b, Ỹµ,i = a+ (c− b)Yzi for each i.

Then the family (Ỹw)w∈Z̃µ = (a+ (c− b)Yz)z∈Z is k-inconsistent and the intersection

X ∩ Ỹµ,i = X ∩ (a+ (c− b)Yzi)

is infinite for each i. Defining (Z̃µ)µ∈ωn and (Ỹµ,i)(µ,i)∈ωn×ω in this way for all µ ∈ ωn, we have shown that
þ∗(Aff(Y),Z×, k) > n+ 1, as desired.

Case 2: Now, suppose that we have an infinite definable X ⊆ M such that for all (a, b, c) ∈ X3, the set
{z ∈ Z : c ∈ XYa,b,z} is finite. As we are working in a saturated model, we obtain a natural number ` such
that {z ∈ Z : c ∈ XYa,b,z} has fewer than ` elements for all (a, b, c) ∈ X3. Thus, for all (a, b) ∈ X2, the family
(XYa,b,z)z∈Z is `-inconsistent. Consider the definable families

X := (XYa,b,z)(a,b,z)∈X2×Z , ZX := (Z̃a,b)(a,b)∈X2 .

This time, we will show that þ∗(X ,ZX , `) > n for all natural numbers n by induction. Suppose we’ve already
shown this for a given n, so we have sets (Z̃η)η∈ω<n from ZX as well as sets (X̃η)∅6=η∈ω6n from X where

(1) for η ∈ ω<n, the sets (X̃η,i)i<ω are pairwise distinct members of the `-inconsistent family (X̃w)w∈Z̃η ,
and

(2) for µ ∈ ωn, the set
⋂
∅6=ηEµ X̃η is infinite.

Let µ ∈ ωn be given, and letW :=
⋂
∅6=ηEµ X̃η. Let (a, b) ∈W 2 be independent over the defining parameters

for W and Y, and let (zi)i<ω be a tuple of distinct elements from Z. We set

Z̃µ := Z̃a,b, X̃µ,i := XYa,b,zi for each i.

We’ve already seen that the family (X̃w)w∈Z̃µ = (XYa,b,z)z∈Z is `-inconsistent. For i < ω, we have

W ∩ X̃µ,i = W ∩XYa,b,zi ⊇W
Y
a,b,zi

,

and the set WYa,b,zi is infinite by Lemma 2.2. Defining (Z̃µ)µ∈ωn and (X̃µ,i)(µ,i)∈ωn×ω in this way for all
µ ∈ ωn, we have shown that þ∗(X ,ZX , `) > n+ 1, as desired. �

Applying Proposition A.4, we have:

Corollary 2.11. Suppose that T is rosy. Then |þ^ = |M^ , so Uþ(ā|A) = rkL(ā|A) for ā ∈Mn.

By the main theorem in [41] (see also [28, Proposition 4.1]), we also have:

Corollary 2.12. Suppose that T is rosy. Then M has bounded Galois group—it has only finitely many
extensions of degree n for each n ∈ N.
Remark 2.13. If T is a simple theory in which forking and þ-forking coincide, then one can deduce that T
is supersimple of SU-rank 1 directly from Theorem 2.10. This holds if T satisfies the stable forking conjec-
ture [39] or eliminates hyperimaginaries [14]. We are unsure whether Theorem 2.7 follows from Theorem 2.10
without appealing to these major conjectures for simple theories.

Remark 2.14. The analogue of Theorems 2.7 and 2.10 for Kim-independence does not hold, essentially
because Kim forking does not satisfy base monotonicity in general. The analogy would suggest that if a
theory of fields T is geometric and NSOP1, then there is no non-algebraic single-variable formula ϕ(x) that
Kim-divides. We will give an example contradicting this. Let TE be the theory of an equivalence relation with
infinitely many classes, each of which is infinite, in the language consisting of only a binary relation symbol
E. Winkler shows that the disjoint union of ACF and TE in the language Lring∪{E} has a model completion,
which we denote by ACFE [47]. This model companion is an interpolative fusion in the sense of [31], and
so it is algebraically bounded and has NSOP1 by [32, Theorems 1.1(1) and 1.3(2)]. Let M 4 M |= ACFE
be a small elementary substructure and let b ∈ M \M belong to a distinct E-class from each a ∈M . Then
the formula E(x, b) Kim-divides over M in the reduct TE , and so it Kim-divides over M in ACFE by [32,
Lemma 2.22].
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3. Adding derivations

We assume for the rest of this note that T extends the Lring-theory of fields of characteristic zero. Let
P := dclL(∅), and recall that T is algebraically bounded if

a ∈ aclL(B) ⇐⇒ trdeg(a|P(B)) = 0

for all a ∈M and B ⊆M. We assume that one of the following holds:
(I) T is algebraically bounded, L extends Lring by relation symbols and constant symbols for elements of

P, and T has quantifier elimination in the language L.
(II) T is o-minimal and L contains a function symbol for each L(∅)-definable function. Then T has

quantifier elimination and a universal axiomatization in the language L.
In both cases, T is geometric. We let T ∀ be the universal theory of T . In case (I), models of T ∀ are relational
expansions of P-algebras. In case (II), T ∀ = T .

Lemma 3.1. In case (I), the independence relation |M^ is real-canonical.

Proof. Let A ⊆ M and C1, C2 ⊆ B ⊆ M be given, and suppose A |M^Ci
B for i = 1, 2. We may assume that

Ci = aclL(Ci) for i = 1, 2 and that B = aclL(B). Let D := C1 ∩ C2. We need to show that A |M^D
B. Let

ā be a tuple from A and assume that ā is aclL-dependent over B. Then ā is field-theoretically algebraically
dependent over B, since T is algebraically bounded. Let V be the Zariski locus of ā over B (the smallest
Zariski closed set defined over B containing ā). Since B is a relatively algebraically closed subfield of M, V
is absolutely irreducible over B. Let B0 ⊆ B be the smallest field of definition for V . Since A |M^Ci

B, we
have B0 ⊆ Ci for i = 1, 2, so B0 ⊆ D. Thus rkL(ā|D) = dimV = rkL(ā|B). �

Note that the above lemma may fail in case (II). Indeed, Pillay shows that for T = Th(R,+, ·, exp |[0,1]),
the relation |M^ is not real-canonical [40].

Corollary 3.2. Suppose T is algebraically bounded and rosy. Then T has GEI.

Proof. By Corollary 2.11 and Lemma 3.1, |þ^ = |M^ is strict and real-canonical. The corollary then follows
from [48, Lemma 3.1]. �

Definition 3.3. A T -derivation on K is a map δ : K → K such that:
(1) In case (I), δ is a derivation on K.
(2) In case (II), δ satisfies the chain rule:

δf(ū) =

n∑
i=1

∂f

∂xi
(ū)δui

for all ū = (u1, . . . , un) ∈ Kn and all function symbols f ∈ L that are differentiable on an open
neighborhood of ū.

Let ∆ = (δ1, . . . , δm) and let L∆ = L∪∆. We let T∆,nc be the L∆-theory extending T by axioms stating
that ∆ is a tuple of T -derivations, and we let T∆ further extend T∆,nc by axioms stating that δ1, . . . , δm all
commute with each other. We let T∆,? be one of T∆, T∆,nc. In case (I), we “hardcode” the restriction of ∆
to P into the theory T∆,?, as is done in [20]. Given K |= T ∀, an element a ∈ K, and a tuple of T -derivations
∆ on K, we set ∆(a) := (δ1a, . . . , δma) ∈ Km. We say that ∆ commutes at a if δiδja = δjδia for all i, j.

Lemma 3.4. Let K ⊆L M be models of T ∀, let ∆0 be a tuple of T -derivations on K, and let A ⊆M be an
aclL-basis for M over K. Then for any map s : A→Mm, there is a unique tuple of T -derivations ∆ on M
that extends ∆0 and satisfies s(a) = ∆(a) for a ∈ A. Moreover, if ∆0 commutes and ∆ commutes at each
a ∈ A, then ∆ commutes.

Proof. In case (I), this is basic differential algebra; see [20, Fact 3.8]. In case (II), this follows by [18, Lemmas
2.13 and 6.1]. �
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Corollary 3.5. Let M |= T and consider the following diagram of substructures:
(K1; ∆1)

(K0; ∆0) L aclL(K1,K2) M

(K2; ∆2)
L∆

L∆

Above, unlabeled arrows denote L-substructures. Suppose that K1 |M^K0
K2. Then there is a tuple of T -

derivations ∆ on M extending ∆1 and ∆2 and making M a model of T∆,nc. Moreover
(1) If ∆1 and ∆2 are both commuting tuples of T -derivations, then ∆ can also be chosen to commute.
(2) L is closed under the T -derivations in ∆, and the restriction of ∆ to L is the unique common

extension of ∆1 and ∆2 to a tuple of T -derivations on L.

Proof. Let Ai ⊆ Ki be an aclL-basis for Ki over K0 for i = 1, 2. Then A1 ∪ A2 is an aclL-basis for L over
K0, since K1 |M^K0

K2. Let B be an aclL-basis for M over aclL(K1,K2), so A1 ∪ A2 ∪ B is an aclL-basis
for M over K0. We extend ∆0 to a tuple of T -derivations ∆ on M by taking ∆(a) = ∆i(a) for a ∈ Ai and
∆(b) = 0 for b ∈ B. The corollary follows from the previous lemma. �

Note that the above corollary gives precisely the conditions for being “derivation-like” in [36].

Corollary 3.6. The theories T∆,nc and T∆ are derivation-like with respect to (T, |M^ ).

We now let T∆,?
g denote the model completion of T∆,?. The existence of T∆,?

g in case (I) is established
in [20] and existence of T∆

g in case (II) is established in [18]. The existence of T∆,nc
g in case (II) is established

in Appendix B below. Let (M; ∆) be a monster model of T∆,?
g , so M is a monster model of T . We write

acl∆ in place of aclL∆ , likewise with dcl∆. For A ⊆M, we set

Jet(A) := {δi1δi2 · · · δina : a ∈ A, n ∈ N, and i1, . . . , in ∈ {1, . . . ,m}},
so Jet(A) is the closure of A under the derivations in ∆. We write Jet(a) in place of Jet({a}). We define the
relation |∆^ on (M; ∆) by

A |∆^C
B ⇐⇒ Jet(A) |M^Jet(C)

Jet(B).

In case (I), Fornasiero and Terzo show that |∆^ is an independence relation [22]. Their methods work
just as well in case (II), using Corollary 3.5 to establish extension. An alternative proof of this fact can be
obtained using Corollary 3.6 and the results of León Sánchez and Mohamed [36].

Corollary 3.7 ([22, Theorem 6.1], [36, Theorem 3.12]). |∆^ is a real-strict independence relation. If |M^ is
real-canonical with respect to T (in particular, if we are in case (I)), then |∆^ is real-canonical with respect
to T∆,?

g .

The independence relation given in [36] is defined using acl∆, and does not a priori agree with the relation
|∆^ above. To establish this coincidence, one needs the following:

Corollary 3.8 ([22, Corollary 6.2], [36, Lemma 3.8], Corollary B.9). Let A ⊆ (M; ∆) |= T∆,?
g . Then

acl∆(A) = aclL(Jet(A)). Consequently, we have

A |∆^C
B ⇐⇒ acl∆(AC) |M^acl∆(C)

acl∆(BC)

for small sets A,B,C ⊆M.

We show below that |∆^ is actually the coarsest real-strict independence relation on (M; ∆). For this,
we need a couple preliminary results. Let ker(∆) :=

⋂
δ∈∆ ker(δ) be the field of absolute constants.

Given a ∈M, we let p−a (x) and p+
a (x) be the complete unary L(M)-types determined by the sets of formulas

{b < x < a : b ∈M<a} and {a < x < b : b ∈M>a}, respectively.

Lemma 3.9. Suppose we are in case (II), so T is o-minimal. Let |̂ be an independence relation on (M; ∆),
let A,B,C ⊆M be small sets with A |̂

C
B, and let a ∈ A. Then there is d ∈ ker(∆) realizing p+

a |ABC with
Ad |̂

C
B, and likewise for p−a |ABC .
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Proof. We prove the lemma for p+
a , with the same proof working for p−a . Full existence gives an L∆(AC)-

automorphism σ with σ(B) |̂
AC

B. Then σ(B) |̂
C
A as well and applying normality, transitivity, and

symmetry, we get
ABC |̂

C
σ(B), Aσ(B)C |̂

C
B.

The axioms of T∆,?
g tell us that there is a realization of p+

a |ABC in ker(∆), likewise for p+
a |Aσ(B)C . Full

existence allows us to find realizations d1 |= p+
a |ABC and d2 |= p+

a |Aσ(B)C with

d1 |̂ ABC σ(B), d2 |̂ Aσ(B)C
B.

Applying normality, transitivity, and monotonicity to these relations and the ones above, we get

Ad1 |̂ C σ(B), Ad2 |̂ C B.

If d2 6 d1, then d2 |= p+
a |ABC as well, and we may take d := d2. If d1 < d2, then applying σ−1 gives

σ−1(d1) |= σ−1(p+
a |Aσ(B)C) = p+

a |ABC , Aσ−1(d1) |̂
C
B,

so we may take d := σ−1(d1). �

Corollary 3.10. Suppose we are in case (II), let |̂ be an independence relation on (M; ∆), let A,B,C ⊆M
be small sets with A |̂

C
B, and let ā ∈ An with rkL(ā|BC) = n. Then there is a finite D ⊆ ker(∆) and an

L(D)-definable open U ⊆Mn such that
(1) rkL(D|ABC) = |D| and AD |̂

C
B;

(2) Any L(BC)-definable set X ⊆Mn containing ā also contains U .

Proof. Using Lemma 3.9, we inductively find a tuple d̄ = (d1, . . . , d2n) ∈ ker(∆)2n with Ad̄ |̂
C
B such that

d2i−1 |= p−ai |ABC{dj :j<2i−1}, d2i |= p+
ai |ABC{dj :j<2i}

Let U be the set
∏n
i=1(d2i−1, d2i) ⊆ Mn. Then U is an infinitesimal (relative to ABC) neighborhood of ā,

so any L(BC)-definable set X ⊆Mn containing ā also contains U . �

Proposition 3.11. |∆^ is the coarsest real-strict independence relation on (M; ∆), and so coincides with
real þ-forking independence.

Note that in case (I), this follows from Corollary 3.7 and Remark 1.6. We give here another proof that
doesn’t use real-canonicity and unifies both cases.

Proof. Let |̂ be any real-strict independence relation on (M; ∆). By finite character and the definition of
|∆^ , it suffices to prove that for any small sets A,B,C with A |̂

C
B and any finite tuple ā from Jet(A), we

have rkL(ā| Jet(BC)) = rkL(ā| Jet(C)). We prove this by induction on rkL(ā| Jet(BC)). Note that if ā ∈
aclL(Jet(BC)) = acl∆(BC), then strong closure and real-strictness give ā ∈ acl∆(C), so rkL(ā| Jet(BC)) =
rkL(ā| Jet(C)) = 0. We let n > 0 and assume that our induction hypothesis holds for all small sets A,B,C
with A |̂

C
B and all tuples ā from Jet(A), so long as rkL(ā| Jet(BC)) < n.

Let A,B,C be small sets with A |̂
C
B and let ā be a tuple from Jet(A) with rkL(ā| Jet(BC)) = n. We

need to show that rkL(ā| Jet(C)) = n as well. By strong closure and Corollary 3.8, we may assume that
A,B,C are all acl∆-closed and that C ⊆ A,B, so rkL(ā|B) = n. Using full existence, take an L∆(A)-
automorphism σ of (M; ∆) with σ(B) |̂

A
B. Since C ⊆ A, invariance and symmetry gives σ(B) |̂

C
A, and

transitivity and normality give σ(B) |̂
C
AB. Applying base monotonicity, monotonicity, and normality

gives Bσ(B) |̂
B
A. By symmetry and our induction hypothesis, we must have

rkL(ā|Bσ(B)) = n. (3.1)

We also record here that applying monotonicity to σ(B) |̂
C
AB gives

σ(B) |̂
C
B. (3.2)

We now consider the algebraically bounded and o-minimal cases separately.
Case (I): Let V ⊆Mn be the Zariski locus of ā over B, so V is absolutely irreducible over B of dimension

n. Using that dimension and absolute irreducibility of Zariski-closed sets are definable in families [23,
Appendix], together with elimination of imaginaries in the theory of algebraically closed fields, we find a
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L(C)-definable family (Vz̄)z̄∈Z of pairwise distinct absolutely irreducible varieties, all of the same dimension,
and a tuple b̄ ∈ Z with coordinates from B with Vb̄ = V . Note that ā ∈ Vσ(b̄) as well, so Vb̄ ∩ Vσ(b̄) has
dimension n by (3.1). As the varieties in the family (Vz̄)z̄∈Z are pairwise distinct and absolutely irreducible,
we have b̄ = σ(b̄). By (3.2) and real-strictness, we have b̄ ∈ acl∆(C) = C, so rkL(ā|C) = rkL(ā|Cb̄) = n, as
desired.

Case (II): Let ā′ ∈Mn be a subtuple of ā that is aclL-independent over B. Then ā′ is aclL-independent
over Bσ(B) as well by (3.1). Since A |̂

C
B and A |̂

B
Bσ(B), transitivity gives A |̂

C
Bσ(B). Applying

Corollary 3.10 to the sets A,Bσ(B), C and the tuple ā′, we find a finite setD ⊆ ker(∆) and an L(D)-definable
open set U ⊆Mn such that

(1) rkL(D|AB) = |D| and AD |̂
C
B;

(2) Any L(Bσ(B))-definable set X ⊆Mn containing ā′ also contains U .
As algebraic and definable closure coincide in the o-minimal case, we may write ā = f(ā′) for some L(B)-
definable function f . Take an L(C)-definable family (fz̄)z̄∈Z of functions, along with a tuple b̄ ∈ Z with
coordinates in B such that f = fb̄. Consider the relation ∼ on Z given by

z̄ ∼ z̄′ ⇐⇒ fz̄|U = fz̄′ |U .

Then ∼ is L(CD)-definable, so definable choice yields an L(CD)-definable map g : Z → Z such that z̄ ∼ g(z̄)
and z̄ ∼ z̄′ ⇐⇒ g(z̄) = g(z̄′) for z̄, z̄′ ∈ Z. The tuple ā′ is contained in the L(Bσ(B))-definable set

{x̄ ∈Mn : fb̄(x̄) = fσ(b̄)(x̄)},

so U is contained in this set as well, giving b̄ ∼ σ(b̄). Let b̄′ := g(b̄) = g(σ(b̄)), so fb̄′(ā′) = ā.
Now starting with AD |̂

C
Bσ(B) and using base monotonicity, monotonicity, and normality we get

σ(B)D |̂
σ(B)

B. Using (3.2) and applying transitivity yields σ(B)D |̂
C
B. Base monotonicity and normal-

ity give σ(B)D |̂
CD

BD. We have b̄′ ∈ aclL(BD)∩aclL(σ(B)D), so b̄′ |̂
CD

b̄′ by normality. Real-strictness
gives b̄′ ∈ acl∆(CD) = aclL(CD), since Jet(D) = D∪{0}. Using that rkL(D|B) = rkL(D|Bā) = |D|, routine
rank calculations give rkL(ā|BD) = rkL(ā|B) = n. Likewise, rkL(ā|CD) = rkL(ā|C). Now we compute

rkL(ā|C) = rkL(ā|CD) = rkL(ā|CDb̄′) = rkL(ā|BD) = rkL(ā|B) = n. �

Combining Remark 1.3, Fact 1.4, and Proposition 3.11, we have:

Corollary 3.12. Suppose that T∆,?
g has GEI. Then T∆,?

g is rosy and |∆^ coincides with þ-forking indepen-
dence in T∆,?

g .

Note that the hypothesis of GEI is always satisfied in case (II) by [18, Theorem 5.19] and Corollary B.10.
For a different proof of Corollary 3.12 in case (I), see [22, Corollary 6.2]. Combining [36, Theorem 3.14] with
Corollary 2.8, we also obtain another proof of [22, Theorem 7.1]:

Corollary 3.13. If T is simple, then so is T∆,?
g and |∆^ coincides with forking independence in T∆,?

g .

The above corollary is, of course, vacuous in case (II), as is the next corollary.

Corollary 3.14. If T is NSOP1, then so is T∆,?
g . Moreover, |∆^ is coarser than Kim-independence in T∆,?

g .

Proof. Suppose T is NSOP1, so we are necessarily in case (I). Then in the terminology of [36], we have that
|M^ implies L-compositums, since L extends Lring by only relations and constant symbols, and that T is very
L-slim (which is the same as algebraic boundedness). The corollary follows by [36, Corollary 3.19]. �

Finally, we note that using Theorem 2.7 and Corollary 3.2, we can improve [22, Theorems 7.5 and 7.9].

Corollary 3.15. If T is simple, then T∆,?
g has GEI and eliminates imaginaries in the sorts of T eq.

4. Ranks

We denote the |∆^ -rank by U∆. We are interested in when |∆^ is ranked. We start by showing that we
only need to consider the commuting case. To do this, we need the following fact about T∆,nc

g .
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Lemma 4.1. Let (M; ∆) |= T∆,nc
g , let a1, . . . , an ∈ M, and let θ1, . . . , θn be pairwise incomparable elements

of the free monoid generated by ∆ (meaning that if i 6= j, then there is no γ for which γθi = θj). Then,
viewing each θi as an operator M→M, there is y ∈M such that θiy = ai for each i.

Proof. Immediate from the Deep axioms; see [20, Section 4] in case (I) and the appendix in case (II). �

Proposition 4.2. Suppose that |∆| > 2. Then T∆,nc
g is never supersimple or, more generally, superrosy.

Moreover, the independence relation |∆^ is not ranked.

Proof. Let ε 6= δ ∈ ∆. For each n > 0, we define

Cn :=
⋂
i6n

ker(εδi)

Then C0 ⊇ C1 ⊇ C2 ⊇ · · · is a descending chain of additive subgroups. For a given n and a, b ∈ Cn, we have
a+Cn+1 = b+Cn+1 if and only if εδn+1a = εδn+1b. For any d ∈M, Lemma 4.1 gives y ∈M with εδiy = 0
for all i 6 n and εδn+1y = d. Thus, Cn+1 has infinite index in Cn. It follows that T∆,nc

g is not superrosy
(in particular, not supersimple); see [15, Proposition 1.4]. Let us show explicitly that |∆^ is not ranked. Let
d0 := 0 and, assuming we have defined dn, take dn+1 such that
(i) εδi(dn+1 − dn) = 0 for all i 6 n, and
(ii) εδn+1(dn+1) 6∈ acl∆(d0, . . . , dn).

Again using Lemma 4.1, we can always find such an element. Note that dn+1 ∈
⋂
i6n di +Ci for each n. Let

p be a complete type over {di : i < ω} concentrating on
⋂
i<ω(di + Ci), and for n > 0, let pn := p|{d0,...,dn}.

Fix n and let a |= pn+1. Then a ∈ dn+1 + Cn+1, so

εδn+1a = εδn+1dn+1 6∈ acl∆(d0, . . . , dn) = aclL(Jet(d0, . . . , dn)),

It follows that
Jet(a) 6 |M^Jet(d0,...,dn)

Jet(d0, . . . , dn+1).

so pn+1 is an |∆^ -forking extension of pn. Thus, U∆(p0) =∞. �

4.1. Bounding ranks via the Kolchin polynomial. For the remainder of the section, (M; ∆) is a monster
model of T∆

g . We let 4 be the componentwise partial order on Nm. For ū = (u1, . . . , um) ∈ Nm, we put

|ū| := u1 + · · ·+ um, δū := δu1
1 · · · δumm : M→M.

For ā = (a1, . . . , ad) ∈Md, ū ∈ Nm, and t ∈ N, we set

δū(ā) := (δūa1, . . . , δ
ūad), Jet6t(ā) := {δūā : |ū| 6 t}, Jet(ā) := {δūā : ū ∈ Nm}.

Then Jet(ā) agrees with our previous definition for singletons.

Fact 4.3 ([19, Corollary A]). Given ā ∈ Md and a small subset A ⊆ M , there is a numerical polynomial
ωā|A, called the Kolchin polynomial of ā over A, such that

ωā|A(t) = rkL(Jet6t(ā)| Jet(A)) for t� 0.

Above, t � 0 abbreviates “for all sufficiently large t.” In case (I), rkL coincides with the transcendence
degree so the Kolchin polynomial is the classical Kolchin polynomial from [30].

Let P be the set of all Kolchin polynomials, totally ordered by dominance, so

P1 <e P2 ⇐⇒ P1(t) < P2(t) for t� 0.

By [19, Corollary 4.7], P coincides with the set of Hilbert polynomials of finitely generated graded modules
over a polynomial ring, which allows us to equip P with an ordinal-valued ranking:

Fact 4.4 ([4, Corollaries 3.2 and 3.15]). Each P ∈ P can be written uniquely as a sum

P (T ) =

(
T + a1

a1

)
+

(
T + a2 − 1

a2

)
+ · · ·+

(
T + an − (n− 1)

an

)
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for n > 0 and a1 > a2 > · · · > an > 0. We have a strictly increasing map rkP : P → On (the class of
ordinals) where, for P as above,

rkP(P ) :=
∑
i6n

ωai ∈ On (ordinal sum).

Corollary 4.5. Each nonzero P ∈ P may be written

P (T ) =
n

k!
T k + lower-degree terms.

for some nonzero n, k ∈ N. For such a P , we have ωkn 6 rkP(P ) < ωk(n+ 1).

Let p be an L∆(A)-type. We set ωp := ωā|A, where ā is some (any) realization of p. Given a small set
B ⊇ A, we always have ωā|B 6e ωā|A. It follows that ωq 6e ωp for any L∆(B)-type q extending p. Whether
this inequality is strict is equivalent to |∆^ -forking:

Proposition 4.6. Let A ⊆ B, let p be an L∆(A)-type, and let q be an L∆(B)-type extending p. Then q is
an |∆^ -forking extension of p if and only if ωq <e ωp.

Proof. Let ā |= q. If ā |∆^A
B, then Jet(ā) |M^Jet(A)

Jet(B), so rkL(A0| Jet(B)) = rkL(A0| Jet(A)) for all finite
A0 ⊆ Jet(ā). In particular, rkL(Jet6t(ā)| Jet(B)) = rkL(Jet6t(ā)| Jet(A)) for all t, so ωā|B = ωā|A.

Conversely, suppose ā 6 |∆^A
B and take a finite A0 ⊆ Jet(ā) with rkL(A0| Jet(B)) < rkL(A0| Jet(A)). For

t� 0, we have A0 ⊆ Jet6t(ā), so rkL(Jet6t(ā)| Jet(B)) < rkL(Jet6t(ā)| Jet(A)). Thus ωā|B <e ωā|A. �

Corollary 4.7. For any L∆(A)-type p, we have U∆(p) 6 rkP(ωp). In particular, |∆^ is ranked.

Combining this with Corollaries 3.12 and 3.13, we get bounds on þ-rank when T∆
g has GEI and on SU-rank

when T is simple.
To give more a more precise computation of U∆, we make use of the ∆-closure operator on (M; ∆),

denoted by c`∆ and defined by

a ∈ c`∆(A) ⇐⇒ Jet(a) is not aclL-independent over Jet(A).

Fact 4.8 ([19, Theorem B]). (M, c`∆) is a pregeometry, and we have

ωā|A(T ) =
rk∆(ā|A)

m!
Tm + lower-degree terms,

where rk∆ is the rank function corresponding to the closure operator c`∆. If ā is c`∆-independent over A,
then ωā|A(T ) =

(
T+m
m

)
.

Theorem 4.9. We have U∆(T∆
g ) = ωm. Moreover:

(1) If T is stable, then T∆
g is an expansion of DCF0,m by constants.

(2) If T is simple, then T∆
g is supersimple with SU(T∆

g ) = ωm.
(3) If T∆

g has GEI, then T∆
g is superrosy with Uþ(T∆

g ) = ωm.

Proof. Let a ∈ M. Using Facts 4.4 and 4.8, we see that rkP(ωa|∅) 6 ωm, with equality if and only if
a 6∈ c`∆(∅). By Corollary 4.7, this gives us an upper bound U∆(T∆

g ) 6 ωm. We now show that this is
an equality. For an ordinal η < ωm, take the unique tuple r̄ = (r1, . . . , rm) ∈ Nm such that η has Cantor
normal form

∑
i<m ω

iri+1, and let δη denote the operator δr̄. Using saturation and the axioms of T∆
g , we

find a ∈M \ c`∆(∅). For η < ωm, set

Aη := {δµa : µ > η}, pη := tpL∆(a|Aη).

Then Aη = Jet(Aη) and each Aη is aclL-independent. We claim that U∆(pη) > η for each η. This is clear
for η = 0 and follows by induction for η a limit, so it suffices to show that pη is a |∆^ -forking extension of
pη+1. Fix η and let b |= pη, so

δηb = δηa ∈ Aη \ aclL(Aη+1).

It follows that b 6 |∆^Aη+1
Aη, as desired.
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To see (1), suppose T is stable. Then T expands ACF0 by constants by Corollary 2.6. By uniqueness of
model completions, T∆

g must expand DCF0,m, the theory of differentially closed fields with m commuting
derivations, by the same constants. (2) and (3) are immediate by Corollaries 3.12 and 3.13. �

4.2. Strongness. An inp-pattern of depth κ is a collection of formulas (ϕλ(x, āλ,i))λ<κ,i<ω (where x is
unary) such that:

(1) For λ < κ, the collection {ϕλ(x, āλ,i) : i < ω} is kλ-inconsistent for some positive integer kλ.
(2) The partial type {ϕλ(x, āλ,η(λ)) : λ < κ} is consistent for all η : κ→ ω.

A theory has burden < κ if there is no inp-pattern of depth κ. A strong theory is a theory of burden
< ω. A theory that is strong and NIP is said to be strongly dependent.

Lemma 4.10. Suppose we have an L-formula ϕ(x, ȳ) with x unary, a sequence (b̄i)i<ω, and a positive
integer k such that ϕ(x, b̄i) is nonalgebraic for each i and {ϕ(x, b̄i) : i < ω} is k-inconsistent. Then T∆,?

g is
not strong.

Proof. Fix δ ∈ ∆ and for each λ < ω, set ϕλ(x, ȳ) := ϕ(δλx, ȳ). One easily verifies that (ϕλ(x, b̄i))λ,i<ω is
an inp-pattern in T∆,?

g . �

Proposition 4.11. If |∆| > 2, then T∆,nc
g is not strong.

Proof. Let ε 6= δ ∈ ∆ and let C := ker(ε). Then C is an infinite index subgroup of the additive group (M,+),
so take (bi)i<ω in distinct cosets of C. Set

ϕk(x, bi) := ε(δkx− bi) = 0,

so (M; ∆) |= ϕk(a, bi) if and only if δka ∈ bi + C. It follows from Lemma 4.1 that (ϕk(x, bi))k,i<ω is an
inp-pattern in T∆,nc

g . �

Theorem 4.12. T∆
g is strong (resp. strongly dependent) if and only if T is simple (resp. stable). Conse-

quently, T∆
g is strong if and only if it expands DCF0 by constants.

Proof. If T is not simple, then some formula ϕ(x, ȳ) with x unary has the tree property [45, Exercise 7.2.8].
Taking a tree of parameters (āη)η∈ω<ω , we see that the collection {ϕ(x, ā〈i〉) : i < ω} is k-inconsistent for
some k. Thus, T∆

g is not strong by Lemma 4.10. Conversely, if T is simple, then T∆
g is supersimple by

Theorem 4.9. Supersimple implies finite weight, which in turn implies that T∆
g is strong [2, 46].

To see that T∆
g is strongly dependent if and only if T is stable, use that T∆

g is NIP if and only if T is;
see [20, Theorem 6.1] for case (I) and [18, Corollary 4.16] for case (II). Then these are in turn equivalent to
T∆
g expanding DCF0 by constants by Theorem 4.9. �

5. Final remarks

Remark 5.1. The inequality U∆(p) 6 rkP(ωp) in Corollary 4.7 cannot, in general, be improved to an
equality. Indeed, given n > 0, Suer gives an example in the theory of differentially closed fields with two
commuting derivations of a type p with rkP(ωp) > ωn but with SU(p) = U∆(p) = ω [44, Proposition 3.45].

Here is another example, following [37]. Suppose we are in case (I) and that ∆ consists of a single
derivation δ. Take a ∈M with

rkL(a, δa|∅) = 2, δ2a = δa/a.

Let p be the type of a over ∅, so ωp = 2. Let q be a |∆^ -forking extension of p over a small differential
subfield K, so ωq 6 1. We claim that q is algebraic (that is, that ωq = 0). Suppose that this is not the case.
Let b |= q and let P (X) ∈ K{X} be the minimal differential polynomial of b over K. Then P has order 1,
since q is nonalgebraic, and XX ′′−X ′ belongs to the differential ideal I(P ) ⊆ K{X}. By [37, Lemma 5.12],
X ′ belongs to I(P ) as well, so b′ = 0, contradicting the fact that no realization of p is constant.

A potential advantage of working with derivations on o-minimal theories is that transcendental definable
functions can sometimes be used to realize these “missing” intermediate Kolchin polynomials. Indeed, suppose
we are in case (II), let a be as above, and assume that our o-minimal theory T defines a logarithm on a
neighborhood of a. Then δa = log(a)+c for some c ∈ ker(δ)\dclL(∅), and so q := tpL∆(a|c) is a nonalgebraic
|∆^ -forking extension of p.
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Remark 5.2. Let L = Lring and let T = ACF0. Consider the theory DCF0,mA, which is the model
companion of the theory of fields with m commuting derivations ∆ = (δ1, . . . , δm) and a differential field
automorphism σ (so σ is a field automorphism that also commutes with each δi). This theory was studied by
León Sánchez in his thesis [34]; see also [35]. There, it is shown that DCF0,mA is supersimple, with forking
independence given by

A |f^C
B ⇐⇒ Jet(A) |M^Jet(C)

Jet(B)

where here, Jet(A) is the closure of A under each δi, as well as σ and σ−1. Let Jet+(A) denote the closure
of A under each δi and σ (but not necessarily σ−1). Then given any algebraic relation between elements of
Jet(A) over Jet(B), we can apply σ to this relation a sufficient number of times to obtain a relation between
elements of Jet+(A) over Jet(B). That is, we have

A |f^C
B ⇐⇒ Jet+(A) |M^Jet(C)

Jet(B).

Now [19, Corollary A] gives for any type p = tp(ā|A) in DCF0,mA a numerical polynomial ωp such that

ωp(t) = rkL(Jet6t(ā)| Jet(A)) for t� 0,

where Jet6t(ā) = {δūσr(ā) : (ū, r) ∈ Nm+1, |ū| + r 6 t}. Then the proofs of Proposition 4.6, Corollary 4.7
and Theorem 4.9 go through in this setting to give SU(p) 6 rkP(ωp); in particular, SU(DCF0,mA) = ωm+1.
These bounds are implicit in [34, Lemma 5.3.5], but not explicitly stated. In the case m = 1, something
similar is done by Bustamante Medina to show that DCFA := DCF0,1A has SU-rank ω2 [6].

Appendix A. Extending independence to Meq

Let T be a pregeometric theory. Then acleq
L continues to satisfy exchange for real points over imaginary

parameters [24, Lemma 3.1], so rkL extends to a well-defined rank rkeq
L (ā|B) for any real tuple ā and any

set of parameters B, possibly imaginary.
Given sets A,B ⊆ Meq, we call a real (possibly infinite) tuple b̄ a basis for A over B if b̄ is acleq

L -
independent over B and A ⊆ acleq

L (Bb̄). Note that two bases need not be the same size, but if A is finite,
then it has a finite basis. Following Gagelman, we further extend rkeq

L to finite imaginary tuples ā by setting

rkeq
L (ā|B) := |b̄| − rkeq

L (b̄|Bā),

where b̄ is a finite basis for ā over B.

Fact A.1 ([24, Lemma 3.3 and Proposition 3.4]). Suppose T is pregeometric and let ā and B be as above.
(1) For any finite real tuple b̄ with ā ∈ acleq

L (Bb̄), we have

rkeq
L (ā|B) = rkeq

L (b̄|B)− rkeq
L (b̄|Bā).

In particular, rkeq
L (ā|B) does not depend on choice of basis.

(2) There is a finite subset B0 ⊆ B with rkeq
L (ā|B0) = rkeq

L (ā|B).
(3) rkeq

L (āb̄|B) = rkeq
L (ā|Bb̄) + rkeq

L (b̄|B) for any finite imaginary tuple b̄.
(4) If A ⊆ B, then rkeq

L (ā|A) > rkeq
L (ā|B).

(5) rkeq
L (ā|B) only depends on tpL(ā|B).

Following Gagelman [24], we say that T is surgical if it is pregeometric and if for every definable equiv-
alence relation E on a definable set X, only finitely many E-classes have the same aclL-dimension as X.

Fact A.2 ([24, Proposition 3.5]). Let T be pregeometric. Then T is surgical if and only if for all a ∈ Meq

and all B ⊆Meq, we have a ∈ acleq
L (B) ⇐⇒ rkeq

L (a|B) = 0.

When T is pregeometric, we use rkeq
L to define an independence relation |eq

^ on small imaginary sets
A,B,C ⊆Meq as follows:

A |eq
^C

B ⇐⇒ rkeq
L (A0|BC) = rkeq

L (A0|C) for every finite subset A0 ⊆ A.

As rkeq
L coincides with rkL for real elements, we see that |eq

^ coincides with the independence relation |M^
defined in Subsection 1.2 for real sets.
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Proposition A.3. Suppose T is pregeometric. Then |eq
^ is a real-strict independence relation on Meq, the

|eq
^ -rank of tpL(ā|B) coincides with rkeq

L (ā|B) for all finite tuples ā, and |eq
^ is strict if and only if T is

surgical.

Proof. Finite character follows from the definition of |eq
^ , and invariance, monotonicity, base monotonicity,

and normality follow from Fact A.1.
Local character: First, suppose A is finite, and let b̄ be a finite basis for A. Take a finite set C ⊆ B

with A ⊆ acleq
L (Cb̄). By increasing C, we may assume that rkeq

L (b̄|BA) = rkeq
L (b̄|CA). Since rkeq

L (b̄|B) =
rkeq
L (b̄|C) = |b̄|, we have rkeq

L (A|B) = rkeq
L (A|C), so local character holds for A with κ(A) = ℵ0. Now suppose

that A is infinite. Let (Ai)i∈I enumerate the finite subsets of A, and for each i, use the finite case to take a
finite subset Ci ⊆ B such that Ai |eq

^Ci
B. Set C :=

⋃
i∈I Ci, so Ai |eq

^C
B for each i by base monotonicity.

Finite character gives that A |eq
^C

B, so local character holds for A with κ(A) = |A|.
Full existence: Let A,B,C be given and let b̄ be a basis for A over C. We extend tpL(b̄|C) to a partial type

over B by adding the L(B)-formula ¬ϕ(x̄) whenever ϕ(x̄) is an L(B)-formula asserting an algebraic relation
between the coordinates of the variable x̄. Let b̄∗ be any tuple realizing this partial type, so b̄∗ |eq

^C
B. Let

σ be an L(C)-automorphism of M mapping b̄ to b̄∗, and set A∗ := σ(A), so A∗ ≡L(C) A. Let A0 ⊆ A∗ be
finite, and take a finite basis b̄0 ⊆ b̄∗ for A0 over C. We have

rkeq
L (A0|B) = |b̄0| − rkeq

L (b̄0|BA0) > |b̄0| − rkeq
L (b̄0|CA0) = rkeq

L (A0|C) > rkeq
L (A0|B),

where the last inequality uses Fact A.1(4). We conclude that A∗ |eq
^C

B by finite character.
Symmetry: Suppose A |eq

^C
B. We need to show that rkeq

L (B0|AC) = rkeq
L (B0|C) for a given finite B0 ⊆ B.

Using Fact A.1(2), take a finite subset A0 ⊆ A with rkeq
L (B0|A0C) = rkeq

L (B0|AC). Take a finite basis b̄ for
A0 ∪B0 over C. By assumption,

rkeq
L (b̄|B0C)− rkeq

L (b̄|A0B0C) = rkeq
L (A0|B0C) = rkeq

L (A0|C) = |b̄| − rkeq
L (b̄|A0C).

Thus,

rkeq
L (B0|AC) = rkeq

L (B0|A0C) = rkeq
L (b̄|A0C)− rkeq

L (b̄|A0B0C) = |b̄| − rkeq
L (b̄|B0C) = rkeq

L (B0|C),

and we conclude that B |eq
^C

A by finite character.
Transitivity: By symmetry, it suffices to show forD ⊆ C ⊆ B that if A |eq

^C
B and A |eq

^D
C, then A |eq

^D
B.

Let A0 ⊆ A be finite; then rkeq
L (A0|D) = rkeq

L (A0|C) = rkeq
L (A0|B), as needed.

Strictness and real-strictness: Suppose that a |eq
^B

a, so rkeq
L (a|B) = rkeq

L (a|Ba) = 0. When a is real, we
have a ∈ acleq

L (B), and we can also conclude this for imaginary a if and only if T is surgical by Fact A.2.
Rank equality: Let ā be a tuple and B be a parameter set, possibly both imaginary, and let p := tpL(ā|B).

A straightforward induction on the |eq
^ -rank of p shows that this rank is at most rkeq

L (ā|B). To see that the
|eq
^ -rank of p is at least rkeq

L (ā|B), fix a finite basis b̄ = (b1, . . . , bn) for ā over B. Let m := rkeq
L (ā|B), so

rkeq
L (b̄|Bā) = n−m. After rearranging, we may assume that (b1, . . . , bn−m) are acleq

L -independent over Bā.
For i 6 m, we set b̄i := (b1, . . . , bn−m+i), and we calculate that

rkeq
L (ā|Bb̄i) = rkeq

L (b̄|Bb̄i)− rkeq
L (b̄|Bāb̄i) = m− i.

Thus, tpL(ā|Bb̄i) is an |eq
^ -forking extension of tpL(ā|Bb̄i−1) for 0 < i 6 m. In particular, p has |eq

^ -rank
at least m. �

Proposition A.4. The following are equivalent:
(1) T is surgical.
(2) T is rosy and pregeometric, and |þ^ = |eq

^ .
(3) T is superrosy of þ-rank 1.

Proof. (1) =⇒ (2): Suppose T is surgical. By Proposition A.3 and Fact 1.4, T is rosy and |þ^ is coarser
than |eq

^ . To establish equality, we first claim that Uþ(ā|B) = rkeq
L (ā|B) for any tuple ā and small set B

in Meq. Note that Uþ(ā|B) 6 rkeq
L (ā|B) by Fact 1.10 and Proposition A.3. As þ-independence is strict, we

have Uþ(a|B) = rkeq
L (a|B) for a ∈ M, and it follows from the Lascar inequalities that Uþ(ā|B) = rkeq

L (ā|B)
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for ā ∈ Mn. Now let ā be an arbitrary finite tuple (possibly imaginary) and take a finite basis b̄ for ā over
B. Then using the Lascar inequalities again, we obtain

rkeq
L (ā|B) = rkeq

L (b̄|B)− rkeq
L (b̄|Ba) = Uþ(b̄|B)− Uþ(b̄|Bā) = Uþ(ā|B).

Now we fix A,B,C ⊆Meq with A |þ^C
B, and we need to show that A |eq

^C
B. Take a finite tuple ā from A.

Then ā |þ^C
BC by symmetry and normality, so

rkeq
L (ā|BC) = Uþ(ā|BC) = Uþ(ā|C) = rkeq

L (ā|C),

as desired.
(2) =⇒ (3): Immediate, since T has |eq

^ -rank 1.
(3) =⇒ (1): Our argument is quite similar to Gagelman’s proof of Fact A.2. Suppose that T is superrosy

of þ-rank 1. It follows easily from the Lascar inequalities that T is pregeometric. As þ-forking is strict and
Uþ(a|B) 6 1 for a ∈ M, we have Uþ(a|B) = rkeq

L (a|B) for real singletons a. Using the Lascar inequalities
again, we see that Uþ(ā|B) = rkeq

L (ā|B) for all real tuples ā. Now, suppose towards contradiction that we
have an L(B)-definable set X of dimension d and an L(B)-definable equivalence relation E on X such that
infinitely many E-classes have dimension d. For ā ∈ X, we let [ā]E ∈ Meq denote the equivalence class
of ā. Take an infinite sequence (āi)i<ω in distinct E-classes with rkeq

L (āi|B[āi]E) = d. By saturation, we
may arrange that all āi have the same L(B)-type. Let e := [ā0]E , so tpL(e|B) is non-algebraic and thus
Uþ(e|B) > 0. The Lascar inequalities give Uþ(ā0|B) > Uþ(e|B) + Uþ(ā0|Be) > d, so rkeq

L (ā0|B) > d, a
contradiction. �

Appendix B. The model completion of T∆,nc for o-minimal T

Let T be an o-minimal expansion of the theory of real closed ordered fields. In this appendix, we show
that T∆,nc has a model completion, denoted T∆,nc

g . We then investigate some properties of T∆,nc
g .

We maintain the same assumptions on T from Section 3; namely, that L contains function symbols for all
L(∅)-definable functions, so that T has quantifier elimination and a universal axiomatization. Given models
K 4M |= T and A ⊆M , we let K〈A〉 denote the substructure of M generated by K and A. Then K〈A〉 is
a model of T as well. Given also an L(K)-definable set X ⊆ Kn, we write X(M) for the definable subset of
Mn defined by the same formula as X.

Let (K; ∆) |= T∆,nc. We need the following fundamental lemma describing how T -derivations interact
with L(K)-definable functions:

Fact B.1 ([18, Lemma 2.12]). Let δ ∈ ∆, let k > 0, and let f be an L(K)-definable Ck-function on an
open set U ⊆ Kn. Then there is a unique L(K)-definable Ck−1-function f [δ] : U → K such that for any
T∆,nc-extension (M ; ∆) ⊇ (K; ∆) and any ū = (u1, . . . , un) ∈ U(M), we have

δf(ū) = f [δ](ū) +
∑n
i=1

∂f
∂xi

(ū)δui.

Let Γ be the free monoid generated by ∆ = (δ1, . . . , δm). For Λ ⊆ Γ, we let KΛ consist of tuples (zγ)γ∈Λ

indexed by Λ. When we say that X ⊆ KΛ is definable, we mean that there is a finite Λ0 ⊆ Λ and a definable
X0 ⊆ KΛ0 such that X = X0 ×KΛ\Λ0 .

We view each γ ∈ Γ as an operator K → K, and given a subset Γ0 ⊆ Γ and a tuple ā ∈ Kn, we let

Γ0(ā) := (γai)(i,γ)∈{1,...,n}×Γ0
∈ Kn×Γ0 .

For γ = δi1δi2 · · · δir ∈ Γ, we let |γ| := r be the order of γ. We partially order Γ by

γ1 4 γ2 ⇐⇒ γ2 = αγ1 for some α ∈ Γ.

Given a 4-downward closed subset Λ ⊆ Γ, we let Λmax be the set of 4-maximal elements of Λ, and we let
Λ↓ := Λ \ Λmax.

Following [20], we consider the following axiom schemes:
Deep: For every finite 4-downward closed set Λ ⊆ Γ and every L(K)-definable set A ⊆ KΛ, if the

projection πΛ↓(A) ⊆ KΛ↓ is open, then there is a ∈ K with Λ(a) ∈ A.
Wide: For every n and every L(K)-definable set X ⊆ Kn ×Kn×∆, if the projection πn(X) ⊆ Kn is

open, then there is ā ∈ Kn with (ā,∆(ā)) ∈ X.
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Lemma B.2. (K; ∆) has a T∆,nc-extension (M ; ∆) that satisfies the Wide axiom scheme. Any such
extension also satisfies the Deep axiom scheme.

Proof. Let X ⊆ Kn×Kn×∆ be an L(K)-definable set with πn(X) ⊆ Kn open. Take a dclL(K)-independent
tuple ā in a T -extension ofK with ā ∈ πnX(K〈ā〉). Using [18, Lemma 2.13], we define a tuple of T -derivations
∆ on K〈ā〉 that extends those on K and satisfies (ā,∆(ā)) ∈ X(K〈ā〉).

One deduces the Deep axiom scheme from the Wide axiom scheme via the standard method of rewriting
a higher-order differential equation as a system of first-order differential equations; see [20, Lemma 4.6] for
details. �

Remark B.3. Following the more delicate construction in [18, Lemma 4.2 and Proposition 4.3], we can
define T -derivations that satisfy the Wide axioms on any T -extensionM of K with rkL(M |K) = |M | > |T |.

Let T∆,nc
g extend T∆,nc by the axiom scheme Deep given above.

Theorem B.4. T∆,nc
g is the model completion of T∆,nc. The Wide axiom scheme is an alternative axiom-

atization of T∆,nc
g over T∆,nc.

Proof. By Lemma B.2, it suffices to show that the following diagram can be completed whenever (K; ∆) ⊆
(M ; ∆) are models of T∆,nc and (M; ∆) |= T∆,nc

g is an |M |+-saturated extension of (K; ∆).

(M ; ∆) (M; ∆) |= T∆,nc
g

(K; ∆)

∃

Let a ∈ M \K. We need to find b ∈ M with tpL(Jet(b)|K) = tpL(Jet(a)|K), for then we can extend our
inclusion (K; ∆) ⊆ (M; ∆) to an embedding (K〈Jet(a)〉; ∆) → (M; ∆) and conclude by Zorn’s lemma. By
saturation, it suffices to show that for every finite Γ0 ⊆ Γ and every L(K)-definable set X ⊆ KΓ0 with
Γ0(a) ∈ X(M), there is b ∈ M with Γ0(b) ∈ X(M). One can show this following the proof of [20, Lemma
4.8], using obvious modifications based on [18], but for completeness, we give the details below.

Put a total ordering 6 on Γ, where

δi1 · · · δik 6 δj1 · · · δjn ⇐⇒ either k < n, or k = n and (i1, . . . , ik) 6lex (j1, . . . , jn).

Then 6 refines 4, is left-invariant, and has order-type ω. Let

Γa :=
{
γ ∈ Γ : γ(a) 6∈ K〈Γ<γ(a)〉

}
.

Then Γa is 4-downward closed by Fact B.1.
Now, let Γ0 ⊆ Γ be finite and let X ⊆ KΓ0 be L(K)-definable with Γ0(a) ∈ X(M). We may assume

that Γ0 is 6-downward closed. Let Λ0 := Γa ∩ Γ0. Then Λ0(a) is dclL-independent over K, so there is an
L(K)-definable open neighborhood U ⊆ πΛ0(X) containing Λ0(a). Let Λ1 be the set of 4-minimal elements
of Γ0 \Γa. Then for each γ ∈ Λ1, we have an L(K)-definable function fγ : MΛ0 →M with γ(a) = fγ(Λ0(a)).
Let Λ := Λ0 ∪ Λ1, let xΛ = (xγ)γ∈Λ be a tuple of variables, and consider the L(K)-definable set

Y := {xΛ ∈ KΛ : xΛ0
∈ U and xγ = fγ(xΛ0

)}.

Then Λ(a) ∈ Y , so applying Fact B.1 and shrinking U , we can arrange that for any y in any T∆,nc-extension
(L; ∆) of (K; ∆), if Λ(y) ∈ Y (L), then Γ0(y) ∈ X(L). Thus, we need only find b ∈ M with Λ(b) ∈ Y (M).
Since Λ↓ ⊆ Λ0, the projection πΛ↓(Y ) is open, so we find our desired b ∈M using the Deep axioms.

By Lemma B.2, the Wide axioms imply the Deep axioms over T∆,nc, and any model (K; ∆) |= T∆,nc
g

has a T∆,nc-extension (M ; ∆) that satisfies the Wide axioms. As (K; ∆) is existentially closed in (M ; ∆)
by the first part of the theorem, (K; ∆) also satisfies the Wide axioms. �

For the remainder of this appendix, let (M; ∆) |= T∆,nc
g be a monster model and let B ⊆ M be a small

subset with B = Jet(B). From the proof of Theorem B.4, we see that for any ā ∈ Mn, the type tpL∆(ā|B)
is determined by tpL(Jet(ā)|B). This yields a description of definable sets:
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Corollary B.5. For any L∆(B)-definable subset X ⊆ Mn, there is a finite Γ0 ⊆ Γ and an L(B)-definable
X̃ ⊆Mn×Γ0 with

X = {ā ∈Mn : Γ0(ā) ∈ X̃}.

Let ker(∆) :=
⋂
δ∈∆ ker(δ) be the field of absolute constants. The previous corollary allows us to

describe the induced structure on ker(∆).

Corollary B.6. Every L∆(B)-definable subset of ker(∆)n is of the form ker(∆)n∩A for some L(B)-definable
subset A ⊆Mn.

Proof. Exactly as in the proof of [18, Lemma 4.23], using Corollary B.5. �

We can also lift combinatorial tameness from T to T∆,nc
g :

Corollary B.7. The theory T∆,nc
g is distal (in particular, T∆,nc

g is NIP).

Proof. Exactly as in the proof of [18, Theorem 4.15], using Corollary B.5. �

Theorem B.8 (O-minimal open core). Any L∆(B)-definable open subset of Mn is L(B)-definable.

Proof. We apply the characterization in [5, Corollary 3.1]. For a fixed n, we need to find D ⊆Mn such that:
(1) D is dense in Mn,
(2) for every ā ∈ D and open U ⊆Mn, if tpL(ā|B) is realized in U , then it is realized in U ∩D, and
(3) for every ā ∈ D, the type tpL∆(ā|B) is implied by tpL(ā|B) in conjunction with “ ā ∈ D”.

We claim that D := ker(∆)n realizes these three conditions. For any open L(M)-definable U ⊆ Mn, the
Wide axioms give ā ∈ U with ∆(ā) = 0̄, so condition (1) holds. Condition (3) follows immediately from
Corollary B.6, so it remains to establish condition (2). Let ā = (a1, . . . , an) ∈ ker(∆)n be given and let
U ⊆ Mn be an open set containing a realization of tpL(ā|B). Let k 6 n and suppose without loss of
generality that ā0 := (a1, . . . , ak) is a maximal dclL(B)-independent subtuple of ā. Take an L(B)-definable
map f = (f1, . . . , fn) : Mk → Mn with f(ā0) = ā. Since f is generically continuous and U contains a
realization of tpL(ā|B), we find an open set V ⊆ Mk containing a realization of tpL(ā0|B) with f(V ) ⊆ U .
Since the set of realizations of tpL(ā0|B) is open and ker(∆)k is dense in Mk, we find c̄0 ∈ ker(∆)k ∩ V with
c̄0 |= tpL(ā0|B). Set c̄ := f(c̄0), so c̄ ∈ U and c̄ |= tpL(ā|B). We need to show that c̄ ∈ ker(∆)n. For δ ∈ ∆
and j ∈ {1, . . . , n}, Fact B.1 gives

0 = δaj = δfj(ā0) = f
[δ]
j (ā0) +

k∑
i=1

∂fj
∂xi

(ā0)δai = f
[δ]
j (ā0).

It follows that f [δ]
j (c̄0) = 0 as well, so δcj = δfj(c̄0) = 0, since c̄0 ∈ ker(∆)k. As this holds for all δ and all

j, we have c̄ ∈ ker(∆)n as desired. �

Using Theorem B.8 and following the proofs of [18, Corollary 5.14 and Theorem 5.19], we obtain a
characterization of dclL∆ and elimination of imaginaries:

Corollary B.9. For any A ⊆ M, we have dclL∆(A) = dclL(Jet(A)). In particular, the L∆-definably closed
sets are exactly the models of T∆,nc.

Corollary B.10. The theory T∆,nc
g eliminates imaginaries.
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