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Abstract

Transseries provide a universal framework for the formal asymptotics of regular solu-
tions to ordinary differential equations at infinity. More general functional equations
such as E,(x + 1) =exp E,(x) may have solutions that grow faster than any iterated
exponential and thereby faster than any transseries.

In order to develop a truly universal framework for the asymptotics of regular
univariate functions at infinity, we therefore need a generalization of transseries: hyper-
series. Hyperexponentials and hyperlogarithms play a central role in such a program.
The first non-trivial hyperexponential and hyperlogarithm are E,, and its functional
inverse L, where E,, satisfies the above equation. Formally, such functions E, and L,
can be introduced for any ordinal «. For instance, E;(x) =e*, Ex(x) = €%, Lys1(x) =
log L,,(x), and E, satisfies E,2(x 4+ 1) = E,(E2(x)).

In the present work, we construct a field of hyperseries that is closed under E,
and L, for all ordinals a. This generalizes previous work by Schmeling [29] in the case
when a < w®, as well as the previous construction of the field of logarithmic hyper-
series by van den Dries, van der Hoeven, and Kaplan [12].

1 Introduction

1.1 The quest of a universal framework for asymptotic calculus

In order to get our hands on a complex mathematical expression, we first need to simplify
it as much as possible. This can often be achieved by eliminating parts that are asymptot-
ically negligible. For instance, when studying the expression f (x) =loglog x +log (x*+1)
for large values of x, we may compute the approximations x*+1~x?, log (x*+1) ~2log x,
and then f(x) ~2log x. Such approximations rely on our ability to determine and com-
pare asymptotic rates of growth.
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Is it possible to develop a universal framework for this kind of asymptotic simplifica-
tion? This sounds like a difficult problem in general, especially for multivariate functions
or functions with an irregular growth like x sin(x**"*). On the other hand, the problem
might become tractable for univariate functions f (x) in a neighborhood of infinity x — oo,
provided that f is constructed using a limited number of well-behaved primitives.

An important first step towards a systematic asymptotic calculus of this kind was
made by Hardy in [20, 21], based on earlier ideas by du Bois-Reymond [14, 15, 16]. We
say that f is an L-function if it is constructed from x and the real numbers R using the field
operations, exponentiation, and logarithms. Given two non-zero germs of L-functions
f, g atinfinity, Hardy proved that exactly one of the relations f < g, f =g, or ¢< f holds,
where

fx)
f<g S xh_{r;og(_X)_O'
f=g & lim j;—z;ER#).

Hardy also observed [20, p. 22] that “The only scales of infinity that are of any practical
importance in analysis are those which may be constructed by means of the logarithmic
and exponential functions.” In other words, Hardy suggested that the framework of
L-functions not only allows for the development of a systematic asymptotic calculus,
but that this framework is also sufficient for all “practical” purposes.

Hardy went on [20, chapter V] with the examination of possible counterexamples,
through the exploration of pathological functions whose asymptotic behavior does not
conform to any logarithmico-exponential scale. Here he made a distinction between irreg-
ular asymptotic behavior (such as oscillating functions) and regular asymptotic behavior
that yet cannot be described in terms of L-functions. Basic examples of the second type
were already constructed by du Bois-Reymond and Hardy [20, chapter II]. For instance,
let expr:=exp™=expo ko exp for k€N and let £(x) := exp|y x for each x € R”. Then
& grows faster than any L-function.

In order to formalize the concept of “regular” growth at infinity, we focus on classes
of (germs of) functions that are stable under common calculus operations such as addi-
tion, multiplication, differentiation, and composition. The class of L-functions indeed
satisfies these conditions, but it is interesting to investigate whether there exist larger
classes of functions with similar properties.

Two particular settings that have received a lot of attention are Hardy fields (i.e. fields
of germs of real continuously differentiable functions at infinity that are closed under
differentiation [7]) and germs of definable functions in o-minimal structures [10]. Each
of these settings excludes oscillatory behavior in a strong sense. For instance, although
the function x2 + sin x does not oscillate for large values of x, its second derivative does,
so the germ of this function at infinity does not belong to a Hardy field.

With a more precise definition of regularity at hand, one may re-examine the existence
of regular functions whose asymptotic growth falls outside any scale of L-functions. For
instance, the function € from above is not even continuous and thereby not sufficiently
regular. Nevertheless, it was shown by Kneser [28] that the functional equation

E,(x+1) = expEu(x) (1.1)
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has a real analytic solution on R”. This provides us with a more natural candidate for
aregular function that grows faster than any L-function. Indeed, it was shown by Bosher-
nitzan [6] that Kneser's solution belongs to a Hardy field. The functional inverse L,
of E, frequently occurs in the complexity analysis of recursive algorithms that use expo-
nential size reductions. For instance, the fastest known algorithm [22] for multiplying
two polynomials of degree <n in F»[t] runs in time O(nlog n 4™y This shows that
Hardy's framework of L-functions is insufficient, even for practical purposes.

Another example of a regular function that is not asymptotic to any L-function is
the functional inverse of log xlog log x. This fact was actually raised as a question by
Hardy and only proved in [23] and [13]. More explicit examples of such functions, like

2

ef e’ , were given in [23]. It turns out that the class of L-functions lacks several important
closure properties (e.g. functional inversion and integration), which makes it unsuitable
as a universal framework for asymptotic calculus.

The class of transseries forms a better candidate for such a universal framework.
A transseries is a formal object that is constructed from x (with x — o) and the real num-
bers, using exponentiation, logarithms, and infinite sums. One example of a transseries is

2 x/3 2
eelte e gox +5(logx) " + 424+ x4+ 2x 2+ 6x 0+ 24x - 47N

Depending on conditions satisfied by their supports, there are different types of
transseries. The first constructions of fields of transseries are due to Dahn and Goring [9]
and Ecalle [17]. More general constructions were proposed subsequently by van der
Hoeven and his student Schmeling [23, 29].

Transseries form a natural “infinitary” extension of the concept of an L-function. The
transseries are closed under integration and functional inversion [23, 13]. They also sat-
isfy a differential intermediate value property [26, Chapter 9]. However, transseries are
only defined formally, so their analytic meaning is not necessarily obvious. One tech-
nique for associating an analytic meaning to certain divergent transseries is accelero-
summation [17], a generalization of Borel summation [5]. An alternative technique is
based on differential algebra and model theory [27, 1]. In this paper, we focus on formal
asymptotic computations, without worrying about analytic counterparts.

Despite the excellent closure properties of transseries for the resolution of differen-
tial equations, the functional equation (1.1) still does not have a transseries solution. In
order to establish a universal formal framework for asymptotic calculus, we therefore
need to incorporate extremely fast growing functions such as E, as well as formal solu-
tions E 2, E, 3, etc. to the following equations:

E2(x+1) = E,(E 2(x)) (1.2)
E 3(x+1) = E_2(E,3(x)) (1.3)
The fast growing functions E,, E.2, ... are called hyperexponentials. Their functional

inverses L, L., ... are called hyperlogarithms and they grow extremely slowly. The first
construction of a field of generalized transseries that is closed under E» and L for
all ne N was accomplished in [29]. Here we understand that E;=exp and L; =log.
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The hyperlogarithms L,,, L2, etc. obviously satisfy the functional equations

Lo(L1(x)) = Lo(x) =1 (14)
L2(Ly(x)) = Ly2(x)—1 (1.5)
L3(Lop2(x)) =

Ls(x)—1 (1.6)

In addition, we have a simple formula for their derivatives
1
Ly(x)" = — 1.7
" =[] 5 (1.7)
B<a

where a €{1,w,w?, ...} and

Lw”kn+~~~+wk1+kg(x) = L;k()(Lleﬂ(' o (LZI;(’?(X)) o ))

forallne N and k, ..., k, €N. The formula (1.7) is eligible for generalization to arbitrary
ordinals a. Taking a = w®, we note that the function L« does not satisfy any functional
equation. Yet any truly universal formal framework for asymptotic calculus should
accommodate functions such as L« for the simple reason that it is possible to construct
models with good properties in which they exist. For instance, by [6], there exist Hardy
fields with infinitely large functions that grow more slowly than any sequence of real-
valued solutions of the functional equations (1.4), (1.5), (1.6), ...

The construction of the field L of logarithmic hyperseries in [12] was the first step
towards the incorporation of hyperlogarithms L, with arbitrary a. The field L is the
smallest non-trivial field of generalized power series over R on which all hyperloga-
rithms L, are defined. It turns out that L is a proper class and that L is closed under
differentiation, integration, and composition.

The main purpose of the present paper is the construction of a field of general hyper-
series that is also closed under the functional inverse E, of L, for every ordinal a. Our
construction strongly relies on properties of the field L of logarithmic hyperseries. Intu-
itively speaking, the reason is that the derivative of E, can be expressed as the composition
of a logarithmic hyperseries with E,:

, 1
B0 TEw
and similarly for all higher derivatives. One key aspect of our approach is therefore to
construct increasingly large fields T of hyperseries simultaneously with compositions

o:LxT>” — T>7,

where T~ denotes the class of positive infinitely large elements of T.

The main result of this paper is the construction of a field H 2 L of hyperseries that
is closed under all hyperlogarithms L, and all hyperexponentials E,. Does this end our
quest for a universal formal framework for asymptotic calculus? Not quite yet. First of
all, it remains to be shown that H is closed under all common calculus operations, such
as differentiation and composition. Secondly, the field H does not contain any solution
to the functional equation

f=vr+e/180,  fx)~ /7.
Fortunately, it is possible to construct fields of transseries with “nested” solutions

loglogx+e<"

f(x):ﬁ+e logx+e
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to such equations [29, Section 2.5]. Something similar is possible for hyperseries; although
this is beyond the scope of the present paper, we introduce the fundamental concepts
that we expect to use for this generalization.

One may also wonder whether there exist natural models for hyperexponential
functions and hyperseries. We already noted that Kneser constructed a real analytic
solution E,, of the equation (1.1). Schmeling also constructed real analytic solutions
E.2, E. 3 ... of (1.2), (1.3), etc. Ecalle introduced a systematic technique for the con-
struction of quasi-analytic solutions to these and more general iteration equations [17].
In general, it seems unlikely that there exist any “privileged” regular solutions at infinity.

Another interesting model for hyperexponentiation is Conway's field No of surreal
numbers [8]. The field No is a non-standard extension of the field R which contains
the class On of ordinal numbers. The arithmetic operations are defined in a surpris-
ingly “simple” way, using transfinite induction. Nevertheless, the field No has a remark-
ably rich structure; e.g. it is real-closed. The exponential function on the reals has been
extended to No by Gonshor [18] and this extension preserves the first order proper-
ties of exp [11].

A “simplest” surreal solution to (1.1) with good properties has been constructed
in [3]. This solution is only defined on No~”={x&No:x> R}, but in view of our previous
remarks on real solutions of (1.1), is interesting to note that we may indeed consider it as
“the” privileged solution on No~>. Constructing each hyperlogarithm and hyperexpo-
nential L,, E,,« € On on surreal numbers involves overcoming many technical difficulties.
Our results from this paper reduce this to the simpler task of defining partial hyper-
logarithms on No, which satisfy a short list of axioms.

We finally note that Berarducci and Mantova also defined a derivation dgy with
respect to w on No [4]. This derivation again has good model theoretic properties [2].
However, although the derivation dgy satisfies dgm exp x = (dpm X) exp x for all x € No,
it was pointed out in [1] that it does not satisfy dpm Ew(X) = (dpm ¥) Ey(x) for all x €
No~~, for “reasonable” definitions of E. Indeed, for the definition of E,, from [3], we
have 9pm(Ew(Ew(@))) = E¢p(Ew(w)) # (9m Ew(w)) Ew(Ew(@)).

Stated differently, the hyperexponential structure on No reveals that dgy is not the
ultimate derivation on No with respect to w that we might hope for. One major moti-
vation behind the work in this paper is precisely the construction of a better derivation
on No, as well as a composition. The plan, which has been detailed in [1], is to construct
an isomorphism between No and a suitable field of hyperseries with a natural derivation
and composition with respect to x. The present paper can be regarded as one important
step in this direction.

1.2 Strategy and outline of the main results

In order to construct a field of hyperseries that is closed under all hyperexponentials E,
and all hyperlogarithms L,, we follow the common approach of starting with an arbi-
trary field of hyperseries and then closing it off via a transfinite sequence of extensions.

Now closing off under hyperlogarithms turns out to be much easier than closing off
under hyperexponentiation. For this reason, and following [23, 29, 12], it is actually con-
venient to do this once and for all and only work with fields of hyperseries that are
already closed under all hyperlogarithms. In particular, the smallest field of hyperseries
of this type with an element x >R is the field of logarithmic hyperseries L from [12],
where ¢,:=L,(x) for all «.
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The next step is to work out the technical definition of a “field of hyperseries” that
will be suitable for the hyperexponential extension process. Quite naturally, such a field
should be a Hahn field T = R [[9t]] of generalized power series, where (9, <) is a totally
ordered monomial group: see Subsection 2.2 for basic definitions and reminders. For
reasons mentioned in the previous subsection, we also require the existence of a compo-
sition law o:L x T~” — T, where T~” :={s € T :s > R}. For each a € On, this allows us
to define a function L,: T~ — T by setting L,(s) := {,0s fors& T>"".

We say that (T, o) is a hyperserial field if the composition o satisfies a list of natural
axioms such as associativity and restricted Taylor expansions; see Section 6 for the full
list of axioms. The only non-obvious axiom for traditional fields of transseries states that
a transseries m€ T~ is a monomial if and only if supp logm >1 (i.e. the support of logm
only contains infinitely large elements). The only non-obvious axiom HF7 for hyperse-
rial fields is a generalization of this axiom. If =0, then we require that the support of
Li(m) satisfies supp L1(m) >1 for all infinite monomials m. If p>1, then we require that
the support of Lx(a) satisfies supp €0 a> (£, #oa)~! for any L #-atomic element a.
Here a e T is said to be Lw-atomic if Lg(a) is a monomial for all B < w*.

Our definition of hyperserial fields is similar to the definition of fields of transseries
from [24, 29], with a few differences. The old definition includes an additional axiom
of well-nestedness T4 which is important for the definition of derivations and compo-
sitions, but which is not required for the purposes of the present paper. Of course, our
current presentation is based on the composition law o. Finally, we use a slightly dif-
ferent technical notion of confluence. We say that (T, o) is confluent if, for all ordinals y
and all s € T>”, there exist a L, #-atomic element a and y < w” with ¢, 0s={,0a. We
refer to Remark 3.8 for a discussion of the differences with the definition from [29].

Under our assumptions for hyperserial fields, given an additively indecomposable
ordinal w", we will see that the hyperlogarithm L,,» is entirely determined by its restriction
to the set of L_,»-atomic elements. The field T together with these restricted hyperlog-
arithms is called the hyperserial skeleton of T. The fact that the logarithm can be recovered
from its restriction to 9t~ is a well-known fact. Indeed, we first recover log on 9M, since
log1=0 and log m~!=—logm for all m€ 9. For all c€ R”, m €M, and infinitesimal
6 T=, we then have

(_1)k+l

k
k&.

log(cm (1+6)) =logm+logc+ Z
k>0

Hyperserial skeletons can also be defined in an abstract manner, i.e. without knowl-
edge of a hyperserial field of which it is the skeleton. Precise definitions will be given in
Section 3; for now it suffices to know that an abstract hyperserial skeleton is a field of gen-
eralized power series T = R [[]] together with partially defined functions Lu: 91~ — T
that satisfy suitable axioms. The first key result of this paper is the construction of an
exact correspondence between abstract hyperserial skeletons and hyperserial fields. This
correspondence preserves confluence for a suitable analogue of the confluence axiom
for hyperserial skeletons.

Sections 4 and 5 contain the core of this construction. In Section 4, we first show how
to extend the partial functions L~ of a confluent hyperserial skeleton T = (T, (L") yc0n)
to all of T>”. In Section 5, we prove that any confluent hyperserial skeleton T can
be endowed with a well-behaved composition law o: L x T>” — T. In Section 6, we
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complete our construction of a correspondence between hyperserial skeletons and hyper-
serial fields. More precisely, we prove:

Theorem 1.1. If (T, (L") ycon) is a confluent hyperserial skeleton, then there is a unique func-
tion o such that (T, o) is a confluent hyperserial field with

thom = m' foreachmeM” and reR, and
lyoa = Lyr(a) for each y € On and aedom L.

Theorem 1.2. Let T = RI[[9M]] be a hyperserial field of force On. Then the skeleton
(T, (Lw)peon) of T is a hyperserial skeleton. Moreover, if (T, o) is confluent, then so is its
skeleton and o coincides with the unique composition from Theorem 1.1.

Sections 7 and 8 are devoted to the closure of a confluent hyperserial field under
hyperexponentiation. In view of Theorem 1.1, it suffices to operate on the level of hyper-
serial skeletons instead of hyperserial fields. In Section 7, we investigate when the hyper-
exponential of an element in T~ already exists in T>"”. This gives us a criterion under
which the extended hyperlogarithms L»: T>"> — T~ are bijective. In Section 8, we
prove our main theorem that every confluent hyperserial skeleton has a minimal exten-
sion whose extended hyperlogarithm functions are bijective:

Theorem 1.3. Let (T, (Ly») ycon) be a confluent hyperserial skeleton. Then T has a confluent
extension T <on) such that the function

. >, > >, >
Lyr: TZon — TZon)

is bijective for each ordinal y. Moreover, if U D T is another confluent extension and if the
extended function L,»: U>> — U>"" is bijective for each i, then there is a unique embedding
of T(<on) into U over T.

Corollary. There exists a minimal hyperserial extension of L that is closed under En for all
ordinals .

2 Preliminaries

2.1 Set-theoretic notations and conventions

We work in von Neumann-Godel-Bernays set theory with Global Choice (NBG), which
is a conservative extension of ZFC. In this set theory, all proper classes are in bijective
correspondence with the class On of all ordinal numbers. We will sometimes write y,v,...
for elements that are either ordinals or equal to the class On of ordinals. In that case,
we write y, v < On instead of y, v € On. We make the convention that wO"=On. If uis
a successor ordinal, then we define y, to be the unique ordinal with y=p.+1. If pisa
limit ordinal, then we define p, :=p.
Recall that every ordinal <y has a unique Cantor normal form

y=whni+---+w'n,,

where reN, ny,...,n,€ N> and m,..., 7, €0n with 1> --- >#,. The ordinals #; are
called the exponents of the Cantor normal form and the integers n; its coefficients. We write
p <Ko (resp. p<0) if each exponent #; of the Cantor normal form of ¢ satisfies p < w™
(resp. p < w’1). We also define s to be the unique ordinal with w” < .., and with
Y =7Yswi+ 1 for some i< w'. Note that s,7=0 if and only if ¥ < w".
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Remark 2.1. Let us recall a few properties of ordinal addition. Consider two ordinal
numbers a =w" ay, + -+ w"wy and B=w"" B, + - -+ + w!! B1 in Cantor normal form. Let
ie{l,...,m} be the smallest index with #; > p,, while setting i:=m + 1 if no such index
exists. Then the Cantor normal form of a + j is given by

a+p = wMmay+- -+l (@4 Bn) + W B+ + W By, if i<m and ;= py,
a+p = wMmay+-+wlai+ W' B+ -+ W By, if i<m and 1;> py,
a+p = W' B+ +w"Br=8, ifi=m+1.

In particular, we have

a+w! = w!, whenever y> 1, (2.1)

x+w™ = W (a,,+1) (2.2)

rw=sup (@+---+a) = o™ (2.3)
neN n times

2.2 Fields of well-based series

Well-based series. Let (9)1,-, <) be a linearly ordered abelian group (which may be a
proper class). Welet T := R[[91]] denote the class of functions f:9t— R whose support

supp f:={meM: f(m)+0}

is a well-based set, i.e. a set which is well-ordered for the reverse order (91, >).
We regard elements f of T as well-based series f =)  fum where fy,:= f(m) ER for
eachmeM. By [19], the class T is a field for the operations

f+g := Z (fm+gm)m

Note that each sum )’  _  f. g, has finite support. We say that T is a field of well-based
series and that 91 is the monomial group of T. An element m €9 is called a monomial.

An increasing union of fields of well-based series is not, in general, a field of well-
based series. However, this is always true if the union is indexed over On:

Lemma 2.2. Let (IMM,)con be a family of linearly ordered abelian groups such that M, CIN,

whenever y<v. Set M:=J M, andt T = R[[9M,]]. Then

u€eOn ueOn

T =R{{9M]].

Proof. Clearly, T C R[[91]], so it remains to show the other inclusion. Let f € R[[9]].
For each m € supp f, let y, be the least y € On with me91,,. Set

pf=sup {ym:mesupp f}.
ThenfeR[[DﬁW]] CT. O
If supp f # @, then we define
o(f):=maxsupp f €M

to be the dominant monomial of f. We give T the structure of a totally ordered field by
setting

f>0 = f?fo and fa(f)>0.
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We define the asymptotic relations <, <, =, and ~ on T by

f<g = (YreR”, rifI<Igl)
fRg = GreR” IfI<righ
f=§ = fgf
frg = f-8<f = g-f<sg
The monomial group 9 is naturally embedded in T~ as an ordered group and

f<g = ow(f)<o(g) f=g = o(f)=0(g)
f<g = w(HHo® f~8 = fond(f) =8 0(8)

for all non-zero f,g& T. We further exend these definitions to the case when f,g& T by
regarding 0(0) as a formal monomial below all monomials in 9t and setting 0y (0 :=0.

For feT and meM, we set fonm:=) . . fon. Wesay thata series g€ T is a truncation
of f, denoted g { f, if there is m € M with ¢= f.,. We have ¢ f if and only if f —g<
supp & (which holds vacuously when ¢ =0). We finally define

T< := {fET:supp fCM}={feET:f<1}
T>” = {feET:f>R}={f€T:f>0and f >1}.
Series in T~ are called infinitesimal and series in T~ are called positive infinite. Each

f € T* can be decomposed uniquely as f =cm (1+¢), where ce R*, m:=2(f) €9, and
¢ is infinitesimal.

Well-based families. If (f;)icris a family in T, then we say that (f;)ie; is well-based if
e J;crsupp fiis a well-based set, and
e {iel:mesupp fi} is finite for all m & M.
Then we may define the sum } ., f; of (fi)ie as the series
Y =3 (X o) m
i€l m \iel

If (fi)ier and (g));e; are families, then we define their product as the family (fig;) i, je1x)-
By [25, Proposition 3.3], if (f;)ier and (g;)jes are well-based, then so is their product, and

we have Z flg]:(zfl) (Zgj).

() elx] il j€l
We will frequently use the following facts regarding families (f,6™),en for (fu)nen € TN
and 6 T.
Lemma 2.3. Consider a field of well-based series T = R[[1]].
a) [29, Corollary 1.5.6] For e € T=, the family (e"),en is well-based.
b) [29, Corollary 1.5.8] For (fu)nen € TN and 6 € T such that (fn 0" nen is well-based,

the family (f,e")nen is well-based whenever € X 4.

Let U =R[[91]] be another field of well-based series. If ¥: T — U is R-linear, then we
say that ¥ is strongly linear if for every well-based family (f;)icrin T, the family (Y (fi))ic1

in U is well-based, and
‘F(Zf,) =Y ().

iel iel
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If ®:9 — U is a function, then we say that it is well-based if for any well-based family
(m;)ier in M, the family (P(m;));cr in U is well-based. Then & extends uniquely into
a strongly linear map &:T—U [25, Proposition 3.5]. Moreover, d is strictly increasing
whenever @ is strictly increasing and it is a ring morphism whenever ® (mn) = ®(m) ®(n)
for all m,neM [25, Corollary 3.8]. In particular, if ®(m) €9 for all me M and P is
strictly increasing, then ® is well-based. Hence:

Proposition 2.4. Let 0t and N be totally ordered by < and consider an order-preserving map
Y9 — N. Then there is a unique strongly linear function ¥: T —s U that extends ¥. More-
over, if ¥ is a group morphism, then ¥ is an ordered field embedding. O

If 9t extends M (so U extends T'), then the operator support of a function ®:91— U is
the set supp. @ :=J,,, con Supp (P (m) /m). If supp, @ is a well-based set, then ® is well-
based; see [12, Lemma 2.9].

Definition 2.5. We define a function ® :9t — U to be relatively well-based if

U supp P (m)

Suppo ®:= (@ (m))

is well-based. mEM DM
Proposition 2.6. Let ®: 0 — U be relatively well-based. Assume that 0 ¢ O (ON) and that
00 DM — N is strictly increasing. Then ® is well-based and its strongly linear extension ®
is injective.

Proof. Given a well-based subset G C 9, we have to show that (®(m))neca is a well-
based family. We have

U supp ®(m) C{0(P(m)): me S} -suppe P,
med
50 U nes supp @ (m) is a well-based subset of 0. For any n€ J, ¢ g supp P (m), the set of
pairs (m,u) € S xsuppe ¢ with 9(P(m)) u=n forms a finite antichain. Since any me &
with n e supp ®(m) induces such a pair (m,n/3(P(m))), it follows that the set of all
such m is also finite. This completes the proof that ® is well-based. To see that ® is
injective, let s € T™ and take c € R* with s ~ c9(s). The assumption that 9 o ® is strictly
increasing gives <i>(s —co(s))< é)(cb(s)) =cd(0(s)) #0, whence CiD(s) #0. O

Real powers. We say that 90 has real powers, if it comes with a real power operation
R x 9t - M; (r,m) »m” such that M is a multiplicative ordered R-vector space, i.e. an
ordered R-vector space with multiplication and real powering in the roles of addition
and scalar multiplication. Any real power operation on 9 extends to T~ as follows: for

e T=, we set
A+e)=Y (Dak (2.4)
keN

and fors=cm(l+¢)€T” wherece R, meM,and e T, we set s":=c"m" (1 +¢)".

Proposition 2.7. For r,r' €R and s,t € T~ we have

!

(Sr)r’ — g
(st) = s"t"
s<t,r>0 = s'<t".
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Proof. For s,t ~ 1, the first two relations follow from basic power series manipulations;
see [25, Corollary 16]. The extension to the general case whenss, t € T~ is straightforward
and left to the reader.

Assume now that s<t and r>0. Since (s/t)"=s"/t, it suffices to show that (s/f)"< 1.
Writes/t=cm (1 +¢) wherece R”, meM, and e T=. Since 0<s<t, we haves/t<1,so
eitherm<1,orm=1landc<1,orm=c=1and ¢<0. If m<1,thenm’<1,s0 (s/t)"<1. If
m=1landc<1,thenc’<land (s/t)'=c"(1+¢)'=c"+0(1)<1. f m=c=1 and £<0, then
(s/H=1=(1+¢e)'—1~re<0,s0 (s/t) <1. O

Thus, the extended real power operation R x T~ — T~; (r,s) —s" gives T~ the struc-
ture of a multiplicative ordered R-vector space. Accordingly, we say that T has real
powers.

Power series operations. Given a power series

F(Xy,..., X)= ) FuX{'e- Xp e TIXy,..., Xull,

aeN"

and elements sy,...,s, € T, we say that F is defined at (s1,...,5y,) if the family (Fy 57"+ 53" genn
is well-based.

Lemma 2.8. Let F(Xy,...,X,) € T[[X3,...,X]] be a power series which is defined on (T<)".
IfF#0, then F(sy,...,s,) #0 for some sy,...,s,€T™.

Proof. We prove this by inductiononn. If n=1, then set X:=X; and write F=), _; Fi Xk,
Suppose that F#0. Given s € T, the family (F 56 reN is summable, so there is m with
F,us™ > Fis® for all k>m. Take m minimal such that this holds for some s € T<. We claim
that then Fjsj < F,;s" for all j<m. Suppose not and take j < m maximal with Fjsj ZFus™.
Then Fjsj » Fis® for all k> j by maximality of j. Taking t <s, we get thj > Fytk for all k> j,
contradicting minimality of m. Thus, F(s) ~F,s™ #0.

Now suppose that n>1 and write F = ZkeN Fe(X4,..., Xn—1) XK. Assume that F#0. By
the induction hypothesis, we can find sy,...,5,—1 € T~ and k€ N such that Fi(s1,...,5,—1) #0.
Then the univariate power series F(sy,...,s,-1,X,) is nonzero, so using the n=1 case,
we find s € T= with F(sy,...,s,_1,8) #0. O

2.3 Logarithmic hyperseries

A central object in our work is the field L of logarithmic hyperseries of [12], equipped with
its natural derivation 9: L — L and composition o: L x L>” — L. We briefly recall its
definition and some of its properties.

Logarithmic hyperseries. For each ordinal , there is an element ¢, € L. which we call the
Y-th iterated hyperlogarithm. Intuitively speaking, we have {y=x, {;=logx, {,=loglogx, ....
We will define L, so that £, =L, (x), {,,+1=1og L.,(x), etc. Let « be a non-zero ordinal. We

write £, for the monomial group of all formal products [=T], _, w with ([,),<, € R".

The group £, is naturally ordered by setting [ >1 if [, >0 for some y <a with [5=0
for all B<y. We also have a real power operation on £, given by setting (]_[7 < K;V)’ =

[T, <. 5;[7 for r € R. This operation extends to all of L., as described in the previous

subsection.



12 SECTION 2

Let Lo, := R[[£,]]. If B, are ordinals with ¥ < 8 <«, then we let [, B) denote the
interval {p €On:7y <p<p} and we let £, 4y denote the subgroup

{leLy:l,=0 whenever p&[7,B)}.

As in [12], we write L, g):= R[[£[,,5 1], £:=U,con S<« and
L:=R[e]= |J L
xeOn
We will sometimes write £.on=£ and L.on=L. We have natural inclusions £, 5y C
£.5C L4 C L, which give natural inclusions L, g CL.gC L, CL.

Derivation on L. The field L is equipped with a strongly linear derivation 0: L. — L.
Given a € On and a logarithmic hypermonomial [€ £,, we define the derivation of [ by

- (Z [ﬂ&,)*) [,

y<a

where (57) = ]_qu € £44. Indeed, the family (((?7) )y<a is well-based as a strictly
decreasing ordinal-indexed family of monomials. Note that 9 £, = (€7) b= ]_[ ¢, For
feLand k€N, we sometimes write f ©:=9* f. Equipped w1th its derivation, the field L
is an H-field with small derivation, so for f,g€ L, we have

f>R=f'>0, f<1=f'<1, f<g¥l=f'<g"

Moreover, supp, 0 X ;| is well-based, which implies the following variant of [12
Lemma 2.13]:

Lemma 2.9. Let a = w”, let T =R[[9M]] be a field of well-based series, and let ®: L, — T
be a strongly linear morphism of rings. For f € L., and s € T with s < ®({), the family

()
(CD(f(")) s")nen is well-based. Moreover, the map ¥: Loy — T; f— ) & q><£, L 5™ s
a strongly linear morphism of rings.

Proof. Since L., is real closed, the map ® is strictly increasing. As it is R-linear, it also
preserves the asymptotic relations X and <. Since supp. 90X {5 is well-based and @ is
a strongly linear morphism of rings, the set & := U[Esuplma supp () d (L)L is well-
based. Thus & - (supp s) is well-based and & - (supp s) <1, since s < P (). Let f €L. For
each n€N~, we have

supp (P (f™)s™) C (supp @(f))- (S (supps))™

Since supp ®(f) is well-based and & - (supp s) < 1, it follows that (®(f™)s"),cy is
well-based and that the map ¥ is well-defined and strongly linear. For all f,g€ L,

we also have
‘P((fg)( )) g q)(f(l)>q)(g(])) o q)(f(i)) ; q)(f(]) ;
) -y ¥ e e

neN neN i+j=n ieN

which shows that ¥ preserves multiplication. i
Composition on L. Inaddition to its derivation, the field L comes equipped with a com-
position law o: L x L”” — L which is unique to satisfy:

e For geL””, the map og:L—L; f = fogis astrongly linear field embedding. As
a consequence this map preserves the relations < and < [12, Lemma 6.6].
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e For feLland g, heL™”, wehave fo(goh)=(fog)oh [12, Proposition 7.14].

IL>’>

e Forge and re R, we have {jo g=g" [12, Corollary 7.5].

e Forghel™” andreR”, wehave {10 (gh)=t0¢+{ohand b0 (rh) =logr+{0h
[12, Section 1.4].

e For ordinals ¢ < p, we have {, o {,={,,, [12, Corollary 5.11].
e For any successor ordinal y, we have {0 {,m»={,—1 [12, Lemma 5.8].
e The constant term of {0 {,» vanishes if y >y is a limit ordinal [12, Lemma 5.8].

e For f,hel and g€ L™~ with h< g, the family ((f(k) °g) hk)keN is well-based, and

fPog 4
fo(g+h) = Z i h*. [12, Proposition 8.1]
keN
The uniqueness follows from [12, Theorem 1.3]. By [12, Proposition 7.8], the derivation
also satisfies the chain rule: for all f €L and g€ L>”, we have

(fe)'=(fe9)g".
As we will see, the field L equipped with the composition o is hyperserial.
For o = w", the unique composition o from above restricts to a composition L, x
L2, — L, For y<a, the map oy : Lo, — Lo, defined by oy (f):= f o £, is a strongly
linear field embedding with image L, ,, by [12, Lemma 5.13]. Accordingly, for g€ L, 4),

M
we let ¢'7 denote the unique series in L, with ¢'70 £, =¢. Note that l’;‘,ﬂl ={ n+1

whn+y _ £T7

for all y and that, more generally, et = 1 for y < w"™ and ne N. For u<

vand f €L, ., wehave “
—1)k
fotw =Y hskp = ey (2.5)

keN

1

where § is the derivation 7— 9 on L., (see [12, Section 5.1]). Let R(f) :=
u+

—1)k w
Y ken> %5"(}6). Then R: ]L[w,m,a) — ]L[wa,IX) is strongly linear and R(f) < f, so, by
[12, Lemma 2.2],

f1" = F=R(H+R¥f)—--- = &°f. (2:6)

In particular,

F1"~f ~ —R(f) ~ o f". (2.7)

w;z+1

<

Lemma 2.10. For each u <v, each -y < B< w", and each k € N>, we have (fﬁw) " e L2 on

Proof. Since L~ is closed under taking derivatives and the derivation preserves infin-
itesimals, it suffices to prove the lemma for k=1. We have Eﬁw ol,=1lg, so

(7o) =((§") o b)) =15,

Since 7, {3 € L.,» and £3< ¢}, this yields (€g7)’ o, €L . Since (€g7)’ o l, EL[y,q as well,

we have ([gv)r olyE I[Jf%wy). Since the map f+ f'7 maps I[Jf%wy) onto L2, we conclude

that (") = ((€5") o £,)'7 €LY O

<wh
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3 Hyperserial skeletons

3.1 Domain of definition

Welet T = R[[M1]] be an ordered field of well-based series with real powers. Let v <On
be an ordinal with v>0. Given a structure (T, (L,#),<,) where L, are partial functions
on T, we consider the following axioms for y <v:

Domain of definition:
DDy. domL;=9M".
<y domLyr  if p is a non-zero limit

DD,. domL»= on
N,endom L if p=p, +1.

Suppose (T, (L") y<y) satisfies all axioms DD, for y <v. We set M, :=dom L« for all u<
v and we extend this notation to the case when y=v, by setting

(3.1)

o N y<v domL,» ifvisanon-zero limit
v Npen dom L if v=v,+1.

For u<v, we call 9, the class of L. n-atomic elements. Note that 21, CIN,, for all # <
pu<v. We let Ly be the identity function with dom Ly:= 91" and, for < w” with Cantor
normal form B=w"ny+ - - + wrny, we define

Lg:=L. %o+ oLy (3.2)
ony on1

Here we understand that x € dom Lg whenever xedom L, %, L,y xedom L%, and so on
until LZ_?”&?] 0---0 Lz:"yll x e dom injvkk

Lemma 3.1. For all p€ (0,v), we have dom L»=(1, _, »domL,.

r<

Proof. We use induction on y. The result holds trivially if # =1. Suppose now that > 1
and that the result holds for all smaller y. If 3 is a non-zero limit ordinal, then the identity
holds by definition of dom L~ If y is a successor, say y=1+1, then

dom LZJ(?H) = L;};( ﬂ dom Lﬁ) = ﬂ dom L1y p= ﬂ dom Ly,
B<w'n B<w'™ B<w'(n+1)

for all n < w, using a straightforward induction on 7. In the last equality, we also used

the fact that the intersection is decreasing. By definition, it follows that dom L~ =

ﬂﬂEN domLZ?/=ﬂﬁ<wy domL‘B O

Proposition 3.2. For u<v with u>0, we have

M, = {s€T>”:sedomLg and Lg(s) €M”, forall p<w}.

Proof. From Lemma 3.1, we deduce that 901, =) <t domL,. So

m, C ﬂ domL,,1={s€T>”:sedomL,AL,(s) edomL; =" for all y<w"}.
y<wh

Conversely, any element of the righthand set lies in (1), _ ,»dom L, =90, i
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We will frequently use Proposition 3.2, sometimes without mention.

3.2 Axioms for the hyperlogarithms

Let T be an ordered field of well-based series with real powers, let v<On, and let (L#) <y
be partial functions (L) <y on T which satisfy the axioms DD,, for all z <v. We con-
sider the following axioms, where y is an ordinal with 0 < <v.

Functional equations:
FE¢. Li(m")=rLi;(m) and L1(mn) =Li(m) +L1(n) for all € R~ and all m,n & M.
FE,. For ae M, we have L #(Ly#+(a)) =Ln(a)—1if p is a successor (FE, holds triv-
ially if p is a limit).
Asymptotics:
Ap. Li(m) <m for all me My,
A, Ly(a) <Lgi(a) forall <y and all a9,
Monotonicity:
M. Li(m) >0 for all m e M.
M. Lepi(@) + Loty (@) H < Lyi(b) — Ly, (b) ™ for all <y, n€N and a< b in M),.
Regularity:
Ry. supp Li(m) >1 for all me M.

Ry. supp L»(a) > van(a)_1 forally<pu,neN,and aeM,.

Remark 3.3. The axiom M,, implies in particular that the partial function L is strictly
increasing on 9, hence injective.

We define a logarithm log: 9t — T as follows:

Lq(m) ifmemMm~
logm={ —[;(m™!) ifmem= (3.3)
0 ifm=1.

Then log M is an ordered R-vector subspace of T. For y € On with 0 <y <v, we consider
the following axiom:

Infinite products:

P,. ZKM 74 Lyy1(a) Elog M for all a € M, and all sequences (7)<, of real num-
bers.

Remark 3.4. The axiom P, allows us to define the infinite product |
a €M, to be the unique monomial m € N with logm = Zy<w“ 2
Note that the axiom Py is a consequence of FEy: if FE; holds, then for re R and me m”,
we have rLi(m) =logm'".

<t Ly+1(a)" for
L, +1(a), hence the name.

Definition 3.5. Let v<On. A hyperserial skeleton of force v is a structure (T, (L#) <)
where T is an ordered field of well-based series with real powers and (L) <y are partial func-
tions on T which satisfy DD,, FE,, A,, M, and R, for all y <v, as well as P,, for all y € On
with u<v.
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Note that a hyperserial skeleton of force 0 is just a field of well-based series with
real powers. Hyperserial skeletons of force 1 are related to [?, Definitions 2.7 and 2.8]:
given a hyperserial skeleton (T,L;) of force 1, with log given as in (3.3), the structure
(T,log) is an ordered field of well-based series together with a pre-logarithmic section
log:9t — T that satisfies the growth axiom scheme GA and that preserves the structure
of real-ordered vector spaces.

We also note that (T, (L.#)u<on) is a hyperserial skeleton of force On if and only if
(T, (Lo u<v) is a hyperserial skeleton of force v for each ordinal v. We will often denote
hyperserial skeletons by T. Given such a T of force v <On and y <v, it is understood
that L, refers to the w”-th hyperlogarithm on T.

Definition 3.6. Let T = R[[9]] and U = R[[I]] be hyperserial skeletons of force v < On.
We say that a function ®: T — U is an embedding of force v if it is a strongly linear strictly
increasing ring morphism with ®(M,,) SNy, for each p < v such that
P(m")=P(m) forallmeMandreR,
and such that
D(Lyr(a)) =Ln(P(a)) forall y<vand aeM,.

If ®: T — U is an embedding of force v, then we say that U is an extension of T of force v.

3.3 Confluence

In this subsection, let T = R [[M1]] be a hyperserial skeleton of force v <On and let  €On
with p <v. We inductively define the notion of u-confluence in conjunction with func-
tions 9,,: T~ — 9, and classes £,[s] € T>"~, as follows:

Definition 3.7. The field T is said to be 0-confluent if 9 is non-trivial. The function dy maps
each s € T~ to its dominant monomial 9(s). For each s € T >, we set
Eols]:={teT>"” :t=s).
Let € On with 0< u<v, let s€ T>”, and suppose T is n-confluent for all < .
o If s asuccessor, then we define &£,[s] to be the class of series t with
(Lwy*oby*)on(S) = (szt*oay*)on(t) (34)
for some n e N.
o If pisalimit, then we define £,[s] to be the class of series t with
Ln(05(s)) = L,n(0y(t)) (3.5)
for some < .

If each class &,[s] contains an L. n-atomic element, then we say that T is y-confluent. In
Lemma 3.9 below, we will show that each class 8y[s] contains at most one L _»-atomic element,
which we denote by 0,,(s).

Remark 3.8. We note that p-confluence is somewhat stronger than the similar notion of
log,,»-confluence from [29], due to the extra requirement that we have maps 0,,.

For the remainder of this subsection, we assume that T is 7-confluent for all 7 <y,
and that 0, is well-defined. We define L= 0y0Ln. If ais Lo, m-atomic, then d,(a) =a by
assumption, so m(a) =L (a).
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Lemma 3.9. For all s€ T>"”, we have Eyls1CEYls] for all n<y and &E,[s] has at most one
L. m-atomic element. In particular, if T is y-confluent, then v, is well-defined and 0,(s) =
0,(0,(s)) forallseT>" and n<p.

Proof. Let us show by induction on y that &,[s] C &, [s] for all 7 < . This trivially holds
if u=0, so assume y>0. Let y<p and t € £[s]. If y is a limit ordinal, then v, (s) =0,(t),
s0 Ln(0y(s)) = Ln(0y(1)). If p is a successor ordinal, then t € 6},*[5] by the induction
hypothesis, so 9,,(s) =2,,(t). Note that the inclusion &,[s] C &,[s] implies 0,,(s) € £,[s].

Let us next show that £,[t] contains at most one L,,#-atomic element. The case =0
is immediate, so assume z>0 and let a, b be L_,»-atomic elements in £,[t]. If y is a limit
ordinal, then take 7, 0 < with L,1(a) = Leu(t) and Ler(b) = Le(t), so a € E,41[t] and
be &p1[t]. We may assume 17<p, 5o &,41[t] € E,41[t]. Then our induction hypothesis
gives a=b. If y is a successor ordinal, then take m,n € N with

(Lor)™(a) = (Lyr)™(t)  and
(L) (b) = (L) "(1).
By the first part of the lemma, we have (L) (a) =00((Ly )" (1)) € Ey*[(LT/u)"m(t) ], s0
(L) (@) = L (040, (L) ™ (8))) = Lo (0,0, (L) ™ (1)) = (Legr) 0 (8).
Likewise, (L) "D (b) = (L #)°" 1 (t). Assuming by symmetry that m <n, we have

(Lo )"0 (@) = (L) "™ (L) * ™V (a)) = (L) "D (1) = (L) "D (0).

The map L is injective by M, , so a=b. O

Remark 3.10. Note that the conditions “for some n € N” and “for some # < u” in Def-
inition 3.7 can be replaced by “for large enough n € N” and “for large enough u <v”,
respectively.

Proposition 3.11. The class £,[s] is convex for each s & T>'”. Moreover, if T is p-confluent,
then 9,,: T — M, is non-decreasing.

Proof. We prove this by induction on p. Let s€ T>”. It is clear that £g[s] is convex
and that 9 is increasing. Let ¢ >0 and assume that the result holds for all 7 < . By the
monotonicity axioms, each function L, is strictly increasing on 2))?,7 (when n=0, one
also needs to use FE, to see that Li(m/n) =Li(m) —Li(n) >0 for m >n & My). As the
composition of non-decreasing functions is non-decreasing, the function (Lm°" is non-
decreasing for each 77 <y and each n € N. We deduce that 9, is non-decreasing and that
the class £,[s] is convex for each s € T~ a

The previous proposition implies that the classes £,[s] with s € T>> form a parti-
tion of T~” into convex subclasses. If T is also p-confluent, then we have the following
explicit decomposition for all 7 < p:

T>>= || &lal.

aeM,

Definition 3.12. T is said to be confluent if it is p-confluent for each y € On with y<v. An
extension /embedding ¥ : T — U of force v is confluent if U is confluent.

Note that if v € On, then T is confluent if and only if it is v-confluent.
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3.4 The case of logarithmic hyperseries

Let v be an ordinal and set & := w"”. The goal of this section is to check that L, is a con-
fluent hyperserial skeleton of force v. This is immediate for v=0, so we assume that v>0.

Definition 3.13. Let dom Ly:= £Z, and for 0< u<v, let dom L n:= {{,: w!* < o <a}. Given
l[edom L,,», set

Lor(l):=48,nol.

We will show that (L <, (L,#)u<y) is a hyperserial skeleton by checking that the axioms
are satisfied. We begin with the domain of definition axioms.

Lemma 3.14. (L, (L#)u<y) satisfies DD, for all u<v.

Proof. We prove this by induction on p. The case when y =0 is immediate. For y =1,
consider an infinite monomial [=] | y<u f;” €Ly Wehave Li(I) =) y<a (o ¢, 11, which is
a monomial if and only [= ¢, for some y <a. Conversely, for each v <a we have L, ({,) =
ly1n € Lcp. Now let 1 < <vand suppose that the lemma holds for all non-zero ordinals

less than p. If y is a limit ordinal, then y, =y and
ﬂ domL, = ﬂ Uy w"<Ko<ay={l,: " <K<o<ay=dom L.
n<p n<p

Assume now that y is a successor ordinal and let {, € dom L+, so w"** < o <a. We may
write 0 = + w"*m where w"* <y <a and where m =0 if yi, is a limit ordinal. Note that
{, € dom L if and only if m =0. Since the composition on L., is associative, we have

Lw”*(ea'):&u””o(&u”**mo 7):(&0;4*0 w”**m)oe’y:(gwy*_m)oe’y: 7+wy*—m,
so Lm+({;) €dom L,,» if and only if m =0. O
For B <w" and [ € dom Lg, note that Lg(l) = {0 [. Note also that the notions of

L »+1-atomicity and L#-atomicity coincide in L, whenever y is a limit with z+1<v.
This will not be the case in general.

Proposition 3.15. The field L, satisfies P,, for all p<v.

Proof. Let y<vand let [€ (£4),. By Remark 3.4, we may assume y>0. We have [= ¢,
for some w"* L o <a. Let (7)<t be a sequence of real numbers. We have

Z ToLoyy1(D) = Z rolysr0ly= Z Toloyys1-

r<wt <ot <ot

0

This sum coincides with log m where m:=] | y<w loy

ELes O

Proposition 3.16. The field L, satisfies R, A, and M,,, for all 0 <p<v.

Proof. Let 0<pu<v and let [€ (£.4),. We have [={; for some w'"* Ko <wa. Write o=
v+ w"n where y =051, nEN, and n=0 if p is a limit. We claim L ([) = bypor—mn. If p
is a successor, then since £ ,» o { ,n+, = {,» —n, we have

Ln(l) = Lemo by ="Lmo €7+w”*n = Lm0 (Lyrepo ) = (br—m)o e’y =Llypwh —H.
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If p is a limit, then [= ¢, so
Ln(1) = begro by =1Ly 1 1.
Now we move on to verification of R;, A, and M,,. The only elements in supp L,,#(I) are
{,+rand possibly 1 (if n#0), so supp Ln(I) 71> L, (D~ forall n<uand neN, which
proves R,,. For 7<u, we have
Lon(l) =40 by =Ly y o1 < by yor =<Ln(l),
so A, holds as well.

As to M, take [’ € (£4,), with [’ > 1. We have ['={, for some ¢’ with w"* < ¢’ <a.
Write o' ="+ w"* n’ where v =0%.n, n' €N, and n’ =0 if y is a limit. The argument
above gives Lyr(I') =y ryn—n'. If 7" <7y, then Lyn(l) > Lew(l) and if 7" =y, then n' <n
and L#(I") —Lyw(l) =n—n'>1. In either case, M,, is satisfied. O

Recall that for € £, and y <&, we write [, for the real exponent of £, in [. Given
fe L2, we define As to be the least ordinal with (o(f) A #0, Le. 01(loga(f)) = fAf+1} see
also [12, p. 23].

Proposition 3.17. L is v-confluent. More precisely, for 0 <u<vand f € L,, we have
D‘u(f) = e(/\f)zw’”' (36)

Proof. We first note that L, is O-confluent as £, is not trivial. We have L1(d¢(f)) =
lf,\f+1 = Ll(&f) where fAf is L«,~atomic, so L., is 1-confluent and 01(f) = K,\f: f(/\pzr Now
let 4 <v with y>1 and assume that L, is 7-confluent and satisfies (3.6) for all # < p.
Take 7<p with (Af) 1= (Af) s+ Wemay write (Af) s i = (Af) s+ w'n, where n=0
if pt, is a limit ordinal and n € N in general. Then

L_w"(f) = va(f(}\f)zwﬂ*) = Lw“([(/\f)zwv) —n= Lw"(e(/\f)zww)/
s0 0y11(f) = €(Af)>>w,,*. Since K(Af)%,,* is L »-atomic, we have 0, (f) = €(Af>>>w“. O

Theorem 3.18. L, is a confluent hyperserial skeleton of force v.

Proof. Using the identity
bol=) Lyl

r<a

for (=] y<a 3[7” € £, the field L, is easily seen to satisfy FE,, Ay, My, and Ry. More-

over, L, satisfies FE, for all 0 < # <v by [12, Lemma 5.6]. Using Propositions 3.15, 3.16
and 3.17, we conclude that L, is a confluent hyperserial skeleton of force v. a

Corollary 3.19. L is a confluent hyperserial skeleton of force On.

4 Extending the partial functions
Let v < On. The purpose of the next two sections is to prove the following theorem:

Theorem 4.1. Let (T, (L#)u<y) be a confluent hyperserial skeleton of force v. There is a unique
function o: Lvx T>” — T satisfying:

Cl,. Low— T; f—> fosisastrongly R-linear ordered field embedding for each s€ T~>";
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C2,. fHom=m"forallmeMandreR;
b poa=Lu(a) forall y<vand acdom L

C3,. fo(gos)=(fog)osforallf €Ly, §ELZ, and s€ T>;
k
Chy fot+8) =Y, 6" forall f € Loy, t€ T, and S€ T with 5<t.

We claim that it suffices to prove the theorem in the case when v <On. The case
when v =On can then be proved as follows: let (T, (L,*) con) be a confluent hyper-
serial skeleton of force On. Then for every v < On, there exists a unique composition
oy: Levx T>” — T that satisfies C1,, C2,, C3,, and C4,. For u<v, the composition o,
extends o, by uniqueness. Forany f €L andseT>"”, we have f € L, for some v<On, so
we may define f os:= f o, s and this definition does not depend on v. It is straightforward
to check that this defines the unique composition o: L x T~ — T which satisfies Clop,
CZon,C3onﬂﬂK1C4om

Throughout this section, we fix an ordinal v and a hyperserial skeleton T = R [[9]]
of force v. We fix also u <v such that T is p-confluent and we set := w”. We assume
that Theorem 4.1 holds for j, so we have a unique composition o: Lgx T>"> — T satis-
tying C1,, C2,, C3,, and C4,. For y<p and s€ T>>, we write L, (s):={y0s. In light of
Lemma 2.10, the expression (€g7)(k> os makes sense for each k>0. Our main goal is to
prove the following result:

Proposition 4.2. There is an extension of Lg to T>"> such that foralls€ T>”, a€ M, and
¥ < B with e:=L,(s) — L,(a) <1, we have

fT’Y (k)oL (Cl)
L‘B(S):ng(ﬂ)'l- Z WTA/S]{.

keN>

We will also prove that Lg satisfies the extension of FE, to T~ (Proposition 4.13),
that Lg has Taylor expansions around every point (Proposition 4.15) and that it is strictly
increasing on T>” (Lemma 4.17).

Our extension will heavily depend on Taylor series expansions, so it is convenient
to introduce some notation for that. Let f € L, be such that f® & Lg forall k>0. Let
teT>” and 6 € T with §<t. By Lemma 2.9 witha=p, f" in place of f,and ®:Ls— T;
g— got, we have that the family ((f ®) o £y 5% ken> is well-based. We define

)
IESY [ otseer.

k!
keN>
We shall define Lg as follows: <

Definition 4.3. Let s€ T~ and let -y < p with ¢:= Ly (s) = Ly(0,(8)) <1. We define
Lp(s) =Lp@u(9)) + T o (Ly (0(5)),8).
In the case when T =L, we note that this definition agrees with the definition of Sec-
tion 3.4. It remains to be shown that Definition 4.3 is warranted and independent on the

choice of (large enough) 7. Once this is done, we can readily define L., on T~ for each
y<PBw:forse T>” and y=pBn+o withn>1and o <, we set L, (s) := Ly (Lg"(s)).
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4.1 Extending the logarithm

Here u=1. For e € T, we define

1yk-1
L(l+¢):= Z =D ek

keN> k
and <
. 1 &
E(S) = HS .
keN
Note that L(1+¢) € T< and E(¢) €1+ T~. By [25, Corollary 16], we have
E(L(1+¢))=1+g¢, L(E(¢e)) =e. (4.1)
L(1l+¢)<e. (4.2)
E(rL(1+¢))= Z (Z)ek:(1+£)r forallreR. (4.3)

keN

Proposition 4.4. There is a unique extension of Ly into an ordered group embedding
log:(T~,x,<) — (T, +,<)
with
o log(l+e)=L(1+¢) foralle€T=, and
e log extends the natural logarithm on R”.
ForseT>, writings=cm(1+e¢) for cE R”, m:=0(s), and e € T, we have

logs=logm+logc+L(1+e).

Proof. The uniqueness and the fact that (T~,-) — (T, +) is a morphism are proven in
[29, Example 2.1.3 and Lemma 2.1.4]. To see that log is order-preserving, we need only
check thatlogs>0foralls>1. If m=c=1, then ¢ >0 and we have logs=L(1+¢) ~&>0.
Ifm=1and c>1, then we havelogs=logc+L(1+¢)~logc>0,since L(1+¢)<1. Ifm>1,
we have logs~logm >R, so logs>0. i

For s € T>”, we often write L1(s) in place of logs. For s €log T, we define exp s to
be the unique element of T with s=logexps. If s€log T~ =L,(T>”) CT>”, then we
sometimes use E1(s) instead of exp s.

Proposition 4.5. For s€ T>, we have logs<s—1.

Proof. Lets=cm(1+¢) € T”, where cE R”, m:=0(s),and e € T~. [f m=1, then logm =0,
so logs=logc+L(l1+¢). Ifc=1, thenlogs=L(1+¢)<e=s—1. If c>1, then logc<
(c=1)(1+e¢),sincelogc,c—1€R, e<1, and logc<c—1. Thus

logs<(c—=1)(1+e)+L(1+e)=c(Q+e)—(1+e)+L(1+e)<c(1+e)—1=5s—-1.

If m>1, then logm=Lq(m) <mand logs—logm=1logc+L(1+e¢)<1. Hencelogs<sand
logs<s—1.Ifm<1, thenlogm= —Li(m Y is negative and infinite, sologs<—-1<s—1. O

Remark 4.6. Proposition 4.5 proves that (T,log) satisfies the properties of transseries
fields in [29, Definition 2.2.1] except possibly for the axiom T4.
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Proposition 4.7. For s€ T, and r € R, we have logs”=rlogs.

Proof. First, note that log m” =rlog m for all m € 9 if m > 1, then this is just axiom FE;
if m<1, then logm’" = —log m™" =rlog m; if m=1, then log m"=0=rlog m. Now, writing
s=cm(l+¢) withceR”, m:=0(s), and €< 1, we have

log(s") = log(m") +logc +L((1+¢)")

= log(m") +logc"+L(E(rL(1+¢)) (by (4.3))
= rlogm+rlogc+rL(1+¢) (by (4.1))
= rlog(s). O

Proposition 4.8. For s€ T>” and § € T with §<s, the family (£ 0s) 65, > is well-based,
with

log(s+6) =logs+ Tg](s, o).

Proof. For kN~ and s T>"”, we have @fk) €L and l’l(k) os= (=11 k=1)1s7* For
§<s, we have

(€{k>os)5k: (—1)k-1 (é)k.

k! k s
. k) k . . (60 o5) 6% 5
So the family ((£;" os) 8)cn> is well-based with Jy (s, 6) = D ken> T:L(l + ;).
The proposition follows, as
log(s+5):log(s(1+§)):logs+L(1+§). i

4.2 Extending the hyperlogarithms

Assume now that > 0. Let us revisit the notion of confluence.

Lemma4.9. Let s,t € T~ and suppose that L, (s) =L, (t) for somey<p. Then L,(s) —Ly(t) <1
forall o < with o>y +2.

Proof. We first show that L, ,5(s) —L,42(t) <1. Take c€ R~ and ¢ < 1 such that L,(s)=
L,(t)(c+e). We have

Lyi1(s) =L1(L,(s)) =Lqy41(t) +1og(c +e),
where log(c+¢) 1. Set §:= L7+1(t)_1log(c+ £)<1,50 Lyy1(s) =Ly11(t) (14 6). We have
Lyi2(s) =log L,41(s) =Ly 42(t) +1log(1+9),

where log(1+06) ~6<1. Thus, Ly 2(s) — L,42(t) <1.
Now, fix o with y+2< o < and set §:=L,2(s) —Ly42(t). By C3, and C4,, we have

Lo(s) =€) 20 Ly a(s) = £ 0 Lysa(8) + Tyrea(Lysa(t),6) = Lo () + T ra(Lysa(8), 8).

Lemma 2.10 in conjunction with the fact that § <1 gives us that 7217+2(L7+2(t), 0)<1,s0
Ly(s)—Ly(t)<1. o

Recall that S = w".
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Proposition 4.10. For all s € T>"”, we have

Euls]={teT>”:L,(s) —L,(t) <1 for some y < B}.

Proof. We fix s€ T>”. Since y >0, we know by Lemma 4.9 that it is enough to show that
Euls]={t€ T>":L,(s) = L,(t) for some y < B}. We proceed by induction on p. If y=1,
then f=w and

Eqls]={teT>>: (L))" (t) = (L1)°"(s) for some n € N}.

An easy induction on 7 yields (L1)°"™(t) < L, (t) for each t € T>>, whence the result.

Now suppose that y>1. If u is a successor, then for each t € £,[s] there is some n €N
with (Lew) " (t) = L, (9,(1)). By our inductive assumption applied to y., we have that
L, (t) =L, (2,,(t)) <1 for some v < w"*. By Lemma 4.9, we have Lu(t) — Lem(d,,(£)) <1
and an easy induction on n gives us that (L) (t) — Lymp(t) < 1. Thus, we have that
Loy () = Leyrey (0,(t)) for some n € N. Likewise, L, (8) = L, (0,(3)) for some me N.
By replacing m and n with max {m, n} and invoking Lemma 4.9, we may assume that
m=n. Since 0,,(s) =0,(t), we have L+, (s) < L#+,(t). On the other hand, givente T~
if L (s) <L, (t) for some y < B, then take some n € N with y+2< w"*n<f. By Lemma 4.9,
we have (L) (8) = Legitn (8) = Ligitnn (£) = (L) " (1), 50 tE E,[5].

If y is a limit, then for each t & 8/3[3] there is 7 < u with L i(t) = L,1(0,(t)). By our
inductive assumption applied to 7, we have that L, (t) — L7(0,7(t)) <1 for some v < ',
50 Lyi(t) —Lyi(t) <1 by Lemma 4.9. Thus L,#(t) = L,(0,(t)) and likewise, Ly, (s) =
L (0,(s)) for some o < . By replacing 7and o with max {7, 0} and invoking Lemma 4.9,
we may assume that 77=0. Since 0,(s) =0,(t), we have L,u(s) = L.n(t). On the other
hand, given t € T~ if L,(s) < L,(t) for some y < B, then take some # with ¥ < w" <
B. By Lemma 4.9, we have L1(0,,(s)) =L(s) = Li(t) =Ln(0,(t)), so t € &, [s]. O

Proposition 4.10 in conjunction with Lemma 4.9 gives us the following corollary:

Corollary 4.11. For each s € T>"” there is 7y < B such that
Ly(s) =Lp(d,(s)) <1,

for all y<p <. Moreover, if L, (s) — L, (a) <1 for some a €M, and some y < B, then a=10,,(s).
In order to prove Proposition 4.2, all that remains to be shown is the following:
Lemma 4.12. Definition 4.3 does not depend on the choice of .

Proof. Let s, y, € be as in Definition 4.3 and suppose that L,(s) —Ls(9,(s)) <1 for some
o <p. Set d:=L;(s) —Ls(9,(s)). We need to show that

EAW(L7<DH(S) )’g) = 72;7([.0(‘0‘14(5))/5)'

Without loss of generality, we may assume that o <. Now
Ly(@u(s)) +€ = Ly(s) = €170Ly(s)

= 670 (Lo(0u(s)) +6)
= @voLg(Ms))+7;;U<Lg(oy<s)),5),
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Since f;” oLy (0,(8)) =L, (0,(s)), this yields e = E;U(LJ(DF(S)),(S). Let
F(X):= 7};7(&,, Tpele, X)), G(X)i=Tye(ly, X),

considered as formal power series F(X) =} ;- FiX fand G(X) =Y
Then

TyLy@u(s),)= ) (Fiodp(s) 6 and  Tyo(Le(@u()),0)= ) (Gjodu(s)) &/,
ieN JEN

jen GiX/in Lo [[X]).

so it suffices to show that F=G. For each h € LS,, we have

Fhy = Tpa(by, Jgetlo, 1)) = T (. 30 (bt h) =) =7 0 (b, + £ 0 (by+ 1) — b)) — g
= (eg%f;")o(&,+h)—e,gzeg”o(&,+h)—eﬁ:ifega(eg,h):c(h),

so (F=G)(h) =0 for all he L, and we conclude that F=G by Lemma 2.8. O

We end this section with various extensions of the validity of Taylor series expan-
sions and a proof that Lg is strictly increasing on T~

Proposition 4.13. Assume y is a successor. For s € T>>, we have Lg(Lm+(s)) =Lg(s) — 1.

Proof. By Corollary 4.11, there is some 1 € N~ such that &:= L, (s) — Lew,(0,(5)) <1.
We may write

Lw"*(n—l)(Lw"*(S» = Lw"*(n—l)(Lw”*(ay(S») +e.

Note that L,#(9,(s)) is L<g-atomic, 50 0,,(Ln+(8)) = L,m+(0,(s)). For ke N~ we have
(ggw’“(n—l))(k) =+ (n—1)® = f,ék) = (p+m® = ((éw}’*nyk),

SO Tewmm_l)(a,e) = T[an(a,s) for all aeM,,. It follows that
B B

Lp(Ley(8)) = Lp(Lag(0,(9))) + T 00 (Lo (9,(5)), €) (by Definition 4.3)

= Lp(@,(5)) = 14 Tge"s(Lowen(@,(9)), €) (by FE,,)

= Lp(s)—1 (by Definition 4.3)

This concludes the proof. O

Lemma 4.14. For all y<p, a€M,, and 6,e <1, we have

Tyr(Ly(@),8) + Jypr(Loy(a) +6,) = Tyrn(Loy(a), 6+ &).

Proof. By applying C4, to (fp) ® for k>0, we have

1
TpLy@ +8,e)= ) 15 (G % oLy(a) + T oLy (a),8) ) e
keN>
Arguing as in the proof of Lemma 4.12, it is enough to show that

1
Ty, X) + >, w(gE"H®o 67+T(€g7>(k>(£7,x>) Yk:7;p<£7,x+ Y)
keN>
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as power series in Lg[[X,Y]]. Let f,g€LZs We have

25

Tyl ) = 7o (4 =1,
1 = =~
kEZN>H((fghdc)o€7+37egv)<k>(€7,f))gk = j;gv(l’7+f,g):£g70(£7+f+g)_€g70(l,y_i_f).
Therefore,

1
ngy(ey,fn > H((eg7)<k>oey+if(€;7><k><€7,f>)gk:e/;"fo(127+f+g>—e,;.

keN>

Since j;gv(fy,f +9)= l’g7 o (€y+ f +&) — g, we are done by Lemma 2.8.

Proposition 4.15. For t € T>” and § € T with § < t, we have

Lp(t+06) =Lg(t) + Tg(t,6).

Proof. Let y < p with L, (t) — Ly(bﬂ(t)) <1. Set e:=L,(t+6) —L,(t). By Lemmas 2.9

and 2.10, the series Jy

j}q(fg, 5) by C4,, it suffices to show that
mﬁ(&)/ X) = j;g“y(e’w j“?7(601 X))

(t,0) exists in T. We claim that j}ﬁ(t,é) = j}gv(Ly(t),e). As e =

as power series in L g[[X]]. But this follows from Lemma 2.8, by noting that the equality

holds when evaluated at any element of L3 B

Now set a:=0,(t) and let h:=L,(t) — L,(a), so Ly(t + ) — L, (a) =h + €. By definition

of Lg(t) and the above claim, we have

Lp(t) + Tgs(t,8) =Lp(@) + T (Ly (@), ) + Tgy(t,8) =Lp(a) + Ty (Loy(@), 1) + T (L (B), €).

Using L, (t) =L, (a) +h, it follows that
Lp(t) + Js(t,6) =Lp(a) + Ty (Ly (@), 1) + Tprr(Loy (@) + 1, 2.
By Lemma 4.14, we conclude that
Lg(t) + Jy,(t,6) = Lg(a) +T€gy(L7(a),h+£) =Lg(t+9),
where the last equality follows from the definition of Lg(t + 6).

Lemma 4.16. Let aeM, let s,t € £ [a], and let v < B with
L,(s)—L,a)<1,  L,(t)—L,a)<1.

Then Lg(t) =Lg(s) + j;gv(Ly(s),e) where €:=L,(t) —L,(s).

Proof. Set 6:=L,(s) —L,(a),so 6+&=L,(t) —L,(a). We have
Le(t) = Lﬁ(a)+j;gv(L,y(a),(5+£)
= Lg(a)+ Tg;y(Ly(a),&) + ?}p(Lﬂa) +9,¢)
= Lﬁ(s)+j;gv(L7(s),8)
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where the first and third equalities follow from the definition of Lz and where the second
equality holds by Lemma 4.14. O

Lemma 4.17. The function Lg is strictly increasing on T~

Proof. By induction on y, we may assume that L, is strictly increasing on T>"” for all
1<y (the =0 case follows from Proposition 4.4). As a composition of strictly increasing
functions is strictly increasing, the function L, is strictly increasing on T~ for all y <.
Given s<t& T>”, let us show that Lg(s) < Lg(t). We start with the case when 0,,(s) =
0,(t) =:a and take y < B with L, (s) —L,(a) <1and L (t) —L,(a) <1. Then e:=L, (t) — L, (s)
is infinitesimal and positive by our induction hypothesis. By Lemma 4.16, we have

Lg(t) —Lg(s) = j}gv(Ly(S),e) ~((GY oLa(s))e.

Since l’gA >R, we have (ng)' >0, so Lg(t) —Lg(s) >0.
Now we turn to the case when 9,,(s) <0,(#). Set a:=0,(s) and b:=0,(t) and take an
ordinal A := w'n < B with

Li(s)—Ly(a)<1 and L (t)—L,y(b)<1.
Set :=L,(s) —Ly(a), so

Ly(s) — Lp(a) = Tga(La(a), 8) ~ ()" o La(2)) 6< (4) o Lu(a)
Repeated applications of (2.7) with # in place of y gives lfg’\ ~{g, s0 (fg)‘ )~ g and
(45 oLa(a) ~ 5o Ly(a).

Since f>1, we have {g< #1 s0 fg< b1 = ¢t Thus, fgoLa(a) < Ly(a)~. All together, this
shows that Lg(s) — Lg(a) < Ly(a)~ L. Likewise, we have Lg(t) — Lg(b) < Ly(b)~ L. By the
monotonicity axiom M,, we have Lg(a) + Lia) '< Lg(b) — Ly(6)71, so Lg(s) <Lg(t). O

5 Compositions on confluent hyperserial skeletons

Throughout this section, v stands for a fixed ordinal and T = R [[]] for a fixed confluent
hyperserial skeleton of force v. We let a:=w". Our aim is to construct a well-behaved
external composition L, x T>” — T that satisfies C1,, C2,, C3,, and C4, from The-
orem 4.1. We will also prove that the mapping £, — T, [+ [os has relatively well-
based support for all s € T>”. Throughout the section, we make the inductive assump-
tion that Theorem 4.1 holds for all # <v and that the mapping £.,+— T; [+ [os has
relatively well-based support for all y<vandseT>".

5.1 The case when v=0

Here T is a 0O-confluent hyperserial skeleton of force 0. The field L1 =R [[657] is the field
of well-based series of real powers of the variable ¢, with real coefficients.

Lemma 5.1. IfIC R is well-based, then (s"),¢; is well-based for all s€ T,
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Proof. Lets=cm (1 +¢) withcE R”, meM” and €< 1. Note that supps”Cm’ (supp €)*.
Since (m"),¢j and (supp ¢)* are both well-based, we are done. O

Given f=) g frl0€ L and s€ T, the family (f,s"),er is well-based by the
above lemma, so we may define
f 08:= Z fr s’

reR

One easily verifies that this composition satisfies C1yp and C25. We next prove

Proposition 5.2. Let rER, g€ L2, and s€ T>”. We have " os= (gos)".

Proof. erteg cm(1+¢) wherec€ R”, m:=0(g),and e<1. We have g'=c erkeN< )sk,

so g os=c"(m"os) ) (k)s os. We also have

(gos) =c"(mos) (1+¢eo0s) =c"(mos)" Z (D (eos)k.
keN

Since eXos = (g05)* by C1p, we only need to show that (mos) =m’os. Now m= ¢ for
some tER, so
(mos) = (Lhos) =s"=f{os=m"os

by Proposition 2.7. O
Corollary 5.3. Let f €Ly, g€ LZY, and s€ T>>. We have f o (gos) = (fog) os.

Proof. We have
foges)=) fr(ges)'=) fr(g'es)= ( )3 frgr) °os=(feg)es,
reR reR reR
where the second equality follows from Proposition 5.2 and the third follows from strong
linearity of composition with s. O

Proposition 5.4. For f €Ly, t€ T~ and §&€ T with §<t, we have f o (t + §) :fot+j}(t,(5).

Proof. We first handle the case when f = {, where r € R. We have % <1, s0
O\’ r\ [ 0\k
(1+5) =2 () (5):
keN

For ke N, we also have (fo)a‘)—k'( )f , SO (€0)<k)ot—k'< )t’ k. Therefore,
5\’ ()Pt (s

r YY) _ar —

f(1+t)—fkeZN()() "% S (1)

<k>o
- Z (50) Es ="+ Jg(t,0).

keN

Now, Lemma 2.9 gives that the the map Ly — T; f+— f ot + Js(t,6) is well-based and
strongly linear, so for a general f =3’ _p f-{o € L<1, we have

folt+8) =) fi(t+0)'=) fit'+f Tgt,06)=fot+ IJf(t,5). o

reR reR

(t+0)
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The above results show that o satisfies C3p, and C4,. To complete the proof of The-
orem 4.1 for v=0, it remains to show uniqueness.

Proposition 5.5. The function o is unique to satisfy Clo, C20, C3, and C4y.

Proof. Let e be a composition satisfying conditions C1j, C2¢, C3p, and C4y. Write
s=cm(l+¢) e T>>, where ce R*, m:=0(s), and e < 1. By strong linearity, it suffices
to verify that {jes=s" for any monomial in £.4. Given r € R, the condition C4( implies

(%ﬂbocm

T (cms)k.

lhes={ye (cm)+ Z
keN>

We have (£)® =k! (;{) %7, so
thes={5e (cm) + Z (;;)(%_kocm)(cme)k.
keN>

Wehave fje (cm) ={je (clpem) = ({yo (clp)) em=c"({jem) by C3pand {jem=m"by C2,
so £y e (cm) = (cm)". Likewise, £) " e (cm) = (cm) ¥, so

lhes=(cm) + Z (;)(cm)r_k(cms)k:(cm)r(1+ Z (Z)sk):sr. O

keN> keN>

5.2 C1,and C2, forv>0

For the remainder of this section, we assume that v > 0. Recall from Section 4 that we
have a well-defined extension of L, to all of T~ for each y <a.

GivenaeM,and [=]], _, &;7 € £, we have by P, that Y, _ 7 Ly11(a) Elog M, so
weset [oq:= exp(ZKlX r4Lyt1(a)) €. Clearly, the map £.,— ;[ [oais an embed-
ding of monomial groups which preserves real powers, and by A,, this embedding is
order-preserving as well. For f € L,, weset foa:=} . _fi(loa). By Proposition 2.4,

we have:
Lemma 5.6. The map L.,— T; f — f oa is a strongly linear ordered field embedding.
By Lemma 2.9 with ®(f) := f o a, the series jf(a,s) exists in T for any e <a.

Lemma 5.7. Let a€M,, e€ T, and p <a. We have

Ly(a+e)=Ly(a) +jip(a,e).
Proof. If v is a limit ordinal, then the lemma follows from C4, for any ordinal y with
p <w!, so we may assume that v is a successor. We prove the lemma by induction on p.

The lemma is immediate when p =0, so suppose p >0 and take 7€ N and 0 <y < w"* with
p=w" n+-y. Our induction hypothesis yields

Leven(a+€) = Legren(a) + Ty ., (a,€).
By Proposition 3.2, we have L+, (a) €91, and j}ww(a,s) ~ (€, poa)e<1. We claim that

Lo(Lern(a+€)) =Ly (Leren(a)) + Tg, (Laven(a), T, (0,)).
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When ¢ < w", this just follows from C4,,. When y = w"* =1, this is Proposition 4.8 with
Lyvsn(a) in place of t and Twmn(a,s) in place of 6. When y = w"* >1, this is Definition 4.3
with L, (a) in place of 9,,(s) and ﬁwwn(a,s) in place of ¢. Since L, (L« (a+¢€)) =Ly(a+¢)
and L, (Lev+u(a)) =L,(a), it remains to show that T%(va*n(a),mww(a,s) )= Tgp(a,s). Now
E7(€WV*H, Tgwy*n((fo,X)) = Tgp(fo,X) as series in L ,[[X]]. Indeed, for h€ LZ,, we have
jzﬁ,(gw’/*n/ j?wwn(EO/ h) ) = €’y ° (Ew"*n + j}wlr*n(fol h) ) - Ey o byren

= g’y o (bven+ bgren o (bo+h) — Lgven) — e’y o lyran

= €’y ° (fw“n o (50 + h)) - E’y ° Ew”*n
boolo+h) — b= Ty (fo, ).
We conclude by Lemma 2.8. a

Lemma 5.6 shows that C1, holds if s =a. In the general situation when s € T>"”, our
next goal is to show that the family (L, 1(s)),<4 is well-based. For the remainder of this
subsection, we fix s€ T>"”. By v-confluence and Corollary 4.11, take n €N and y <v such
that L (s) —L,(9,(s)) <1 for all w”n <y <a. If vis a successor, we can arrange that y =v..
Set a:=0,(s), set £,:= L, (s) — L,(0,(s)), and set f:= w".

Lemma 5.8. Let f € L, and let me N. If vis a successor or f € J
f oLgm(a) is defined and equal to (f o lg;,) o a.

y<v L., then the expression

Proof. Note that = cw"*. We have Lg,,(a) €9, by Proposition 3.2, so f o Lg;;(a) is defined.
As the maps f+ (f o dgy) ca and f+~ f oLgy,(a) are strongly linear, we may assume

that f is a monomial [=]] v<a &[7. Since £ o {g = g+ for ¥ <a, we have

(Lo dgy) oa= (n fgmﬂ) oa:exp( Z lyLﬁm_W(a)) :exp( Z [7L7(Lﬁm(a))) =loLgy(a).

r<a <« y<a

Now suppose that v is a limit and that f € L, for some 7 <v. By increasing 77, we may
assume that fm < w", so f,€g, € L. Then C2, and C3, give

(foeﬁm)Oa:fO(flngCl):fOngm(a). O
Lemma 5.9. There is a well-based family (fy k) pn<y<aken> from ILfﬁn,,x) such that

Lysi(s)=Lysa()+ Y (frrea)eh

for each y with Bn <y <a. ken”

Proof. Fix y with fn <y <a. We first claim that
Ly41(s) =Lys1(a) + 7;;5,;<Lﬁn<a>,ey>.

If v is a limit, then take 7 with v <w”<a. Then f;’i’i, g € Lo, s0 C4, gives

Lysi(s) = €8 o L(a) + Tgn(Lpu(a), €)

and C3,, gives E;ﬁ oLgy(a) =L, 41(a), thereby proving the claim. If v is a successor, then
take p<a with y +1=pn+p. By Lemma 5.7 and the fact that &ﬁnl ={,, we have

Lys1(s) = Lp(Lga(s)) =Ly(Lgn(a)) + Ty, (Lpn(a), €,)
= Loa(@) + J o (Lpa(@), &),
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Having proved our claim, let k >0 be given and set f, s := % (ﬂfyﬁ"l)(k)

Lemma 2.10 yields (E,Tyfq)(b <1, whence f, < 1. If v is a limit, then ((’;ﬁ’a)(b €Ly,
where 7 is as above. So in both the successor and limit cases, we may apply Lemma 5.8
with (l’jﬁnl)(k) in place of f to get

o Zﬁn [ E‘[ﬁn,a)-

1
f’Y,k ca= H(€7+nl)(k) ° Lﬁn(a)
This gives

Lys1(s) =Lys1(a) + j;;/i’;(Lﬂn(a)zf'y) =Lyq(a)+ Y (frroa)el.
keN>

From the fact that L satisfies the conclusion of Theorem 4.1, we finally deduce that the
family (f, k) pn<y<aken> is well-based. O

Proposition 5.10. Let (7)<, be a sequence of real numbers. Then the family (L 41(8))q<q is
well-based and the series ) y<a ¥y Lo y1(s) lies in log T~
Proof. We will show the following:

a) For each k<n, the family (L,+1(5))gk<y<pk+1) is well-based and

Y ryLysals) € log T
Bk<y<pk+1)

b) The family (L,11(s))gun<y<a is well-based and

Z tyLys1(s) € log T”.

pn<y<a

The proposition follows from (a) and (b), since the union of finitely many well-based
families is well-based and log T~ is closed under finite sums.
To see why (a) holds, let k <n and note that
(Ly+1(5)) pr<y<pk+1) = (Lp+1(Lpr())) p<p-

Since ({p11)p<p is well-based, C1,, gives that (Ly11(Lgk(s))) p<p= ({p+10° Lpk(s)) p<p is well-
based. We have

Y L) =Y raerpLpr1(Lp(s)).
Bk<y<pk+1) p<p

Set [:=T1,; €;ﬁk”6 £cp. We claim that 35 ke pLp+1(Lpi(s)) =log(lo Lgk(s)). If p =0,
then [= {3 and
Z Tgk+pLo+1(Lpk(s)) =1k L1(Li(s)) =log(Lk(s)"™) =log(lo Lgk(s)).
p<p
If >0, then C3,, gives
Y prroLor1(Lpx(s)) =log (1) o Lpi(s) =log(lo Li(s)).
p<p
As for (b), let e:=Lg,(s) — Lgn(a). By Lemma 5.9, there exists a well-based family

(f,6) pn<y<aken> from ]L[<13n,,x) such that

Lys1(8) =Lopa(@+ ) (frroa)eh.
keN>
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The families (Lq41(a))gn<y<a and (fyk© a)pugy<aken> are well-based by Lemma 5.6,
Proposition 3.2, and the fact that a €9t,. Since the family ) kenN is also well-based,
it follows that ((f, xoa) ") pn<y<akeN> is again well-based. In particular,

(Ly+1(8)) pry<a = (Lw(a) + > (frron) s")
keN> Bn<y<a

is well-based. Now

Z TyLoyt1(s) = Z ToLyp1(a)+ Z ”“/Z (f%koa)sk.

pn<y<a pn<y<a pn<y<a keN>

Since f, x and ¢k are infinitesimal for all k>0, we may write

Z 77L7+1(S)=( Z 77L7+1(a))+5/

pn<y<a pn<y<a
where 6 € T=. By (4.1), we have 6 =L(E(é)) €log T~. Furthermore, P, implies
Z ryLy11(a) Elog MClog T~.
pn<y<a

We conclude that Zﬁn<7<a 4L +1(s) €log T~. O

Let=]]. _, "€Lcy In light of Proposition 5.10, we define

y<a Y
[os := exp(z [7L7+1(s)).

y<a
We note that the map £.,— T~; [ [os is an embedding of ordered multiplicative
groups for eachse T>”.

Our next objective is to show that the map £.,— T; [+ [os extends by strong lin-
earity to a map L., — T which satisfies C1, and C2,. For this, we will show that [+ [os
is a relatively well-based mapping, by using a similar “gluing” technique as for Proposi-
tion 5.10. Recall that our second induction hypothesis from the beginning of this section
stipulated that the mapping £.,»— T; [+ [os is relatively well-based for all # <v and
seT>.

Proposition 5.11. Let ®: £, — T be the map ®(I) :=los. Then P is relatively well-based.

Proof. Let @, be the restriction of ® to £, 4) and for k<n, let Oy be the restriction of
& to 2[5](/’3(](_,_1)). Since
suppo P C (suppe Po) - - (suppo Pn-1) (suppo Pzn),

it suffices to show that each ®; and P, are relatively well-based. For the ®y, fix k <n.
Our induction hypothesis implies that the map ¥: £(9,5)— T; [+ [0 Lgi(s) is relatively
well-based. By Lemma 5.8 with [ in place of f, we have

Dy (Lo lgk) = (Lo dpr) os=1loLgi(s) = Fi(l).

It follows that ®y is also relatively well-based with suppe ®x=suppe Y-
Now for ®,. Let [= Hﬁn<7<tx f;”e Lipna)- By Lemma 5.9, we have a well-based

family (£, x) gn<y<aken> from ILfﬁn,,X) such that

log(@zn(M)= ) LLm®)= ) Llp@+ ) L ) (fremeh

Bn<y<a pn<y<e pn<y<a  keEN”
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Exponentiating both sides, we obtain

Ozu(D=(le)E[ ) L ) (freomer

pn<y<a keN>

50 (P>, () =loa. The set
¢:= U supp((fykoa) e

pn<y<akeN>

is well-based, infinitesimal and does not depend on [. Since

supp Pon(h) — oo
3 Do) =C

for all [€ £4,,4), we conclude that suppe Py, C €™ is well-based. O

We already noted that the map ® from Proposition 5.11 is an order-preserving mul-
tiplicative embedding. By Proposition 2.6, it follows that ® is well-based, so it extends
uniquely into an order-preserving and strongly linear embedding &: L., — T. Taking
fos:=®(f) forall f €L, this proves C1,. By construction, we also have C2,. Note that
o extends the unique composition L_,»x T>” — T of Theorem 4.1 for n<v.

5.3 Properties C3, and C4, and uniqueness for v>0

Proposition 5.12. For r€R,g€ L2 and s€ T, we have g os = (gos)".

Proof. As in Proposition 5.2, it suffices to prove that ([os)" =["os holds for each [=
H7<rx f;” € £, For such [, we have

log(I"os) = Z (7 Lyy1(S).

y<a
By Proposition 4.7, we also have log((los)") =rlog ([os)=r ZKM [yLy11(s). By injec-
tivity of the logarithm, we conclude that (los)" =1["os. O

Lemma 5.13. For all h€ .2, and all s € T>>, we have log(hos)=(logh)os.

Proof. First, we note that for [=] ] y<u dr” € £.,, we have

(logl)os= (Z [7€7+1) 05= Z [ Lyy1(s) =log(los),
r<a r<a

where the last equality uses the definition of [os. Now, leth€ L2, and write h=cm (1 +¢)
withceR”, m:=0(h),and e<1. Thenhos=c(mos)(1+e€os) and

k-1
(logh)os = (logm)os+logc+ Z ( 1k) ekos
keN>
(_1)k—1 ‘
= log(mos) +logc+ Z (g05),

keN>
= log(c(mos)(1+¢€o0s))=log(hos).

Here we used the facts that (log ¢) cs=1log ¢ and that composition with s commutes with
powers and infinite sums. O
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Proposition 5.14. The function o satisfies C3,, i.e. for all f € L,, g€ L2y, and s € T we

have f o (gos)=(fog)os.

Proof. We will show by induction on y v that fo(gos)=(fog)esforall f€ L, all
¢€LZy, and all s€ T>”. If =0, then this follows from Proposition 5.12 and strong
linearity.

Let >0, let g and s be fixed, and assume that the proposition holds whenever f €L,
for some 7 < y. By strong linearity, it suffices to prove that [o (gos) = (log) os for all
(=TT, &[Y”E L. Lemma 5.13 gives

log(lo(gos)) = (logl)o(gos)= Z lylyi10(gos),

y<wh

(log(log)) os=((log [)Og)oS:( Z [,yf,y_,_log) 0S.

r<wh

log((log)os)

Using the injectivity of log and strong linearity, we may thus reduce to the case when [=,
for v < w”. Our induction hypothesis takes care of the case when y is a limit ordinal
or when 7 < w"*, so we may assume that [ = {,, where w"* <y <w". Recall from (3.2)
that both £, 0 ¢ and L, (t) for t = g os are defined inductively on the Cantor normal form
of 7. So we may further reduce to the case when y = w"*. Lemma 5.13 takes care of
the case y =1, so we may assume that # >1. In summary, we thus need to show that
Lo (gos)=({,mo0g)os, where u>1.

Set a:=0,,(8) € L4 We claim that ({,mo0a)os=L,m(aocs). By Lemma 3.14, we have
a="{,, e, where W' <o <wa, keN, and k=0 if y, is a limit ordinal. As {, ,mt =
L w0 by, we have

Comoa=14 uo (Lympoly) = (Lyneo lyresy) 0 by = (Lymr—k) 0o by =Ly 4 (onx—k.
This gives
(Uymoa)os = (byyomr—k)os=Lyym(s) —k=Lm(Ls(s))—k
= L (Lym*(Ly(8))) =Ly (Ly g5 (8)) = Ln+(acs),

where the first equality in the second line follows from Proposition 4.13.
Having proved our claim, let us now show that ({0 g)os=L,m(gos). Take y < w*
with L,(g08) —Ly(9,,(g0s))<1,and e:={,0¢—{,0a<1. We have

fw;uog:d}*o(f og) wwo(f Oa)+jm (f oa, €)= wl‘*oa-l-TM (f oa,g).

As l, €L »and ([T 1) ® € L for all k>0, by Lemma 2.10, our induction hypothesis
apphed to p. gives

(07 ® o (by0a))os= (£

wh*

Yo ((Lyoa)os)=(L1.)F oL, (aos)

for k>0. Along with C1,, we thus have

7)) ® 6 (6y00) ((ﬁ,,*)<k>o<e oa))os
Tor (boae)os = Z (L, 700 x|, Z y ko
(2577 Mt ad
l keN> it keN>
TANRICES NETY
= Z (1) T 7 )(SOS)k:j;TL*(L,y(aOS),SOS).

keN>
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Using also our claim that ({,»<0a) os=L(acs), we obtain

(byrro0g)os=(L,moa)os+ j/;wﬂ*(fyo a,e)os=L,m(aos)+ j/;T';“(L/y(ClOS),S 08).
It remains to show that L (g os) =L (acs) + j’;TWM(LrY(ClOS),e 0s). Now

Ly(gos)—Ly(aos)=(lyo0g)os—(fyoa)os=cos<1,

50 0y,(a08) =0, (gos) and L, (aos) —L,(0,,(acs)) <1. We may thus apply Lemma 4.16
to gosand aos, to conclude that L,#+(gos) =L »(aos) + T{,%(Ly(aos),s 08). O

Proposition 5.15. For y<w, t € T and § € T with §<t, we have
Lo(t+6) =L, (t) + Iy (t,6).

Proof. Since C4, holds for 7<v, we need only consider the case when v is a successor
and w"” <y <a. We prove the result by induction on . By Proposition 4.8 (when v=1)
or Proposition 4.15 (when v >1), we have L (t + 6) =L (t) + Tgwm(t, 0). Assume that
¥>w" and write ¥y = w" n+ o with ¢ K w"*. We have

Lo(t+68) =Ly (Lywen(t +6)) = Lo (Lawen(t) + T 0un(t,6)).
Since Tgwm(t, 0) < Lyvn(t), the induction hypothesis yields
Lo (Legven(t) + T4 un(t, 8)) = Lo (Loren(1)) + T, (Logren(t), Tovn(t, 8)).

Since Ly (Lev+n(t)) =L (t), it remains to show that Eﬂ(men(t)j}wM(t,é)) = j}y(t,&). Itis

enough to show that Tgy(éwwn, Tngm(éo,X)) = j}y(l’g,X) as power series in L, [[X]]. This

follows from Lemma 2.8, since

j?,,(faﬂ”fnr j}wlr*n(EO/ h)) = j}g(gwl’*n/ Ew‘/*n o (EO + h) - Ew”*n) = E(T o (fw“n o (50 + h)) - &7 O Lwvan
= byo (bo+h) — =Ty (b, ),

forall he LS, m]

Proposition 5.16. The function o satisfies C4,, i.e. for all f €L, all t€ T>” and all 5€ T
with 6 < t, we have

fo(t+8)=fot+Js(t,0).

Proof. Fix t€ T~ and 6 € T with 6<t. Let T: L., — T be the map given by
T(f):=fot+ Js(t,6).

We need to show that f o (t+6) =T(f) for all f € L.,. By Lemma 2.9, the map T is
strongly linear, so it suffices to show that [o (f+6) =T(I) forall [=] y<a F,IQ € £.,. Since
log is injective, it is enough to show that log (o (t+)) =log T(I). Now log (lo (t+6)) =
(log [) o (t+0) by Lemma 5.13 and log T(l) = T(log [) by [12, Lemma 8.3]. By Proposi-

tion 5.15 and strong linearity, we have

T(log ) :T( > [7€7+1) =Y LT =) LLya(t+8)=(ogl) o (t+35).

r<a r<a <«

We conclude that log(lo (t+6)) = (log ) o (t+ ) =T(log [) =log T(I). O
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To conclude our proof of Theorem 4.1, we prove the uniqueness of o.
Proposition 5.17. The function o is unique to satisfy C1,, C2,, C3,, and C4,,.

Proof. Let @ be a composition satisfying conditions C1,, C2,, C3,, and C4, and lets & T>>.
By Proposition 5.5, we have f es= fos for all f € L.;. We claim that {;es=1{;0s as
well. Indeed, writing s=7r01(s)(1+¢) forre R~ and e <1, we get

tios = (forly) e (01(s)(1+¢))=logr+ e (01(s)(1+¢)) (by C3,)
) ed
= logr+Li(d1(s) + ). w@l(s)e)k (by C4,)
keN> '
()P o01(s) K
= logr+Li(d1(s) + ). g @1()e) (by C2,)
keN> '
(_1)k+1

ek=1f0s.

logr+L1(01(s)) + Z

keN>
We now turn to showing that fes=fosforall f€L.,. We may assume, by induction
on v, that get=got for all u<v, all g€ L_,», and all t € T>”. By strong linearity,
it suffices to verify that [es=[os for any monomial [€ £.,. As (les)"!=["les and
likewise for [os, it suffices to show this only for [& £2,. Given [=]] v<a 8[7’ € £, we have
by C3, that

e (les) = (Lol es=) L (L1e9),
y<a
to(los) = (folos=) L(y109).
y<a
Since {1 e ([es) ={;o (les) and t+— {; ot is injective, it suffices to show that ¢, es=/, o5
for all v <a. Again using C3, and induction on the Cantor normal form of 7, we further
reduce to the case that y=w" for some 0 <y <v. Then if v is a limit, this follows from
our induction hypothesis, so we may assume that v is a successor and y =v, >0. By
Proposition 4.10, there is an ordinal o < with €:={; 0s —L,(0,(s)) <1. Our induction
hypothesis and Lemma 2.10 yield

lros = &705:[1(7(074(5)) +é,

(GNP eLs(@u() = ()P oLy(0,(5)) (for ke N~)
Thus,
boros = U170 (lyes)=0" 0 (Lo (2,(5)) +¢) (by C3,)
10 (k)
= 7 0Ly (@u(s) + (&) 'k%”@f’(s))sk (by C4,)
keN> )
Toy k)
= (&Ty‘fo ) ®0,(8) + Z (&) .k%a(ay(s))sk (by C3,and C2,)
keN> '
(7)Y ® 0 Lo(du(s))
= L’Y(D}t(s))+k§> e
= {, nos.

This concludes the proof. O
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6 Hyperserial fields

We are now in a position to prove Theorems 1.1 and 1.2. Let T = R[[91]] be a field of
well-based series, let v<On, and let o: L .,vx T~ — T be a function. ForréR and m&
M, we define m” as follows: set 1":=1, set m":= {fomif m>1, and set m”":= {5 om L if m< 1.
For € On with y <v, we define 901, to be the class of series s € T~ with £, 05 €™ for
all y < w" (compare with Proposition 3.2). We say that (T, o) is a hyperserial field of force v
if the following axioms are satisfied:

HF1. L, — T;f+— fosisastrongly R-linear ordered field embedding foralls€ T>"".
HF2. fo(gos)=(fog)osforall fEL,r, g€LZ,, ands€ T

HE3. fo(t+0)=) ey %(5" forall fEL v, teT>7”,and §€ T with §<+.

HF4. f:];, 0s< E;Z, ot for all ordinals u <v, y<w", and all s,t € T>"” with s <t.

HF5. The map R x9t— M; (r,m) —»m’” described above is a real power operation on 9.
HF6. f10(st)=Ftos+ ot foralls,teT>".

HF7. supp ¢10m>1 for all me M and
supp {roa> (Lo a)"!forall 1 <p<v,y<w' and aeM,,.

Axioms HF6 and HF7 only make sense when v >0, so they are assumed to hold trivially
when v=0. We say that (T, ) is confluent if 9t # 1 and if for all » € On with y <v and
all s& T>”, there exist ae M, and v < w with

lyos = {,oa.

For the remainder of this section, we fix a hyperserial field T = R[[91]] of force v. For
each y <v, we define the function L,»: 9, — T;a+— {,uoa. The skeleton of (T,o) is
defined to be the structure (T, (L") ,<,) equipped with the real power operation on 90
given by HF5. The main purpose of this section is to prove the following refinement of
Theorem 1.2.

Theorem 6.1. The skeleton (T, (Le#)u<y) of (T, o) isa hyperserial skeleton. Moreover, if (T, o)
is confluent, then so is its skeleton and o coincides with the unique composition from Theorem 4.1.

When v =0, then the skeleton of T is just the field T itself with the real power oper-
ation on 9. Clearly, this is a hyperserial skeleton, as there are no axioms to verify. More-
over, it is 0-confluent so long as (T, o) is, so Theorem 6.1 follows from Proposition 5.5,
since o clearly satisfies C1p, C2y, C3p, and C4y. Therefore, we may assume that v > 0.
We will verify the various hyperserial skeleton axioms over the next few lemmas, begin-
ning with the Domain of Definition axioms:

Lemma 6.2. The skeleton (T, (L.#)u<y) satisfies the axioms DD,, for all p<v.

Proof. By definition dom Ly is the class of s& T~ with {yos €9”. Since {yos=s by HF5,
the axiom DDy holds. Let us fix 0 <y <v and let us assume that DD,, holds for all 7 <.
If p is a limit, then

ﬂ domL, 1 = ﬂ {s€T>”:L,os€M” forall y<w'}
n<p n<p
{s€T>”:L,os€M” for all y<w!'}=domL,n.
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o

Suppose y is a successor. The inclusion dom L+ €[,y dom L) holds by definition,
so we show the other inclusion. Let v <w' and let s €[, o dom L ji«. Take n €N and

o

oL w' withy=w"n+0c. Then L)(s) Edom L+, 80 €y oL ux(s) EIMN”, by our inductive
assumption. Repeated applications of HF2 give {0 L;(s) = £, 0s. i

Now for the functional equations, asymptotics, regularity, and monotonicity axioms:
Lemma 6.3. The skeleton (T, (L.»)u<y) satisfies the axioms FE,, Ay, and R,, for all p<wv.

Proof. Given r€ R~ and m,n €9, we have
Li(m") = f1o(fjom)=(b1oly)om=(rb;)om=r(f1om)=rLi(m) (by HF2 and HF1)
Liimn) = fo(mn)=fHom+ljon=L1(m)+Li(n), (by HF6)

so FEg holds. Let 0 <y <v be a successor ordinal and let a€9,, so L#+(a) is defined and
lies in 9M1,,. The axiom HF2 implies

L #(Lm(a)) =4€ mo (Lynoa)= (L, nol,m)oa=l,u—1)oa=L,n(a)—1,

so FE, holds as well. The asymptotics axiom A follows from the relation ¢; < fpin L.»
and HF1. Likewise, A, follows from the fact that {,» < {,7 for all 7 <u. By HF1, we note
that the sets (£ »o s)"tand {(£,n,05) 7" : n <y and n € N} are mutually cofinal for each
s& T>"”. The regularity axioms R, for y <v therefore follow from HF7. |

Lemma 6.4. The skeleton (T, (Le»)u<y) satisfies the axioms M, for all y <wv.

Proof. The axiom M, follows from the fact that ¢, >0. For 0< <, let v < w" and take
a,beM, with a<b. We need to show

byrob—Lymoa>(Lyo a) "+ (€yo b)~L.
We first consider the case that a< {0 b for all < p. Pick < p with v < w"*!. Then HF4
gives us that 62}75110 a< Q;’qo (bynob) =L, nob. By (2.7), we have 62}‘;‘517 ={ n+ [+ ¢, where

_ 1 r_ -1 . raw’
(= T bor= Hw’7“<a<w" ;" and e<[. Since {,vob—{ 1 oa>0, we have
w

onob—Llpoa>loateoa.

Since 7 < w1 we have &71 <I,s0 (€yo a)" = (’;1 oca<loa. The axiom HF4 gives {,0ca<
lyob,50 (byom) ™M+ (£,00) ' <2(80a) ! < loa. Thus,

bprob—Lyroa> (byoa) 4+ (£,0b)7".
Now we handle the case that a > {70 b for some 7 <. We claim that the sets
{(lroa) o <w"} and {(frob) 0 <w!}

are mutually cofinal. Let o < w" be given. We have a<b so ({y o b)) < (lyoa)! by HF4.
Conversely, as a> {10 b, we have {,0ca>{, 0, 10b. Now €, 0 { ;1> {0 l,n for any 1< p
and m >0 with ¢ < w'm. We may choose > 1 and obtain €y, © €e1 2 by © b= Lrm+1) DY
HF4 in L, whence

by 0 a) "' < (Lupime1y 0 B) L.

This proves the cofinality claim. Now, HF7 gives supp({,xoa) > {({,oa) ':0 <w"} and
likewise, supp ({,n0b) > {({, o b) "o < wh}. Thus,

supp ({10 b—{€,r0a) Csupp(lyroa) Usupp({rob) > {(lyo AL (lyob) o< why.
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In particular, {10 b—{roa> (£yo a) "+ (€yo b)~!, as desired. O
Before proving the infinite powers axioms, we need a lemma:

Lemma 6.5. Let s=cm (1 +¢) € T>” withceR”, m:=0(s), and e <1. Then
lios=lom+logc+L(1+¢),

where L is as defined in Subsection 4.1.

Proof. Set 6:=cme, so §<cm and s=cm+ 4. The axiom HF3 gives

*
fios=1Fl10(cm)+ Z wé.

keN>
We have {10 (cm) =/{;0 ((clp) om)= ({10 (ctp))od(loa) by HF2, and ¢, 0 (clp) = ¢; +1ogc.
Hence

(] {0 em) | (90 (cm)
lios=(f+logc)om+ Z T5—€1om+ ogc+ Z Td
keN> keN>
Given k>0, we have 21(k) ot=(=1)*T(k=1)1+7* so for 6<t, we have
3 ~— % \tm) k& °©
ﬁ{k)o(cm) k
Thus, } o> o 0“=L(1+¢). O

Lemma 6.6. The skeleton (T, (L.»)u<y) satisfies the axioms P, for all p € On with p<v.

Proof. let y € On with y<v, let a€M,, and let (r,), <.+ be a sequence of real numbers.
We need to show that ZKW,, ryLy+1(a) Elog M, where log m:=—{; 0 m~! formeM<and
where log 1:=0. Set [:= Hv _or &). We may assume that [#1 and, by negating each r., if
need be, we further assume that [ >1. Hence {; o [ is defined. The axioms HF1 and HF2
give
Y ryLyqa(@) =(folyoa=to(loa),
y<wh

so it remains to show that [caeM~. For each v < w!, we have L,11(a) €M~ This gives
supp &0 (loa) CMM”. Take cE R” and e <1 with [oca=cd(loa)(1+¢). Lemma 6.5 gives

lio(loa)=4o0(loa)+logc+L(1+e).

The axiom HF7 gives supp({100(loa)) >1. If e#0, then L(1+¢) ~¢,s00(e) Esupp L(1 +
€). If c#1, we have supp log c={1}. As we have established that supp ¢;0 ([oa) TN~ it
follows thatc=1 and e=0. Thus [ca=0(lca) €M, as desired. O

This shows that (T, (L,#)u<y) is a hyperserial skeleton of force v. Now we turn to
confluence. First, we need a lemma:

Lemma 6.7. Let s,t € T and let y < w”. If byos={lyot, then by 1os—{, 10t 1 and
lyos—Llyot <1 forall o withy+2< 0o <w". Inparticular, {;os={, ot forall c with y <o <w".

Proof. The proof is essentially the same as the proof of Lemma 4.9. Take c€ R” and e <1
with £, 0s=c({,0t)(1+¢). By Lemma 6.5, we have

bypr105=l1o(fyos)=b1o(c(lyot)(1+e)) =Ly 10t+logc+L(1+e),



HYPERSERIAL FIELDS 39

5O lyy108~{yy10t. Set §:= (Lyq10 $)~1 (logc+L(1+¢€))<1,50 €y 105=(Lyr10t) (149).
Again, Lemma 6.5 gives

byjpos=lo(lyi108)=t1o((Lys10t) (1+0)) =4y 20t +L(1+0),

50 lypp05 =4y ypot=L(1+0)~0<1. Now set h:=({y4205—{,120t) <1 and fix o with
y+2<0<w". We have

lros—lyot = (720 (Lyig08) = €)7o (£y4201)
= 020 ((bysa0t) +h) = €7 %0 () 4n0t)
= Tpralyaot i) ~ (7)o (byao ) .

Since (€;7+2)',h<1, we have ;o5 —{,0t<1. i
Lemma 6.8. Suppose (T, o) is confluent. Then (T, (L") y<y) is confluent as well.

Proof. The skeleton (T, (L,#),<y) is O-confluent since 901 is non-trivial. Let # € On with
0 <p<v and assume that (T, (L,1)y<y) is 7-confluent for all 7 <. We also make the
inductive assumption that for s€ T~ and < u, we have lyos={,00,(s) for some y <
w'. Letse T>” and take y <w" and ae M, with £, 05={, 0 a. We will show thatd,,(s) =a.
We first handle the case that p is a successor. Take n € N> with ¥ <w"*n. Lemma 6.7
gives fy ey 05 = lymy, 0 a. By assumption, we have {,00,,(s) = {, o s for some p < w'*, so
lre00y, (8) = {08, again by Lemma 6.7. Induction on m gives (Lm00,,)""(s) = {108
forallmeN~, so

(Lgyso b]l*)on(s) ={ren08=Lryoa=(Lymo ay*)m(a)/

and 9,(s) = a. The case that y is a limit is similar, though this time we take 7 <y with
v <w' and use that

L1(0y(8)) ={nos={ymoa=Ly(0,(a))
to see that ,,(s) = a. Since s was arbitrary, this gives that (T, (L) ,<,) is p-confluent. O

Proof of Theorem 6.1. Lemmas 6.2, 6.3, 6.4, and 6.6 show that (T, (L.#),<y) of (T, o) is
a hyperserial skeleton. The composition o clearly satisfies C1,, C2,, C3,, and C4,. If (T, o)
is confluent, then (T, (L.#);<y) is confluent by Lemma 6.8 and Proposition 5.17 implies
that o coincides with the unique composition from Theorem 4.1. O

Given a confluent hyperserial skeleton (T, (L") ,<y) of force v, it is clear that the
unique composition o: L v x T — T in Theorem 4.1 satisfies all of the hyperserial
field axioms except for possibly HF4. In the course of our inductive proof in Sections 7
and 8, we will prove the following lemma (Lemma 7.5):

Lemma 6.9. Let (T, (Ly)y<v) be a confluent hyperserial skeleton of force v and let o be the
composition law established in Theorem 4.1. Then the function T=” — T>7; s+ 62} 05 is
strictly increasing for all ordinals vy < w" < w".

Thus, the unique composition in Theorem 4.1 satisfies HF4 as well. The proof of
Lemma 7.5 will not rely on any of the results from this section. This gives us the fol-
lowing refinement of Theorem 1.1:

Theorem 6.10. If (T, (L) y<y) is a confluent hyperserial skeleton of force v, then there
is a unique function o such that (T, o) is a confluent hyperserial field of force v with
skeleton (T, (Ler) <)
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7 Hyperexponentiation

Our goal for Sections 7 and 8 is to prove Theorem 1.3. We will actually prove a “rel-
ative” version of the theorem, for which we first need a few more definitions. Given
a confluent hyperserial skeleton T of force v < On, we let o: L v x T>” — T~ be the
composition from Theorem 4.1. For each v < w", we let L, : T>” — T>'~ be the map
given by L, (s) :=¥{,0s.

Definition 7.1. Let T be a confluent hyperserial skeleton of force v< On and let u<v. We say
that T has force (v, ) if for each < p, the function L, T>> — T>"" is bijective.

Note that if T has force (v, ), then L,: T>"> — T>"~ is bijective for all y < w?.

Remark 7.2. Every confluent hyperserial skeleton of force v is a confluent hyperserial
skeleton of force (v,0). Given a set-sized field of transseries T, we recall that the expo-
nential function cannot be total [23, Proposition 2.2]. Thus, any confluent hyperserial
skeleton of force (v, u) with p>0 is necessarily a proper class.

Remark 7.3. Let T be a hyperserial skeleton of force On. Then T is hyperserial of force
(On, ) if and only if (T, (L) y<,) is hyperserial of force (v, ) for all v p. Similarly, T
is hyperserial of force (On,On) if and only if T is hyperserial of force (On, y) for all p.

We can now state the relative version of Theorem 1.3 that we are after:

Theorem 7.4. Let T be a confluent hyperserial skeleton of force v<Onand let u<v. Then T has
a confluent extension T« of force (v, u) with the following property: if U is another confluent
hyperserial skeleton of force (v, ) and if ®:T — U is an embedding of force v, then there is a
unique embedding ¥ : T < 4y — U of force v that extends ®.

Theorem 1.3 follows from Theorem 7.4 by taking v =y = On. Throughout Section 7
and Subsections 8.1, 8.2, 8.3, and 8.4, we fix a confluent hyperserial skeleton T = R[[9)t]]
of force v and an ordinal # < v, and we make the induction hypothesis that Theorem 7.4
holds for (v, u). Note that this holds trivially if # =0. Our main objective is to show that
Theorem 7.4 still holds for (v, u +1) instead of (v, u).

For this, we have to show how to define missing hyperexponentials of the form E,»(s)
with s T~ In this section, we start by giving a formula for hyperexponentials E ,x(s)
that are already defined in T="”. In the next section, we show how to adjoin the missing
hyperexponentials to T.

Before we continue, let us fix some notation. Let

& = w'

B = o
Given y < 8, we set
tp= ] wE€up, tap= [] b tep=tup

y<o<p y<o<pB

v<o<B &y’. Givense T~”, we set

Note that €= {2 and that 6&[3) =11

Liy,p)(8):={1y,p) 05, L;Tsv(s) = 4%7 o8, LEZ,;%(S) = E[Tv?,m oS,
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and we view L, g), Lﬂ , and L[“r p) as functions from T> to T>”. We define L(,,g) and
L(7 p) analogously.

Given y <, we say that E (s) is defined if s&€ L, (T>"”). If T is of force (v, 1), then E (s)
is defined for all ¥ <w" and s € T>"”. Lemma 4.17 tells us that L, is strictly increasing;
in particular, it is injective. Welet E,: L, (T ") — T~ be its functional inverse, which is
again strictly increasing. We may also consider E., as a partially defined function on T>"~.

Our induction hypothesis, that T <, exists, has the following consequence:

Lemma 7.5. For 7y < B, the function Lﬂ is strictly increasing on T,

Proof. Lets,t € T>"~ with s <t. By our inductive assumption, E, (s) and E(t) both exist
in T (<. As E,, and Lg are strictly increasing on ']1"(><’Z) and s<t, we have E, (s) <E,(t) and

Lg"(s) = Lp(Eq(s)) <Lp(E,(£)) =Lg" (t). O

7.1 Local inversion of the hyperlogarithms

In this subsection, we study the range of the functions LIT;Y for ¥ < B and give a formula
for their partial functional inverses. We fixae T>~ and set ¢:=Lg(a) € T>". We also fix
A< B. For ke N, we define series tx € L.g inductively by
to == &
tie1 = lepti
Intuitively speaking, t;oa behaves hke (@Tﬁ ) ® o p, whereas the sum " kEN fod gk behaves

T
like Ly(Eg(¢ +¢€)) for e <L p) (a)~!, and thereby provides a functional inverse of Lﬂ on

a neighborhood of ¢.

Proposition 7.6. Let e € T with e <L, p) (a)~L. Then the family ((txoa) sk)keN is well-based
and tgoa > (txoa) skfork>0.

Proof. Consider the derivative 9y g):= l)[TA)tm don L.g. We claim that ;= BlfAlﬁ)(fo) o {) for
all ke N. This is clear for k=0. Assuming that the claim holds for a given k, we have

tar = Lepti=Lep (Aap) (L) 0 &) =g (A p (L) 0 1) &
= lpp Ohp ) o 0) = (f[%/;) Mg (b)) o by = a’[(}té)(fo) o ).

In light of this claim, we have tyoa= 8’[‘/\,[;) (€p) oLy (a). Recall that 0 has well-based oper-
ator support supp. 9 ={{41:7<B} < ¢y ' as an operator on Lg, so

supp. Ipp S g =t [ 6'= [] 6 =i,

ASY<p A<y<p
Consider the strongly linear map
O:Lg — T
fr— fela(a)
and set
A= U supp ®(m),

MESupp. [y, )
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so 2 is well-based and A L%\,ﬁ) (Lr(a))=L,p)(a). ForkeN, wehave tyoa= @(a’fA,ﬁ) (0)),
so for m € supp(fxoa), there exist my, ..., mg Esupp. Iy g) with
me (supp ®(my) - - - supp ©(my)) -supp P ().
This gives us
supp (txoa) c Ak supp P (fp)
and it follows that
supp((txoa) sk) C (A -supp £)k~ supp @ ({).

As e<Lp (a)~!, we have 2-supp € < 1, so we deduce that ((txoa) M en is well-based
and that tgoa > (troa) ek for k> 0. O

For our next result, we need a combinatorial lemma for power series over a differen-
tial field. Let (K, d) be a differential field. Then the ring K[[ X]] is naturally equipped with
two derivations:

(ZanX”] =) (D) X",
n=0 n=0
a(z anX”) = Za(an)X”.

n=0 n=0

We also have a composition o: K[[X]] x X K[[X]] — K[[X]] given by
Ro (XS)— R(XS)
for R, S € K[[X]]. This composition cooperates with our derivations as follows:
(R0 (XS))=(0R) o (XS)+ (R0 (XS)) X098, (Ro(XS)) =(R'0(XS))(XS)

Lemma7.7. Let S=}, _\a,X"€K[[X]]and R=}_
and assume that we have

by, X" e K[[X]]. Write F:=Ro (XS)

meN

uagoby=1, (n+2)a,41=uayoay,, (m+1)by.1=udby,

for each n and m, where u € K. Then F=by+ X.

Proof. The last two assumptions give us the following identities

R’ = udR, and (7.1)
(XS) = ap(1+uX9s). (7.2)

We claim that (9by) F' =9F. Indeed, we have

OF = 9(Ro(XS))
= (OR) o (XS)+(R">(XS))XaS
= (W IR)o(XS)+ (R o(XS))X0S (by (7.1))
= (u '+ X9S8) (R'o(XS))
u T (1+uX3S) (R o (XS))
= ulag  (XS) (R (X9)) (by (7.2))
= (dbo) (XS)' (R"o (X)) (since uagoby=1)
= (dbg) (Ro (X))’
= (dbg) F'.
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Write F = Z;‘;OF;{X". The identity (9bo) F' =9F yields Fy41= masz for each k. Since

Fo=by, we conclude that F1=1 and F;=0 for k> 1. O
Lemma 7.8. Let ¢ € T with e <L, py(a)~". Then

tnoa n
L/E,A(Z —€ ]:go+s. (7.3)

neN
Proof. We have

AN (m) m
" thoa ,\ 1 thoa ,\ _ (") " o (tgoa) thoa
Lg (Z — e”)_Lﬁ (t0°ﬂ+z ] s")_ Z — Z ] e*l .

neN n>1 meN n>1

Consider the formal power series

FXO= Y ﬁ—o(z WX) € Lo [[X]).

m!
meN n=1

Writing F(X) =) [ X*, we have

Z (Fkoa)sk:LZ;)‘( Z t”no!a s”).

keN neN
Thus, it suffices to show that F(X) = {3+ X.
Leta,:= ﬁtn+1 and b,,:= %( €/§)‘) ™ o to. Then by factoring out X from the inner sum

and reindexing, we have

F(X)= ) by (X Y anX”)m.

meN neN

Note that the sequence (a,,) satisfies the identities:

fne2 beptns1  l<pan
o=h=lpli=lhp =GN TG g

Since (((gA) M otg) = ((ng) m+D o o) th= ((fg/\) m+1) 6 1) 43, the sequence (b,,) satisfies the
identities

1
(m+1)!

bin

1Ay (m+1) ¢, —
(") fo m+1) 8

b(): ngOtozeﬁ/ bm+1:

Setting u:= (), we have
A A A ! b, A
uagbo="Llcpbo=1, (n+2)ay1="Llcpap=uapay, (m+1)bm+1:—77:ubm.

&
Using Lemma 7.7, we conclude that F(X) =bo+ X = {5+ X. O
Proposition 7.9. The map s —> L/T;)‘(s) is a bijection from Ly (a) + T <" to Lg(a) + T<tap@™"
Proof. Let < L,(a) and lets:=L,(a) + 6. We have L};A(s) =Lg(a) + T%A(LA(LI), 4), so
L\ (s) —L(@) ~ (4§") o La(@)) 6< ((44") o Lr(@)) La(a).

Since £ = (ng o)) = ((fg)‘)’ o fy) €, we have

, ¢
((gY o) &=7§&=em%ﬁ>,
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so L}'(s) — Lg(a) < Lip) (@) " This gives L} (s) €Lg(a) + T<Lap@™, t
Conversely, given & < L(M;)(a)_l, Lemma 7.8 yields L;)‘(ZkeN %”ek> =L)(a) +e¢.
Let us show by induction on k >1 that #; Eé‘,\,ﬁ) fr. We have t1=1{g 0= bapgy =Lnp O

Assuming that ;< d(/\"g) ), we have

tesr = lepth < bap (Lo py O0)' = bap (KU B U p) O+ Cr ) 43).
We have

b =10 Z G023 b ~ 08 D by < G Zhan bap = 23 by = U b g,
A<o<B

50 kG p) Uiy &+ Loy gy U~ £ gy €1 This gives

/ €< d{/\, )
b1 < Lep b p) (= % =, by = L) -
It follows that (t;oa) "< (tyoa) L(M%(a)_k% L,(a) for each k>0, so ZkeN> tkk—jusk< Ly(a).
Since tgoa=Ly(a), we conclude that )", _ t"k—,a eLy(a) + T<h®, |

7.2 Truncated series

Definition 7.10. We say that a series ¢ € T is 0-truncated if it is purely infinite, i.e. if
supp ¢ C 9. For 0 <1<, we say that ¢ € T> is g-truncated if ¢>L(m™") for all
me (supp @)~ and all y<w'". Let Ty , denote the class of 1-truncated series in T.

In Subsection 3.3, we showed for 77 <v that the class T>"” can be partitioned into
convex subclasses 5,7[3],5 € T>>, each of which contains a unique L -atomic element
0,(s). In this section, we describe a different partition of T into convex subclasses, each
of which will contain a unique #-truncated series #,(s). Recall that = w". We will show
that L is bijective provided that T ,C Lﬁ(']I‘>’>). This was done in [29] for =1, but we
provide a short proof below. First, for s € T, set #0(s) :=551, 50 #0(s) is O-truncated and
s—#0(s) X 1. We also set Ly[s]:={t€ T :#¢(s) =#o(t)}.

Proposition 7.11. [29, Proposition 2.3.8] For s€ T~, we have s €log T~ if and only if #o(s) €
log T~. Thus, the function log: T~ — T is bijective if and only if Ty oClog T~.

Proof. Lets€ T~ and let r€R, and e € T= with s=#((s) +r+¢. We haver+e€log T~,
since exp(r+¢) =exp(r) E(e) € T~. Thus, we have s€log T~ if and only if #o(s) €log T~,
since log T~ is an additive subgroup of T. O

As a related fact for later use, we also note the following;:

Lemma 7.12. For s € T, we have #y(logs) =logd(s). Thus, s € M ifand only if logse€ T o.
Moreover, Ly is a bijection between Eg[m] and Lo[L1(m)] for each meM”.

Proof. Givens€ T~, write s=cm (14 ¢), where cER”, m:=0(s), and e<1. We have

logs=logm+logc+L(1+e¢)
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Roand M give that L1(9”) C TS oand, as T gis a subgroup of T, it follows thatlog 9t C
T, o. Thus, log mis 1-truncated. If c#1,thensupplogc={1}andif e#0,then L(1+¢) ~¢,

so supp L(1+¢) X0(¢). Thus, #(logs) =logm, as desired. The fact that s €t if and only
if log s € T o follows from this and the fact that log is injective. Now assume that s >1
and let n€M”. Then

se&n] &= m=n <= #o(L1(s))=Li(m)=L1(n) &= Li(s) € Lyo[L1(n)],

SO L1(60[n]) = oCo[Ll(l‘l)] N Ll(T>’>). By PI‘OpOSitiOII 7.11, £0[L1(n)] N Ll(T>’>) =
Lo[L1(n)]. o

For the remainder of this subsection, we assume that 2 >0.
Lemma 7.13. We have Ty ,,+ R>C Ty .. If p is a successor, then Ty ,+ R=Ts. ,.

Proof. For 9 €T, , and r€R?, we have (supp ¢+ 1)~ = (supp @)~ and 9+ 7> @ so p+r€E
T, p. Assume now that y is a successor and let p € T , and r€ R. Again, (supp ¢+71)~=
(supp ¢)<. Take n € N with n>—r. Then for all v < and m € (supp ¢)~, we have

o>L M) =L ™) + > LY (m ™) -7,
SO (p+r>LlT;7(m_1). O

Lemma 7.14. Let a€ T~ and let ¢ :=Lg(a) € T>". Then ¢ is p-truncated if and only if
supp ¢ > L, (a)~" for all v <B.

Proof. We have (supp (p) >L (a)‘1 for all y < 8 since the series L,(a) is infinite. Let
meE (supp go)< and let ’y <B. By Lemma 7.5, the functlon Lﬁ is strictly increasing, so we

have ¢ = Lﬁy(Ly(a)) > L T(m~™1) if and only if L (a) >m~ ! hence the result. O

By Lemma 7.14 and R, the series Lg(a) is p-truncated for all a €91,,. The axiom Ry
also gives that L1(m) is 0-truncated for m € 9.

Lemma 7.15. Let s,t € T~ with s >t and let y < B. Then L”H(s) >L 7).

Proof. Take r € R” with rs>t. Then Lemma 7.5 gives LﬁV(rs) > L (t), so it is enough to

prove that Lg;7+1(s) > L237(rs). For this, we may show that flp“ To(ry) in L. As the
map L — L; f — f o {; is order-preserving, it is enough to show that

l’ﬁ gg%lo 0> (gg"ro (rlp)) o by = ggvo riy).
This follows from Lemma 7.5 and the fact that r ; < {. 0

Definition 7.16. For t € T~>"”, we define

},[t] i={set+ T :s=tor (s;ﬁtandt<L (Is—tI~ 1)forsome’y<,8)}.

Proposition 7.17. The classes L, [t] form a partition of T>"" into convex subclasses.

Proof. Let t € T>”. The convexity of .L,[t] follows immediately from the definition of
L,[t] and Lemma 7.5. Let s€ L,[t]. We claim that L,[t] C .L,[s], from which it follows
by symmetry that .L,[t]=.L,[s]. This clearly holds if s=t, so assume that s #1.
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We first show that t€ L, [s]. Let e:=s—t<1and let y < with t < LT7(|£| 1y for some
v < B. Given ¢ with > >, we have £17o =y < {,, whence {, 1< fo Therefore,

Lg"(el™) =L (L (lel™) <L (lel™)

by Lemma 7.5, so t < L “(leI™ Y for all such .
If y is a successor, take n<w with y<w"n. Then t<LT“J "(le]1) and since s — t = £ <
1, we have

s=t+e<Lh (el +e<La(lel™) +n+1=LF" "D ().

If p is a limit, take 7 < u with y<w?, so that t<LT“’ (JeI™ . Let us show that s <Léw (Isl_l)
Suppose for contradiction that s > Lﬁ (|s|_ ). By (2.7), we have
Tw'?"’ 1 /

— 5~ e' G, G b

Ul
eg“’
a]17+2

Since £, y+2< €, s+1, we have €g W' _ b > @g“ﬂ — g, s0
Tw17+l T(d” th7+1 qu Tw17+l
G -6 =(6 —6) - (6 —6)~ 7 b~ e’ b=

Therefore,
n+1 _ l _ 1.
e=s—t>LE" (lel™) =Ly (lel™") ~ Ly g (lel ™) 7

This means that |e] ' < L2 ﬁ>(|£|_1): a contradiction since €[ W2, gy < .

Now let u € .L,[t] and let us show u € .L,[s]. This is clear if u=s or if u=t, so we
assume thatu,s,and ¢ are pairwise distinct. By our claim, we havete€ L,[s]and t€ .L,[u],
so take y < B with s< L T(t—sI™Y) and u <L T(t—ul™h. Note that

s—u|<|t—s|+t—u|<2max (|t—s|, |t —u|),

1

thus, [s—u|~ 1> Zsmin (|t —s|” Lit—u™!). Lemmas 7.5 and 7.15 yield

Ly s —ul™) > L7 @)s —ul™) > min (L (=17, L7 (1t —u™)).

If L7 (s — u™) > L ()t — sI™) >'s, then u € L,[s] by definition. If L}"*'(Is —ul™!) >
Lg’(lt —u™Y>u, thense L, [ul, so ue L,[s] by our claim. O

Proposition 7.18. Let t € T>'”. Then the class L, [t] contains exactly one p-truncated element.

Proof. Let us first show that L[] contains a y-truncated element. Suppose that ¢ itself
is not p-truncated, let m € (supp t)< be greatest such that t < LTA’(m_l) for some y < B.

Setting @ :=t.,, we have ¢ —t=m, so L”H(Iq) 1 > L”(m_l) by Lemma 7.15. Our
assumption on m therefore yields L”H(Iq) =1y > t, whence Qe Lﬂ[t]

We claim that ¢ is y-truncated. Fix n € (supp ¢)=. By definition of ¢, we have t >
L”H(n_l) for all ¥ <. Since t — @5, =1, Lemma 7.15 gives LT7 1(n'l) >L;7(|t — go>n|_1)
for all ¥ < B, s0 @ & Lp[t] = Lg[@]. By definition, this means that P> LWH(Igo @snl” D)
for all ¥ <. Since ¢ — ¢»,=n, we have LT7+1(|¢ Psnl” > Lw(n_l) by Lemma 7.15.
Thus, ¢ > Lg’(n_l), as claimed.
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Now let ¢, 1€ T~ be p-truncated series with g € .L,,[1]. We need to show that g =1.
Take y < B with ¢ < Lg’(|(p — 1. For m& (supp @)=, we have ¢ > L[T]H(m_l) since ¢ is
B-truncated. Therefore,

Ly (p—yI™h) > > L (m™h),

so lp— =t >m~! by Lemma 7.15. Thus (supp ¢)<>|¢ —I. Since |¢ — 9| < 1, we deduce
supp ¢ > ¢ — |, so ¢ L. We also have € L[ ¢], so the same argument gives i <J¢ and
we conclude that ¢ =1. O

For t € T>”, we define # u(t) to be the unique p-truncated series in .L,[t]. Note that
this definition extends the previous definition of #. It follows from the proof of Propo-
sition 7.18 that #,(t) s for all s€ L[] and that

éCy[t] = {se T>: #y(s) = #y(t)}

Proposition 7.19. For a € T~"” we have

Lul[Lg(a)]={s€ T>>:s— Lg(a) <Liy,p) (@)1 for some y < B}.

Proof. We have s & .L,[Lg(a)] \ {Lg(a)} if and only if L/Tf(ls — Lﬁ(a)l_l) > Lg(a) for
some p < f. Since Lg(a) = L/T;p(Lp(a)) for each p <, this is in turn equivalent to [s — Lg(a) I~1>
Ly(a) by Lemma 7.5 . Thus, s€ Ly[Lﬁ(a)] if and only if |s — Lg(a)| < Lp(a)_1 for some p <
B, and it remains to show that |s — Lg(a)|< Lp(a)_1 for some p < g if and only if |s — Lg(a)| <
L[%ﬁ)(a)_l for some 7y < B. This follows from the fact that if p <7y <p, then {,> {1, g > {,,
50 Lo(@) ™' <Ly, p)(@) "' < Lo (a) 7. O

Proposition 7.20. For each a € T~ we have Lg(Eylal) CL,[Lp(a)].

Proof. Let u € &,[a]. Then there is A = w’n < B with Ly(u) — Ly(a) < 1. Thus, Ly(u) €

Ly(a)+ T~ and so Lg(u) = L;A(L/\(u)) €Lg(a) + ’I[‘<L“'ﬁ)(“)_] by Proposition 7.9. Therefore,
Lg(u) € L,[Lg(a)] by Proposition 7.19. O

Corollary 7.21. We have #,,0 Lg=Lgod, on T>"". Thus, for s€ T>">, we have s €M, if and
only if Lg(s) €Ty ;..

Proof. Let s&€ T>”. Then Lg(0,(s)) € L,[Lg(s)] by Proposition 7.20 and Lg(0,(s)) is p-
truncated by R, and Lemma 7.14. Thus L, (9,,(s)) = #,(Lg(s)). The fact that s €91, if and
only if Lg(s) € T, follows from this and the fact that Lz is injective. O

Proposition 7.22. Assume that T is a confluent hyperserial skeleton of force (v, u). Then
Lg(Euls]) = Lu[Lp(s)] for all s T>>. In particular, if Eg(t) is defined for t € T>">, then
Eg is defined on L, [t].

Proof. We prove this by induction on p. Let s € T~”. By Proposition 7.20, we need
only prove that Lg(&,[s]) 2 L,[Lg(s)]. Let t €L,[Lg(s)]. By Proposition 7.19, there is a

-1
A=w'n<BwithteLg(s) + T<Ls®, By Proposition 7.9, there is a v € Ly (s) + T < with
t= L[T;A(v). Since T is hyperserial of force (v, 1), the hyperexponential E, (v) is defined and

Eg(t) = Ex(v).
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Finally, since v~ L,(s), Lemma 4.9 and Proposition 4.10 imply E,(v) € £,[s]. O

Corollary 7.23. Assume that T is a confluent hyperserial skeleton of force (v, u). Then we have
Ego #,,=0,0Eg whenever one of the sides is defined.

Corollary 7.24. The following are equivalent:
a) T has force (v, u+1).
b) For all n< , the function En is defined on T .
¢) Forall y<yp and s€ T>”, the function E i(t) is defined for some t € L[s].
d) For all n< p, we have L,(My) =T ;.

Proof. The equivalence between a) and b) follows from Proposition 7.22 and the fact that
we have

T>> = |_| "CU[(P]

peT;s ,

for all 7 < p. The equivalence between b) and c) follows directly from Proposition 7.22.
The equivalence between b) and d) follows from Corollary 7.21. O

7.3 Useful properties of truncation

Recall that 0< u <v and B=w". We set 0:= w"*. Givens,t€ T>"”, it will be convenient to
introduce the following notations:

s<ut &= Ly[s]<Ly[t] = #,(s)<#u(t)
S:‘ut =4 Ly[S]:aCy[t] =4 ﬁy(s):#y(t)
Lemma 7.25. Let s€ T>”, v < B, and r € R”. We have

Lp"(rLy(s)) =y Lg(s)
Proof. We claim that if {5 # €g7 o(rt,), then {5— 5;7 o(rfy)<land

<" olls— )7 o (r L)

Assuming that {5 # (?y o(rfy), we have

€T7+1 (k)
(G )k! (log )%,

(7o (rty) =" olog(rt)) =" o (1 +1ogr) =
keN

£T7+l

whence €570 (r£,) = f~ (4}

) oly:1)logr. Now

el
Ty+1yr g __B -1
( ﬁ ) €7+1_ €f1y+1 €[7+1/,B>’

50 70 (1)) — lg= i} 1,5 < 1. Since {1y 11,) > by1, we have [f— 670 (r£,)[71 > £,14, 50
Lemma 7.5 gives

G ol — ) o r e[ > G o b=,
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as desired. Composing with s gives that if Lg(s) # L;v(rLy(s) ), then Lg(s) — LII;’)/(VL/)/(S) )<1
and

L(s) <LE" ' (ILg(s) LT (rLo(s)[™),
From which it follows that L (rLy(s)) € Ly[Lg(s)]. O
Corollary 7.26. Let s,t € T>” with ts. Then Lg(st) =, Lg(s).

Proof. We have Lg(st) = Lﬁ (L1(st)) = L (Ll(s) + L1(t)). Let n >0 with t <ns. We have
0<Li(t)<Li(s) +logn<2Ly(s), so

Li'(L1(5)) <L§ (L1(s) + L1(£)) <L} (3L1(s))

by Lemma 7.5. Since Lg(s) = L;l(Ll(s)) =p L;1(3L1(s)) by Lemma 7.25 and gCﬂ[s] is convex,
we are done. O

Lemma 7.27. For each s € T~ and each -y < 6, we have

LE"(s) =y Lp(Ly(5)) =y Lp(s).

Proof. Take A= w’n with <A< 6. Since 7 < fy, we have €g7 613 o )7 6/3 o {y by
Lemma 7.5. This gives

O <O =g = o () <G 0 (20,00,

Thus, L;y(s) < L;“’UHQ L,+1(s)). Likewise, since ¢, > {), we have

+1 +1 1
5/30872@/30@,\—3wa O(e '7+]O€/\) Tw” o(fw:m n)> qu <E€wl/+]),

50 Lg(L,(s)) > Lg“’ml(%me(s) ) Lemma 7.5 gives @7 = Eﬁ oly> €g7o == lgol,, s0we
have

LE" 2L () > LY (8) 2 Lp(Ly () > LY (1

5 w;,+1(s))

1

By Lemma 7.25, both L} (2L () and L} (3L

Since OCH[LI;(S)] is convex, this means that it also contains L2;7(s) and Lg(L(s)). O

w11+1(5)) are elements of .L,[Lg(s)].

We have the following useful consequence:
Corollary 7.28. Let s,t € T>"> be such that L,(s) < L, (t) for some 7y, <0. Then
Lﬁ(S) =u ng(t)
Proof. Take 1€ N> with - L, (s) <Ly (t) <nL,(s). Then
1
Lﬁ<EL7(s>) <Lp(Lo (1)) <Lp(nLy(s)).

We have Lg(nL,(s)) =, Lgy(nL (s)) by Lemma 7.27 and we have L A’(nL (s)) =y Lg(s)
by Lemma 7.25, so Lg(nL,(s)) =, Lg(s). Likewise, Lﬂ( 7(5)) =y ng(s) Since L, [Lg(s)]
is convex, this yields Lg(Ly(t)) =, Lg(s). Since Lg(Ls(t)) =, Lg(t) by Lemma 7.27, we
conclude that Lg(t) =, Lg(s). O
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Corollary 7.29. Let s,t € T>” with Lg(s) <, Lg(t). Then s~ lte T>> and L!g(s_1 t) =, Lg(t).

Proof. As Lg is strictly increasing, we have s <t, which gives L1(s) <L1(t). We first claim
that L1(s) »Li(t). If u>1, then Corollary 7.28 gives that L1(s) # L1 (t), so we may focus on
the case when y =1. Suppose towards contradiction that L.,(s) <1 L. (t) and that L (t) =
L1(s) + ¢ for some € <L1(s). Then

Lo(t) = Lo(s) =L (La(s) + &) = L (La(9)) = Tyn(Las), &) ~ ((E5) o La(s)) e.

Since (£))) = €, +1, we have (£1)" =, = 5L, 50 (£11) 0 L1(s) = £igke) 0 L1(8) = Li1,0)(s) L.
Since ¢ < L1(s), we have

Lo(t) = Lo(s) ~ (€11 0L1(5)) € < Lig,a) (s) ™,

s0 L,(s) =1 L, (t) by Proposition 7.19, a contradiction.
From our claim, we get 0 < Li(s™ ) =Lq(+) = L1(s) <L, (+). This yields sTlteT>>, as
Li(s~'t) € T>>. Take r€ R> with r 1Ly (t) <L1(s7't) <rLy(t). Lemma 7.25 gives

Lg(t) =L (Ly(1) =, LE (' Ly (1)) =, L (rL1(1)),

so Lg(t) =4 Ll(s'1 t) since Ly[Lﬁ(t)] is convex and Lg;l is strictly increasing. O

8 Hyperexponential extensions

In this section, T = R[[91]] is a confluent hyperserial skeleton of force v<On and a =
w”. Given p <v we consider a class T of y-truncated series without w-hyperexponen-
tials in T and show how to extend T into a minimal confluent hyperserial skeleton Tt =
RI[[91]] of force v that contains E»(¢) for all series ¢ € T. Most of the work in the
case y# =0 has already been done in [29], but Subsection 8.1 contains a self-contained
treatment for our setting. For the construction of Tt in Subsections 8.1, 8.2, 8.3, and 8.4,
we recall that we made the induction hypothesis that Theorem 7.4 holds for (v, u). After
the construction of T, we conclude this section with the proofs of Theorems 7.4 and 1.3.

8.1 Adjoining exponentials

Let To(T) be the class of all 0-truncated series ¢ € T, o for which exp ¢ is not defined.
Let T be a non-empty subclass of To(T) and let (T) be the R-subspace of T o generated
by T and log M. By Lemma 7.12, (T) consists only of O-truncated series.

Group of monomials. We associate to each ¢ € (T) a formal symbol e’ and we let Mt
denote the multiplicative R-vector space of all such symbols, where e? e’ = e?*¥ and
(e?)"=e"?. We use 1 in place of e’. We order this space by setting e? >e¥ < ¢ > ¢. It is
easy to see that (Mr,-,<,R) is an ordered R-vector space which is isomorphic to ((T),
+,<,R). We identify 9 with the R-subspace '™ of Mt via the embedding m— e!°8™,
Let Tt:= R[[2t1]], so the identification 9t C Mit induces an identification T C Tt. In the
special case when T =Ty(T), we write o) := Mt and T g):= Tr.

Extending the logarithm. For e? € My, we set

loge?:=¢.
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We let L; be the restriction of log to 9M7. Note the following:

1.

3.
4.
5.

By construction, (T, L;) satisfies DDy and FE,. Moreover, L;(m) = Lq(el1™) for
meM”, so (T,L1) C(Tr, L)

We claim that (T, L;) satisfies Ag. Suppose for contradiction that p=L;(e?) > e,
where e? €M7. Then () Fe?, 50 L1((p)) = ¢ by definition. This gives L1(2(¢))
0(¢), which contradicts the fact that (T,L;) satisfies A,.

By definition, we have e? € M7 if and only if L1(e?) >0, so (Tt,L;) satisfies M.
Since L1(e?) = p € T.. 1 for e? €M7, the axiom Ry is satisfied.

As remarked in Remark 3.4, Py follows from FE,,.

Extending L,,. For ¢ € (T) with e” > 1, we have Li(e?) €M7 if and only if ¢ €M™, so

e’ €, ey dom Li" if and only if p €[
we set

dom L{" if and only if ¢ €91;. Accordingly,

neN

domL,:={e?:9e(T)NM1},  Lo(e?):=Lu(ep)+1.

This ensures that DD; holds. Note that if a €9, then Li(a) €(T) N9y, so a=el1@ e
dom L, and L,(e"®) =L, (Li(a)) +1=Lgy(a). Thus, M; Cdom L, and (T,L;, L) C
(Tt,L1,Ly). We also have the following:

1.

For e’ €dom L, we have
Leo(L1(e?)) =Le(@) =Le(e?) =1

so (Tt,L1,L,,) satisfies FE;.

Fore?edomL,, wehave L, (¢)+1=({,+1)op<{yop=g,since {,+1<{. Thus
Ly(e?)=Ly(p)+1<¢@=Ly(e?),

which proves A;.

(Tr,Ly,L,) satisfies M. To see this, let e?,e¥ edom L, with e? <e¥ and let n €N.
We want to show that L (e?) + L,(e?)"' < Ly(e?) — L,(e?)~!. Since L,.1(e?) <
L,(e?) and Ln+1(e¢) <L,e? by A, we may assume without loss of generality
that n>0. Now

Loe?) +Ly(e”) ™ = Ly(@)+1+L,_1(p)~?
Lo(e¥) —Lye")™ = L) +1—L,_1(p)~ L

Since ¢, € My and since (T, L;,L,,) satisties M1, we have
Lo(@) + Lil1(9) <Lo(y) — Lit1 ().

Let e/ €dom L. Since ¢ €My and (T, Ly, L) satisfies Ry, the hyperlogarithm
L, (¢) is 1-truncated by Lemma 7.14. It follows from Lemma 7.13 that L,(e?) =
L, (@) +1is also 1-truncated, so (Tt,L1,L,,) satisfies Rj.

. Let e’ edom L, and let (r,),en be a sequence of real numbers. To show that

(T, Ly, L) satisfies P;, we need to show that the sum s=)" 7nLyr1(e?) is in

log Mt. We have

neN

s= )Y rulus1(e”)=rop+ Y ruLa(@).

neN neN>
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Since ¢ €9 and since (Tt, Ly, L) satisfies Py, we have ) - 7, Lu(@) Elog M.
It remains to note that g =roLi(e?) =log e’ €log Mt and that log My is closed
under finite sums.

Extending L, for 1<y <v. Let 1 <7 <v and set dom L,»:= ;. We need to show
that DD, holds for each 7, and for this, it suffices to show that DD, holds. Let =
N,en dom L and take n with Lin41)(9) = Lon+1)(02(9)). Since Ly, (¢) + 1= Lu(@),
Lemma 4.9 gives that

Lw(n+1)(eq)) = Lwn(Lw(Q) +1)= Lwn(Lw(Q)) :Lw(n+1)(§0) XL(U(H+1)(02<§0))-

Since Lyn+1)(e?) and Ly ;+1)(92(¢)) are both monomials, they must be equal. The axiom
M; gives e’ =0,(¢) €My =dom L.

Now FE,, A;, M;, Ry, and P, hold for each 1 <7 <v, since they hold in T. Further-
more, P, holds if v € On; this is clear if ¥ >1 and the above proof of P still goes through
when v =1. Thus, (TT, (Lo#)y<y) is a hyperserial skeleton of force v which extends (T,
(Leom) 17<1/) .

Proposition 8.1. Assume that 9ty C(T). Then Tt is v-confluent.

Proof. Clearly, Tt is 0-confluent. Let s & 'JI‘T>’> and take ¢ € (T) with 2(s) =e? € M.
We have L1(09(s)) =Li(e?) =@ € T. Let a:=01(¢) and take n with (L1000)°"(¢) =< (L1 o
09)”"(a). We have L1(d¢(s)) = ¢ and, by assumption, a € (T), so

(L1000)°"* P (s) = (L1000)™ (a) = (L1000)° "V (e®).
By definition, a € M1y implies e €dom L, so 91(s) =e®. We have
Ly(01(s)) =L (e") =L (a) +1 =Ly, (a) =L, (01(a)),

0 02(s) =02(a) and, more generally, 0,(s) =0,(a) for 2<#7 <v. Thus, the skeleton Tt is
v-confluent. 0O

Let us summarize:

Proposition 8.2. The field T is a confluent hyperserial skeleton of force v. It is an extension
of T of force v with (T) CL1(MT).

Using the composition from Theorem 4.1, we can check whether an embedding ® of
confluent hyperserial skeletons is of force v without having to verify that ®(9),) €1, for
all #.

Lemma 8.3. Let U= R[[N]] be a confluent hyperserial skeleton of force v with the external
composition o: L, x U>” — U from Theorem 4.1 and let ®: T — U be a strongly linear field
embedding. Suppose that ®(9) CN, that P(m") =D (m)" forallmeM and all r € R, and that
D (Lyi(a)) =Ly1(P(a)) forall n<vand all a€M,. Then P is an embedding of force v.

Proof. We will show by induction on 77 <v that ®(90,) CN,,. For =0, this holds as ® is
order-preserving. Let #>0 and assume that ®(9,) CN, for all 1 <#. If 7 is a limit, then
by DD,, we have

<I><sm,7>:q>(ﬂ zm) =[] e@m)c(] Nn="n,

1<n 1< 1<
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Suppose 7 is a successor and let a € M,,. We have L,(a) €M, for allne N by DD,,.
Our induction hypothesis gives L, ,(®(a)) = ®(L+,(a)) €N, for all n€N. Applying
DD, again gives b (a) €N, 50 PN, TN, O

Proposition 8.4. Let U = R[[]] be a confluent hyperserial skeleton of force vand let &: T — U
be an embedding of force v. If ®(T) Clog(U~), then there is a unique embedding

Y:Tr— U
of force v that extends P.

Proof. As U is hyperserial of force v, we have an external composition o: L, x U>” — U.
Since ®(T) Clog U, ® is R-linear, and log U~ is an R-subspace of U containing
®(log M), we have ®(T)) Clog U~.

Since ®(M”) CN”, we have ®(Ts 1) C Us 1 so @(T)) Clog U” N Us . Thus,
exp(P(¢p)) is a monomial for ¢ € (T) by Lemma 7.12. We define a map ¥ : 9t — N
by setting

¥ (e?) :=exp(P(p)).
It is routine to check that ¥ : Mt — D is an embedding of ordered monomial groups with
R-powers. By Proposition 2.4, this embedding ¥ uniquely extends into a strongly linear
field embedding of Tt into U, which we will still denote by ¥. Note that if m € 91, then
Y (elosM)y = exp(P(logm)) =exp(log(P(m))) =P (m), so ¥ extends P.

We now prove that ¥ is a force v embedding. By Lemma 8.3, we need only show that
¥ commutes with logarithms and hyperlogarithms. Given e? €My, we have

Y (log(e?)) =Y (p) =P(¢) =log(exp(P(¢))) =log(¥(e?)).

Now let u <v with >0 and let e’ € (M1),. If > 1, then e €M, so we automatically
have L,»(¥(e?)) =¥ (L (e?)), since ¥ extends ®. If u=1, then ¢ € (T) N My, so

Lo(¥(e?)) =Lu(exp(P(9))) =Lp(P (@) +1=D(Ly(@) +1) = D(Ly(e?)) =¥ (Ly(e?)).

Let us finally assume that A: Tt— U is another embedding of force v that extends
®. To see that A=Y, it suffices to show that A(e?) =¥ (e?) for g € (T). Now

log(A(e?)) =Alog(e?)) = A(p) =P (¢),
so Ae?) =exp(®(¢)) =¥ (e?). ]

8.2 Adjoining hyperexponentials
From this point until Subsection 8.5, we let 0 <y < v and set

B = w

0 = w.
Note that =6 w if u is a successor and =0 if y is a limit. Let T,(T) be the class of all
p-truncated series ¢ € T, for which Eg(¢) is not defined. Let T be a non-empty subclass
of T,(T). Consider p €T and s € T>”. We have #,(Lg(s)) = Lg(0,(s)) € Lg(T>") by
Corollary 7.21. Since .L,[Lg(s)] contains a unique p-truncated element, ¢ is p-truncated
and g & L[;(T>'>), it follows that ¢ & L,[Lg(s)]. Thus, we have

¢p<Lp(s) = @<, Lg(s)
92Lp(s) = ¢>, Lg(s).
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If u is a successor, then let (T) be the smallest class containing T such that ¢ —1 & (T)
whenever ¢ € (T) and ¢ —1¢&Lg(T>"”"). By Lemma 7.13, the class (T) also consists only
of py-truncated series. If y is a limit, then set (T):=T. Note that T, (T) =(T,(T)). For
the remainder of this subsection (with the exception of Proposition 8.30) we assume
that T = (T).

Remark 8.5. Let ¢ €T and suppose u is a successor. If ¢ —n & T for some n €N, so
Eg(¢ —n) is defined in T, then for each m € N, we have

¢ — (n+m)=Lg(Eg(¢p —n)) —m=Lg(Lom(Eg(p —1))),

50 Lom(Eg(¢p —n)) =Eg(¢ — (n+m)). In particular, ¢ — (n+m) ZT.

Group of monomials. We assoc1ate to each le £.pand each ¢ €T a formal symbol [[eﬁ]
This should be thought of as [o eﬁ if eﬁ is an element in a hyperserial extension of T.
Accordingly, we write elg in place of fo[eﬁ] and 1 in place of 1[e13]

We define the group £<9[e[;] as follows. If y is a limit, then £<9[e[;] is the group
generated by the elements [[e ,3] with [€ £, and satisfying the relations [1[eﬁ] [z[eﬁ]
(I11p) [eﬁ] Hence £<9[e[;] is the group of products

t= 1_[ t(p[eg], t¢E£<9,
peT

for which the hypersupport
hsupp t:= {p€T:t, #1}
of tis finite. If y is a successor, then let ~ be the equivalence relation on T defined by

s~t &= t—seZ.

We let £<9[eg] be the group of formal products

t= 1—[ t(P[e;f], ’c(pE£<9,
9eT

for which the hypersupport hsupp t is well-based and hsupp t/ ~ is finite. Given s,t&
£<9[eg], we note that hsupp s~ t Chsupp s U hsupp t, whence s~ te £<9[eg]. Hence
£<g[eﬁT] is indeed a group.

For te 2<9[eg]¢1, we define ¢;:=maxhsupp t and :=min {y <0: (t, ), #0}. We set
t>1 if t, > 1, which happens if and only if (t,,),>0. The following facts will be used
frequently, where t,u range over £<g[e;3r]:

o gi=gifort#l,

* @y <max(¢y @y, and if ¢ # ¢, then ¢y =max (@i, ¢u)

o Ifl<tuoruxt<li,then ¢;<gp,,

o Ift>1landu>1orift<1and ux1 then ¢y =max(¢y,@y).

Let Mt denote the direct product £<9[eg] x M. We denote by tm a general element (4,
m) of this group, where we implicitly understand that te £<9[eg] and m € MN; we also
identify (t,1) and (1,m) with t and m, respectively. In the special case when T=T,(T),
we write M) =M.
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Remark 8.6. Assume that y is a successor and consider te £<9[eg] as above. The advan-
tage of the representation of t as an infinite product of terms of the form tq,[eg] with
t, € L.pis that such a representation is unique. Alternatively, it is possible to represent t
as a finite product of terms of the form [[eg’] with [€ £.4, but uniqueness is lost, since
fo[e;f] = Eg[egﬂ].

Nevertheless, we may construct a privileged representation as a finite product as fol-
lows. Since hsupp t/ ~ is finite, there exist 91> --- > ¢, €T with ¢; A ¢; for i #j and
hsupp t/ ~={¢1,..., 94}/ ~. Since hsupp t is well-based, we may also take ¢;=max{p &
hsupp t:¢p ~ ¢;} for all i. Then

t=[] J] tomlef™™

1<i<n  meN
@i—meT

Fixie{l,...,n} and set A;:={meN:¢;—meT}. For each meA;, we have log t,,_, =
2 y<p (tpimm)y by11, 50

Z log(t(pi—mo%m) = Z (logt(pi—m)off)m: Z (Z (tq)i—m)'y&y+1)°€9m

meA; meA; meA; \y<6
(tp;—m)
=Yy <t¢,._m>7eemﬂ+lzlog( [T 17 e )
meA; y<0 meA; y<0
Set
o— (tzp,'fm)’y
too= ][] tomin " €Lepr
meA; y<6

This gives us the finite representation

t= ] tplef]:

1<i<
Note that t> 1 t),>1 et > 1. S~

Ordering. Let M7 be the set of all elements tm € M that satisfy one of the following
conditions:

t>1, m<1,and g;>Lg(m™) (I)
t<1, m>1, and ¢ <Lg(m) (1)
t>land m>1 (TII)
t>land m>1 (Iv)

We define the relation < on Mt by tm <un if and only if ut™ (nm™H ems.

Proposition 8.7. The relation < is an ordering on Mt that extends the orderings on both 9
and £<9[eg].

Proof. By definition, the relation < extends the orderings on 9t and £<9[eg]. In order to
show that < is an order, it suffices to check that 907 is a total positive cone on 9.

Let tm &Mt \ {1}. By the definition of M7 and the fact that @1 = @y, it is clear that
tm and (tm)~! cannot both be in M5. Let us show that either tme M7 or (tm)~le
IMF. Assume that tm g7, If t<1and m< 1 or tX1 and m< 1, then (tm)~! satis-
fies (III) or (IV). Suppose that t>1, m<1, and ¢¢< Lﬁ(m_l). Then ¢ < L[;(m_l) since
PEL(T>7), 50 1= got<ng(m'1). Since t ' <1 and m~' > 1, we conclude that (tm)~!
satisfies (II). If t<1, m>1, and ¢;>Lg(m) then (tm)~! satisfies (I), for similar reasons.
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Now let tm,uneM5. We will show that (tu) (mn) €97. If both tmand sn satisfy one
of the last two rules, then this is clear. Thus, we may assume without loss of generality
that tm satisfies either rule (I) or rule (II). We consider the following cases:

Case 1: tm and un both satisfy (I) or they both satisfy (II). Suppose that they both
satisfy (I). Then tu>1and mn<1, so we need to verify that ¢, > Lg((mn) 1. By Corol-
lary 7.26, we have Lg((m n)h =, max (Lﬁ(m_l),L[;(n_l)). Since t,u>1, we also have
P =max (¢, @y), whence Lg((m n)h < @w- The case when tm and un both satisfy (II)
is similar.

Case 2: tm satisfies (I) and un satisfies (III) or (IV). We have tu>1, so if mn > 1, then
(tu) (mn) satisfies (IV). Suppose that mn<1. If n=1, then Lﬁ((mn)_l) = L[;(m_l) and if
n>1, then (m n)_1 < m_l, SO Lﬁ((m n)_l) < Lﬁ(m_l) as Lﬁ is strictly increasing. Since tm
satisfies rule (I) and u>1, we have

Pu=max (¢, @) = @> Lg(m™) > Lg((mn) ™),

so (tu) (mn) satisfies (I).

Case 3: tm satisfies (II) and un satisfies (III) or (IV). Wehavemn>m>1,soif tu>1,
then (tu)(mn) satisfies (IV). Suppose that tu<1. If u>1, then 1 <u< t~1 so PuS Q1=
and @y, <max (@, ¢y) = @y Since tm satisfies rule (II), we have ¢, <g Lg(m), so

Pu<@i<p Lp(m) <Lg(mn).

Hence (tu) (mn) satisfies (II).

Case 4: One of the monomials tm and un satisfies (I) and the other one satisfies (II).
Without loss of generality, we may assume that tm satisfies (I) and un satisfies (II). Let
us first consider the case when tu<1. Then 1<t<u~!, s0 ¢;< ¢y-1 =@, and @y < @\
Since g0t>Lﬂ(m_1) and ¢, <Lg(n), we deduce that Lﬁ(m_l) <u Lg(n), so Lg(mn) =, Lg(n)
by Corollary 7.29. Since un satisfies (II), we have ¢, <Lg(n), so

P < §0u<L,B(n> =u Lﬁ(mn)

and (ts)(mn) satisfies (II).

Let us now consider the case when tu>1. If mn>1, then (tu) (mn) satisfies (III).
If mn=1and tu>1, then (tu) (mn) satisfies (IV). f mn=tu=1, then mn= (tw)~ so
tm=(un)"", contradicting that tm,une 9. It remains to consider the case that mn < 1.
Then m™'>n>1, so ng(m_l) > Lg(n) as Lg is strictly increasing. Since ¢> ng(m'l) and
¢u<Lg(n), we deduce that ¢(> ¢y, so ¢, = ¢, Since n~1<1, we have (mn)"l<m™, so
Lﬁ((mn)_l) <L[;(m_1). This gives

Pu=g> Lg(m™) > Lg((mm) ™),
so (tu) (mn) satisfies (I). O
Remark 8.8. Given me M~ and te £<9[eg]>, we have
m<tesm 1 = Lg(m) <.
Since m #t, we also have m >t < Lg(m) > ¢(. More generally, for s € T>>, we have
s<t<=>L[;(s)<(pt, s>te=Lg(s) > ¢

This is because Lg(s) =, Lg(0(s)) by Corollary 7.28 with o= =0.
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Extending the real power operation. Forre& R and tmeMit, define (tm)":=t"m" where m”
is as defined in 901, and
= 1_[ t(’P[eg] € Loglef].
¢€eT
It is easy to check that this defines a real power operation on Mt. Note that ¢y = ¢ for
each non-zero r € R.
Now that we have defined an ordering and a real power operation on 9it, we set

Tr:=R[[Mr]].
Then Tt is a field of well-based series extending T. When T=T,(T), we write T, :=Tr.

8.3 Extending the hyperlogarithmic structure

In this subsection, we extend the hyperlogarithms L,» from T to T, while verifying that
they satisfy the axioms for hyperserial skeletons. We separate various cases as a function
of 7, including the case of the ordinary logarithm when 1 =0.

In each case, we start with the definition of the domain dom L,» of the extended
hyperlogarithm L,» on Tt and then define L,» on the elements of dom L,,» which do
not already lie in 9,,. We next check that (T, (L,),<;) satisfies the domain definition
axioms DD, as well as the other axioms for hyperserial skeletons.

Extending the logarithm when p=1. Suppose that y=1,so f=wand 0=1. For {)€ £
and ¢ € T, we define

ifp—1€T
a,(go 1) otherwise.

log(&hlel]):= {
We extend log to £alel] by setting

log t:= Z log(f(r,‘”[ef,])
9eT
for t= ]_[(peT €5"’[ef)] e £.1[ek]. Note that log(fg”’[ez]) #0 if and only if p €hsupp t. We
claim that log t is well-defined. Let ¢1>--->¢,€T and Ay,...,A, CN be as in Remark
8.6,50 t=TT/_1 [T,nen, bo" "lef "] and

log t= Z Z log (£," "] Z Z Tp—mel
i=1 meA

i=1 meA;

Each sum } /4 7o, mel " ! exists in Tr, since the support (e’ gimm=1 Jmea, is a strictly

decreasing sequence in £[eX]. Thus, log t is well-defined. If t#1, then we note that

~ fop oy | Tl ! ifg—1€T
log t~log(fy"lea) o Ew(@¢—1) otherwise.
Finally, we extend log to all of Mt by setting log(tm) :=log t+log m. We let L be the
restriction of log to the class M7, so (T, Ly) satisfies DD,
Using the definition of real powers, it is straightforward to check that (T, L;) satisfies
FE. Let p€T. If p—1€T, thene? '€ 2 [el]”. If p—1&T, then E,,(p— 1) €My CM™
by Corollary 7.21. In either case, log(£) [efj]) >1for all re R. Hence,

supp Li(tm) Csupp log tUsupp logm >1
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for tmeMT and R is satisfied. The axiom P follows from FE, so it remains to be shown
that (T, L) satisfies Ag and M.

Lemma 8.9. (T, L1) satisfies Ay.

Proof. Given tm € Mif, we must show that L;(tm) < tm. We proceed by case distinction:
1. If t=1, then L1(tm) =Li(m) <m=tm since (T, L) satisfies A,.
2. Ifm=1,thent>1and
1

0 .
Li(t)) ={ S ifp—1€T
0(L1(1)) {Ew(qm—l) otherwise.

If p.—1€T, thendo(Li(t)) € £lel] and Yoy ) =@¢— 1. Thus d(L1(t)) < t since
pi—1<@. If o—1¢T, then L,(d(L1(t))) = ¢¢— 1< ¢y, so Remark 8.8 again yields
0(L1(t)) <t. In either case, L1(tm) =L (t) <t=tm.

3. Suppose t>1, m<1, and ¢;> Lo(m™1). We have Li(tm) =L;(t) —Li(m™1), so it is
enough to show that L (t) < tm and Li(m™1) <tm. We have

Lom™2) =L 2Ly(m™) =4 L(m™)

by Lemma 7.25, so ¢¢> L,(m™2), whence tm?>1and tm>m~'>L;(m™!). Since
Par=@¢> L,(m™1, we also have t'/?m >1, so

tm>t/2>L (¢t <Li(b).

4. Suppose t<1, m>1, and @<L (m). This time, we need to show that Lit™H<tm
and Li(m) < tm. Using that ¢2 = ¢¢ and that Lo(m'/?) =, L,(m), we have t*m,
tm!/?2>1, so

tm>t"1>Lit7), tm>mY2>LimY?) =<Li(m).

5. Ift>1and m>1, then L1(tm) =L1(t) + L1(m). So the result follows from the fact
that Li(t) <t<tmand L{(m) <m<tm. O

Lemma 8.10. (Tt,Lq) satisfies M.

Proof. Given tm €97, we need to show that L1(tm) >0. If t=1, then m >1so Li(tm) =
L1(m) >0 since (T,L,) satisfies My. If m=1, then t>>1, so 7, >0. Since

Lt~ Tl if p;—1€T
ro.Ew(@i—1) otherwise,

we have L{(tm)=L{(t) >0. If t m>1, then L1(tm) =L, (t) + L1(m) > 0.
Consider now the case that t<1, m>1, and ¢¢<L,,(m). Since L1 (tm) =L(m) — Li(t™h,
we need to show that L1(t™1) < L1(m). For each r € R, we have

Lo(m) =1 L (rLi(m)) =Le(rLi(m)) +1
by Lemma 7.25. As @< L, (m), this gives ¢y —1 <L, (rL1(m)). If 9;—1 €T, then we have
Lit™hy=el ™ <rLi(m) =Ly(m)
by Remark 8.8. If 9, — 1T, so E,(¢;—1) is defined in T, then for each r € R”, we have
E (p¢—1)<rLi(m)
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since E,, is strictly increasing. As r&€ R~ is arbitrary, this gives Lt H=<E w(@¢—1)<Li(m).
Finally, suppose t>1, m <1, and ¢;>L,(m™!). The same argument as above gives
@i—1>Ly(rLy(m™)) for re R>, so Li(t) >Li(m™) and Ly (tm) =L1(t) —=L1(m~ 1) >0. O

Extending the logarithm when x>1. For [=T], _, €7 € Lopand p €T, we define

log(i[ef]):= )" Lty s1[ef].

<0
This sum is well-defined, as €g+1[eg)] < €7+1[eg] for y<o<#. Forte £<9[eg], we set
log t:= Z log( tq, eﬂ Z Z (tp)y by eﬁ
@&hsuppt @&hsuppt y<0

This sum is also well-defined, as hsupp t is well-based and €7+1[eﬁ] < €U+1[eﬁ] for all
7,0<6,and ¢, €T with ¢ <. If t#1, then note that log t ~ (t,,),, %+1[eﬁ] so

o(log t) = &y, 1[ef ] =0(log ty) [ef']
and log t >0 whenever t>>1. Finally, we extend log to all of it by setting
log(tm):=log t+log m.

for tmeMt. Asbefore, we let L1 be the restriction of log to IM7F, so (Tt,L;) satisfies DD,

The axiom FE, (and thus Pj) follow easily from the definition of L; and the axiom
Ry holds since €7+1[eﬁ] >1 for each 7. Let us prove that Aj holds for te& 2<9[eﬁ]>
Given t>1, we need to show that td(L(t))™' > 1. Since (Pa(Ll(t)) = @y, it suffices to show
that (t3(L1(t)) 1) g, = tp,(d(L1(4)) 1, > 1. Since (2(L1 (1)) 1)y, =0(L1(ty,)) ", this further
reduces to showing that t, > L1(t,,). But this follows from the fact that A holds for
L. The proof that Ay holds for a general element tm € 907 is identical to cases 3-5
of Lemma 8.9. Let us now show that (T, L) also satisfies M.

Lemma 8.11. (Tt, L) satisfies M.

Proof. We have L(t) >0 for te £<9[eg]> and Li(m) >0 for me dM™. It follows that
Li(tm) >0 for tm e M7 so long as t,m > 1. Suppose that t>1, m<1, and ¢;> ng(m'l).
Then Li(tm) =L1(t) — L1(m™1Y), so it is enough to show that Ly(t) > Li(m™). As shown
in the argument that Ay holds, we have ¢y1,t)) = ¢+. By Lemma 7.27, we also have
Lp(m™") =, Lg(Li(m™")). Thus, @ar,) >Le(Li(m™)), so Li(t) <0(Li(t)) > Li(m™); see
Remark 8.8. The case that t<1, m>1, and ¢ <Lg(m) is similar. O

Extending L,» when 0 <y <p,. Given 0<7n<pu,, we set
dom L:=9M,U {fy[e;f] ;9T and W < y<0}.
Given y with w" <y < 6, we decompose ¥ =ys,7+ w' n, and define
Lot e =t eurlel] —n.

Note thatn=0and va(l’y[eg] )=1{yy wv[eg] whenever 7 is a limit ordinal. More generally,
we have

Lw’(gv[eg]) = €7+w‘[eg]

whenever (<7, (including the case when 1 =0).
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Lemma 8.12. (T, (L) y<u,) satisfies DD, for each <.

Proof. We prove this by induction on < ., beginning with 7=1. Let tm€ 97, so

Li(tm)=logm+ Z Z (t¢)7€7+1[eg].
@€hsuppt y<0
If Li(tm) €M7, then either t=1orm=1. If t=1, then me ,en dom L{" if and only if
meM. If m=1, then L, (t) My if and onlyift=4¢ [eﬂ] edomL,,. It remains to note that
L.(¢, [eﬁ]) €7+n[eﬁ] €M for all n.

Now assume that 7>1 and that DD, holds for all :<#. Since (T, (L") ,<,,) satisfies
DD,, for each 7 < 1., we may focus on elements of the form €7[eg] where y<fand ¢ €T.
For the remainder of the proof, we fix such an element. If 7 is a successor, then we need
to show that ¢ [eﬁ] € ﬂneN dom L. if and only if v > w"*. One direction is clear: if
¥=>w' then L, (¢, [eﬁ D=0 0 [eﬁ] €dom L, for each n. For the other direction, if
l [eﬂ] €dom L, then y = w'*, so write y =y 7+ w*m and note that va*(f [eﬂ 1=
€7>> I [eﬂ] m is a monomial if and only if m=0. If 7 is a limit, then 7> w" forall 1<y
if and only if ¥ > w" = w', so we have ¢ [eﬁ] €dom L, if and only if £ [eﬁ] €dom L,
forall t<. a

Lemma 8.13. (T, (L) y<p,) satisfies Ay, for each n < ji..

Proof. Let 9 €T and 7,4,y € On with 0<: <7<y, and w’ Ly <. Since (T, (L1 )a<p,)
satisfies A, for each A < y,, it suffices to show that va(&,[eg]) < Lw/(&,[eg]). Decom-
posing ¥ =7Ysw1+ w™n, we have ys 1+ w'’ >y + w', so

waz(€7[eg]) €7> v+w’7[eﬁ] n<ty n+w’7[eﬁ]<€7+w‘[eﬁ] Lo(ly [eﬁ]) U

Let 0<n<p,, let " <y<0,and let p€T. We note that va(&,[eg]) has no infinites-
imal terms in its support, so R, is satisfied since it holds in (T, (L") y<y,)- To see that (TT,
(L) y<p,) satisfies FE;, suppose that 7 is a successor and write 7y =y 7+ w™n. Then

Lw"(Lw"*(&r[eg] )= Lw”(€72w1/+w’7*(n+1) [eg]) = 672w1/+w’7[eg] —-(n+1)= Lw”(fv[eg]) -1

Lemma 8.14. (T, (L) y<y,) satisfies My, for each 1<y with > 0.
Proof. Let 7 <y, with >0, let a,b& (M1), with a<b, and let w'n<w'. We want to show
that

Ler(a) 4 Lo (a) "L < Leyn(b) — Ly (b) 7L

If a,b €M, then this holds because (T, (L) y<y,) satisfies M. Consider the following
cases:

1. Ifa= €y[eg] and b= &,[eg], then write ¥y =ys 1+ wmand 0 =051+ w’ k. We
have

—m+ e';-il-w”n[eg]
—k— ec;-ll-w”n[eg]'

Lyi(a) +Lw‘n(a)_l = &yzwfﬁw”[eg
Lyn(0) =Lom(® ™ = & 440 [e
Since a< b, we have p <. If ¢ <1, then ¢ >>w,,+wv[eg] < €U>>w,7+wr/[eg]. If p=1, then

¥ >0, s0 either Y1 > 01 OF ¥ = 07 and m > k. In both cases, we have
Lon(@) + Leyin(a) ™' < Lyn(6) — Loy (6) L
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2. If a= &,[eg] and b €M, then we must have ¢ < Lg(b) by Remark 8.8. Writing
Y=Y+ w"m, we have L 1(a) = 7>> ,7+wv[eﬁ] m, so 0(L,n(a)) =1 Yo ,7+wv[eﬁ]
By Corollary 7.28, we have L[;(va(b)) =u Lg(b) > ¢, so

Ln(b) > ¢, '7+w'7[e,8] L,(a),

again by Remark 8.8. In particular, L 7(a) + L (a) "< Lyn(6) = Ly (6) 7
3. IfaeM,and b= l’y[e;f], then ¢ >Lg(a). Arguing as in the previous case, we have
L,1(b) = QZMva[eg] >L,(a). ]

Lemma 8.15. (T, (L) y<p,) satisfies P, for each 0 <1< p..

Proof. Let a € (M), and let (7)., <. be a sequence of real numbers. Consider the sum
§:= Z“r<w” ryLy+1(a). We need to show that s€log M. If aeM,, then s €log M. Suppose

a={, [eﬁ] with w” <o < 6. Then L, (a) = gﬂ[eﬁ] for all y< ', so

s= Y rLya(llef])= ) rylrsqaalef]=log(I[ef])

r<w' r<w'

where [:=]] (ﬂfﬂ € L. i

y<w'

Extending Ly if #>1 is a successor. Assume that > 1 is a successor and let ¢ := w/*".
We take

dom Lg:=M,, U {(&,[eg] :peTand { L y<6}.

Note that ¢ <y <6 implies y =¢n for some n € N. Moreover, if y, is a limit, then n=0.
In other words,
nm,, U {an[eg] :peTand neN}  if p, is a successor.

domlLy =
¢ [ Mm,, U {eg:q)ET} if p1, is a limit.

We define

(7 .
Lg(egn[eg])::[eﬁ —n 1f¢—1§T
Eg(¢p—1)—n  otherwise.
The proofs of Lemmas 8.12 and 8.15 can be amended to show that (Tt, (L.)y<y,) satis-
ties DD, and P,,; just replace 17 with p,. Since (T, (L.)y<,,) satisfies R, FE, ,and A,
it suffices to check these axioms for elements of the form an[eﬂ] where T and {n<6.
If p—1€T, then eg €M7 and if ¢ — 1T, then ¢ — 1 is y-truncated by Lemma 7.13
(recall that y is a successor), whence Eg(¢ —1) €0, CM™ by Corollary 7.21. In either
case, we have supp Lg(égn[eﬁ 1) #1,50 (T, (Lown) y<p, ) satisfies R,. As for FE,,, suppose
that y, is a successor. We have

Lo(Le(bzulef])) =Lo(fznsn[ef]) =~ — (n+1) =Lo(fzulef]) — 1
if p—1€T and we have

Lo(Lg(€gulef])) =Lo(Lznrn[ef]) =Ep(p—1) — (n+1) =Lo(Lea[ef]) —1

otherwise.

Lemma 8.16. (T, (L) y<y) satisfies Ay,
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Proof. Let p €T, {n< 0, and t < p,. If p —1 €T, then we have
Lo(terlef]) =ef " 1< lanslef] =Lar(lef]):

If 9—1¢T, then Lg(l’gn[eg]) = Eg(¢ —1) —n. Since Lg(Eg(¢p — 1)) = 9 — 1< ¢, we have
Lg(ﬁgn[eg]) =Eg(p—1)< €§n+wz[eg] by Remark 8.8. |

Lemma 8.17. (T, (L) y<y) satisfies M,

Proof. Let a,b € (IM1)e with a< b and let w'n < 8. We need to show that
Lo(a) + Lem(a) ™" <Lg(b) — L (b) ™.

We proceed by case distinction.

1. If a,b €M, then this holds because (T, (L) <) satisties M.

2. Suppose a= fgm[eg] and b= &;k[eg] for some {m, k< 6 and some ¢,y €T. Then

Lo(a) + Ly (a) ™

Eg(p—1)—m+ €§m+wtn[eg] ~1 otherwise,

¢-1 -1 .
e  —k—Llarwmnles] ifpy—1€T
Le(b)_Lw‘n(b)_l = g c -1
Eg(p—1)—k— €§k+wzn[eﬁ]' otherwise.
If p—1,9p—1€T, then either p <1 or ¢ =1 and m >k. In either case, we have
Lo(a) 4 Lom(a) "< Lg(b) = Len(b) L. If op—1€T and ¢y —1& T, then ¢ < ¢ so

Lo(a) +Lom(a) I=ef " < Eg(—1) = Ly(b) — Ln(b) ™"

by Remark 8.8. A similar argument handles the case that p—1¢ T and y—1€T.
Finally, if ¢ — 1T and ¢ — 1 ¢ T, then again, either ¢ <9 or ¢ =19 and m >k. In
the first case, we have Eg(¢ —1) <Eg(p—1), so Eg(¢ — 1) < Eg(p — 1) since both
Eg(¢—1) and Eg(p—1) are monomials by Lemma 7.13 and Corollary 7.21. In the
second case, we have Ly(a) + Lm,(a)_l < Lgy(b) — Lw/n(b)_1 since Lg(b) — Lg(a) =
m—k=1and Ley(a)™, Ly (b)1<1.

3. Suppose a= €gm[eg] for some {m <0 and some ¢ €T and b€ Ny. Then ¢ <Lg(b)
since a < b. For each r € R”, we have Lg(b) =, L;;e(rLg(b)) =Lg(rLg(b)) +1 by
Lemma 7.25,s0 ¢ —1<Lg(rLg(b)). If p—1 €T, then Ly(a) xeg_l <rLg(b) =Ly(b)
by Remark 8.8. Hence,

Lo(@) + Lom(@) ™ =ef ' <Lo(b) = Lo(b) — Lan(6) ™.

If p—1&T, then Eg(@—1) <rLg(b) since Eg is strictly increasing. Since r & R~ is
arbitrary, this gives Epg(¢p—1) <Lg(b), so

Lo(a) + Lom(a) ' =<Eg(¢—1) < Lo(b) =< Lg(b) — Loin(b) .

4. Suppose aeM,,, and b= €gm[eg] for some {m <6 and some ¢ €T. Then ¢ >Lg(a),
so similar arguments as above give ¢ —1>Lg(rLg(a)) for each r€R”. Again, we
conclude that Lg(a) + Ly (a) "1 < Lg(b) — Loy, (b) 7L |
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Extending Lg. We define
domLg = M, U{ef: 9T}
Lﬁ(eg) = Q.

Lemma 8.18. (T, (L) y<pu+1) satisfies DD,

Proof. If u=1, let tme M7, with t=]] KS‘D[eZ,]. We have

9eT

Littm)=Lim)+ Y Li(f'lef=Lim)+ Y rpel '+ Y ryEu(p-1).
peT g—1€T g—1¢T
If Li(tm) €M7, then either t=1orm=1. If t=1, thenme N,en dom Li" if and only if
me M. If m=1, then Li(t) €M7 if and only if t=e? €dom L. By Remark 8.5, we have

el ™" if p—neT
E.(p—n) otherwise

Lu(el)= {

for all n, where Eg(p—n)eMy by Lemma 7.13 and Corollary 7.21.
If 4 >1 is a successor, then let p €T and {m < 0. We need to show that Egm[eg] €
(N dom Lg" if and only if m=0. This holds since

e, —m ifp—1€T
Le(fgm[efs”])=[ § P
Eg(¢p—1)—m  otherwise
and since Eg(¢ —1) €9, whenever ¢ —1& T, by Corollary 7.21.
Finally, if y# is a non-zero limit, then we use that

ﬂ {ﬂy[eg]:(peT and w’7*§’y<9}:{eg:goeT}. O
n<p

To see that R, is satisfied, let ¢ €T and let wln< B. By Remark 8.5, we have

Com[ef]™! if n<p.

Lom(ef) =1 (e ify=p.and p—neT
Eg(p—n)'ify=p,and p—ng¢T
Letme (supp @)=. Since ¢ is p-truncated, we have ¢ >L5(m_1). This gives l’wvn[eg]_l <m
for n <y, If =pu,, then ¢ —n is also u-truncated by Lemma 7.13, so ¢ —n > Lﬁ(m_l)
since (supp @)= = (supp (¢ —n))<. This gives (eg_") >mlif p—neT. Ifp—n¢T,
then Eg(¢ —n) > m~! since Eg is strictly increasing. Since Eg(¢ — 1) is a monomial by
Corollary 7.21, this gives Eg(¢ —n) > m~L. In all three cases, we have van(e[(’f)_1 <m, so

supp Lﬁ(eg) =supp ¢ > van(e;f)_l,
as desired.
If y is a successor, then either Lg(eg)) = eg_l or Lg(eg) =Eg(¢—1). Inboth cases,

Lg(Lo(ef)) =9 —1=Lg(ef) -1,

so FE, is satisfied. As for A, let t <. Since {y> {g, we have ¢ > Lg(¢), so Remark 8.8 with
t= &u/[eg] and s = ¢ gives

Lo(ef) = lulef] > p=Lg(ef).
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Lemma 8.19. (T, (L) y<u+1) satisfies M.

Proof. Let a<b&dom Lg and let w'n < . We want to show that
Lem(@) ™ + Lo (0) 7' <Lp(b) — Lg(a).

Note that Lg(a),Lg(b) € T ;. We claim that Lg(a) <Lg(b). If a,b €M, then this follows

from the fact that (T, (L") y<u+1) satisfies M. If a= eg and b= eg, then we have Lg(a) =
p<p=Lg(b). If a= e;f and beMN,, then Lg(a) = ¢ <Lg(b) by Remark 8.8 and likewise, if
a€M,and b= el,l_f, then Lg(a) <y =Lg(b).

Now suppose towards contradiction that Lon(6) 1+ Ly ()™t > Lg(b) — Lg(a). We
will show that Lg(b) € L, [Lg(a)]. As Lg(a) is the unique y-truncated element in .L,[Lg(a)]
and Lg(b) is pi-truncated, this is a contradiction.

Since Lein(a) ™' > Leiy(b) ™ by My, we have 2L (a) ™ >Lg(b) — Lg(a), so

%Lw:nw) <ILp(b) —Ly(a) ™"
By Ay, we have Li(Lo(a)) < Lon(a) =5 Lon(a), 50
Lem+1(a) <|Lg(b) —Lg(a)|™".
If Lyin+1(a) € T™, then Lemma 7.5 gives
Lp(a) =LF " (L (@) <LF"1(Lg(0) — Lg(a) D),
so Lg(b) € L,[Lg(a)]. Suppose Lyit1(a) & T>”> and let p €T with a= e;f. If i< p., then
Lemn+1(a) = bomr1[ef] <ILp(0) — Lg(a)| ™,

s0 ¢ <Lg(ILg(b) —Lﬁ(a)l_l) by Remark 8.8. As ¢ =Lg(a), this too gives Lg(b) E,LF[ng(a)].
Finally, if 1= p. <p, then

Lemi1(a) =ti[ef "] <ILg(b) — Lg(a)| ™,
so ¢ —n<Lpg(ILg(b) — Lﬁ(a)l_l) by Remark 8.8. As @g +n= €g9”, we have

¢ <Lg(ILg(b) —Lg(a)| ™) +n =L (ILs(b) — La(e)[ ™),

so Lg(b) € L,[Lg(a)] once again. O
Lemma 8.20. (T, (L") y<pu+1) satisfies P,

Proof. Let aedom Lg and let (r,),<g be a sequence of real numbers. Consider the sum
§:= Zv<ﬁ ryLyy1(a). If a€My, then s €log M since (T, (L1)y<pu+1) satisfies Py, Assume
{ for some ¢ € T. If y is a limit, then =6 and

therefore that a = ey
=) rylyn(ef) =) rybalef]=log(ilef])
y<0 ¥<0

where [:=]._, {7 € £Z,. If i is a successor, then we may write

<0 ™y

5= Z Z T6n+7L9n+7+1(e/?) = Z Z r9n+7L7+1(Lgn(eg)).

neN y<0 neN y<0
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If p—n €T for all n, then
Z Z renHLm(Len(eE)) = Z Z 79n+7L7+1(eg_n) :log( H ["[eg_n])

neN y<6 neN y<0 neN
where [,,:= H7<9 &rf”” € £Z,. If p—n & T for some 1, then let 119> 0 be minimal with

p—no&T. We have s =s1+ 5y, where
51= Z Z 79n+7L7+1(eg_n)/ 52= Z Z Ton4+ (Lﬁ(n—no)+7+1(Eﬁ(§9_7’10)))-

n<ng y<0 nzng y<0

Note that
s1=log 1—[ l_[ 8;9"”[eg_n] Elog(£<g[eg]),

n<ng y<f

so it remains to show that s €log M. Since Eg(¢ —1n¢) €M, by Lemma 7.13 and Corol-
lary 7.21, this follows from the fact that (T, (L.,7);<u+1) satisfies P,,. O

Extending L u+1. Suppose v>pu+1. We define

dom Lwy+1 = 93?#_,_1 U {eg peTn i)ﬁy_,_l}

Lwy+l<eg> = Lw;¢+l(§0) +1.
For ¢ €T, we have e;f € N,en dom Lg" if and only if ¢ € M4 1 since ¢ = ng(eg). This
proves that (T, (L") <u+2) satisfies DD, ;1. Let p€TN 9N, 11. We have

L(Lg(ef)) =L (@) =L u1(ef) =1,
so FE, ;1 is satisfied. As for A1, it suffices to show that L u+1 (eg]) < ng(e;f) since Lﬁ(eg) <
sz(eg) forall i< u by A,,. Since { u+1+1<{, we have
Lwﬂu(eg) = Lw}l+1(¢) +1= (ewarl + 1) o g0< @Y= L‘B(eg))

Now for R 11, let w'n< wh*1. Since Lﬁ(n+1)(eg) < Lwln(eg) by A,, it suffices to show that
supp Lw;¢+1(eg) > Lﬁ<n+1>(eg)'l. Since

supp L +1(ef) =supp L (@) U1}, Lpgurny(ef) " =Lpa(p) ™,
it is enough to show that supp L _x+1(¢) > ngn((p)_l. This holds because (T, (L) y<pu+2)
satisfies Ry 41 and ¢ €94 1.

Lemma 8.21. (T, (L) y<p+2) satisfies My, 1.

Proof. Leta,bedomL ,+1 witha<bandletw'n< w'*1. We want to show that L, u1(a)+
Lon(a) < L +1(b) — Loim(6)7L. Since Lgn+1y(a) < Lyn(a) and likewise for b, it is enough
to show that

L+1(a) + Lg a1y (@) 7 < Lgyue1(0) = Lpnr1y (0) 71
We proceed by case distinction:
1. If a,b €M, then the result follows from M, for T.
2. Ifa= eg and b= e;f, then

Lw+1(a) +Lgrny (@)™ = Luri(@) + 1+ Lgn(9) ™"
Lw+1(6) —Lgens1y(0)™h = Lpri(9p) +1—Lgu ()~
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Since ¢,y €M, 11 and (T, (Len) y<pt2) satisfies M, 1, we have

L w+1(@) +Lgu(@) ' <L w1 () — Lpn () ™.

3. If a:eg and b€ M, 41, then ¢ <Lg(b). Since ¢, Lg(b) €My, 41 and (T, (Lyn)y<p+2)
satisfies M, 1, we have

L w+1(@) + Lgn(@) ' <L us1(Lg(b)) — Lgn(Lp(6)) "t =L u1(b) = 1+ Lg 1) (b)
Thus,
L w+1(a) + Lggnr1y (@) P =L us1(@) + 14 Lgu(@) ™ <L us1(b) + Lgug1y (b) 7L

4. IfaeM,and b= eg, then the argument is similar to the previous case. i
Lemma 8.22. (T, (L) y<p+2) satisfies Py 1.

Proof. Let a € (M1),41 and let (r,) < be a sequence of real numbers. We need to
show that the sum s= Z’y<w"+1 ryLyy1(a) isinlog Mr. If a€M,, then s€logM. If a= eg'

for some p €TNM,, 11, then
s= Z Z Vﬁn+7Lﬁn+7+1(eg) = Z V7L7+1(eg) + Z Z rﬂn+7L7+1(Lﬁn(eZ))'
neN y<p r<B neN> y<pg
We have Zv<ﬁ r7L7+1(eg) €log M, since (T, (L) y<pu+1) satisfies P,,. We also have

Z Z r‘Bn+«yL7+1(Lﬁn(eZ)) = Z Z r‘Bn+fnyy+l(L’B(n—l)(§0))

neN> y<f neN> y<p

- Z Zrﬁ”+vLﬁ(n—1)+7+1(§0)Elogfm,
neN> y<p

since p €M, 1 and (T, (L) y<pu+2) satisfies Py, 1. We conclude by noting that log M is
closed under addition. O

Remark 8.23. In the case that v = +1, the argument that DD, is satisfied gives

(M)y= [ domLy"=9M,Ufef:peTNM,}

neN

and the proof of Lemma 8.22 also tells us that (T, (L") ;<) satisfies P,.

Extending L,» when p+1<ny<v. If v>u+1, then we will not extend the hyperloga-
rithms L7 with 7> pu +1. So for 7 <v with 1> u +1, we simply set

dom L,7:= M,
Lemma 8.24. (T, (L,,")y<y) satisfies DD, for all n<v.

Proof. It suffices to show that (Tt, (L.7),<,) satisfies DD, 2. Suppose towards con-
tradiction that there is some ¢ € TNM,;1 with eg €,eny dom L. 1. Take n>0 with
L1, (@) =L p+1,(0,41(9)). Since warl(eg)) =L u+1(@)+1=L y+1(¢), Lemma 4.9 gives

Lw;uln(eg) = qu+1(n_1) (qu+1(§0) +1) = szt+l(n_1)(Lwi¢+l(§0)) = Lwl‘+1n(oy+1((P))-
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Since L x+1,, (eg) and L u+1,,(0,+1(¢)) are both monomials, they must be equal. The axiom
M},H gives e;f =0,+1(@) € T, a contradiction. a

For all y<v with 7>y +1, the axioms FE,, A;, M, R, and P, automatically hold in Tt
since they hold in T, as does the axiom P, if v >y +1 is an ordinal.

8.4 The extended hyperserial skeleton
We have completed the proof of the following;:

Proposition 8.25. (Tt, (L,"),<v) is a hyperserial skeleton of force v.
Let us finally examine the confluence and universality of Tr.

Proposition 8.26. Assume that M, 1 CTU ng('I[‘>'>). Then Ty is v-confluent. In particular,
Ty is v-confluent.

Proof. Clearly, Tt is 0-confluent. Consider s € TT> *” and write d1(s) =0(s) = tm € M7.
By our definition of L, we either have have 0¢(L1(9(s))) =0¢(L1(m)) or 0o(L1((s))) =
(3%+1[eﬁ . If 99(L1(2(s))) =0o(L1(m)), then d1(s) =01(m) and, more generally, d,(s) =
0,(m) €M, for all 7€ On with 1<y <y, since E1[01(m)] = E[m] C Ey[m] by Lemma
3.9. Assume from now on that 0¢(L1(2(s))) = l’%“[eg‘].
We set y:=7and ¢:=¢¢. For 1 <5<y, let us first show by induction that

oG lef) =0, leflem,.
If =1, then y =71 and

00(L1(0(s))) = by afef ] = Li(b,[ef]) =do(L1(Ey[ef])),

so we indeed have 91(s) = [721[% ]. Let 1 << p and suppose that Da(fy[eg]) = €72w[,*[eg]
for1<o<n. If 1<y<p and 7 is a successor, then our induction hypothesis yields

Loy (G [ef])) = Lo (b, lef]).

Writing s 7 = Yo+ + w1, we have

Lw”*(e’)/zwr/m[eg]) = €72w;]*+w17*[e‘3¢] —n= €72w7*+wm[eg] = me(ef}/zw’/*[eg] )’
SO

Dry(fﬂr[eg]) = Dly@m(fv[eg])) = fvzw'/*[eg]-

If 1<y<uand =1, is a limit, then there is ¢ <7 such that ys 7 = y> . For this o, we
have

Lw“(ba(l)ﬂy[eg] )= Lw(l’yzwm[eg] )= Lw”(evzww[eg] )

SO Dﬂ(l’y[eg]) = €7>2w,7*[e§)] €M, Finally, if 7=y and p is a successor, then s = w'**n,

where n=0if y, is a limit. This gives
-1
el —n ifp—1€T
Lo(d e L =, e p
o0 (bl ’B])) oLl ’BD Eg(p—1)—n  otherwise.

In both cases, we have Lg(by*(ﬂy[eg] ) ng(e;f), SO D;,(&y[eg]) = eg = fyza[eg], since ¥s¢=0.



68 SECTION 8

Let us now show that Dy+1(€7[e§’]) exists. Let a:=0,,1(¢), so aETULﬁ(T>'>) by our
assumption tha‘fp M1 C Tch Lﬁ(’I[‘>'>). Take n with (Lgo0,)"(¢) = (Lgo0,)”"(a). We
have Lg(0,(¢,[eg])) =Lp(eg) =¢, so
(Lgo,)°"* D (ef) ifaeT
(Lgo0,)° V(e [ef]) = (Lgod,)"(a) =

oo (blep)) pn (Lﬁob},)“”“)(Elg(a)) otherwise.

Since a is an infinite monomial, it is (y + 1)-truncated, so Eg(a) € M, 41 so long as it is
defined. Thus, 0 ﬂ+1(€7[eg]) is either equal to eg or Eg(a).
If DFH(&,[eg]) =Eg(a), then Dﬂ(fy[eg]) =0,(Eg(a)) for € On with p+1<y<v. On
the other hand, if y+1(€7[eg]) =eg, then
L1 (0us1(flef])) =L ui(ef) =L 1(a) + 1= L u1(a).
Take ne N with (L u+100,41)°"(a) = (L u+100,41)""(0,42(a)). Then

(Lorr100051) "V (€ [€F]) = (L1 00,) "D (@) = (L ur100,041) P (042(a)),

SO Dﬂ+2(€7[eg]) =0y42(a) and, more generally, Dn(fy[eg]) =0,(a) when 7€On and y +
2<y<. a

Propositions 8.25 and 8.26 yield:

Corollary 8.27. If M, .1 CTU Lﬂ(']l’>'>), then (T, (L) y<v) is a confluent hyperserial skeleton
of force v.

Remark 8.28. Let 0 <y < pt.. Then
(M), =M, U{l[ef]:[€ (L<p)y and 9T},
Given y < w' and [[eg] € (M), \ M, we have LV([[eg]) =L, (l) [eg]. Given te £<9[eg],
we have d,(t) =0,(ty,) [egt].
Let us now show that Tt satisfies a universal property. We start with a lemma.

Lemma 8.29. For any a,b €M, with a<b and any 7y, 0 <6, we have L, (a) <L, (b).

Proof. Choose 1<y, and n € N such that 7,0 <w’n. Then L,(a) < a and Lm,(b) <
L, (b) so it suffices to show that a<Lm,(b). Since L_+1(a),L,+1(b) are monomials and
L+ (a) <L, s+1(b), we have

Lw:/+1(Cl) < Lw11+1 (b) = Lw:/+1(b) —n= Lw’l“(Lw”n(b))'
The monotonicity of L+ gives a <L,m,(b). We conclude that a < L,,(b), since a and

L,m,(b) are monomials. O

Proposition 8.30. Let U = RI[[]] be a confluent hyperserial skeleton of force v< On and let
®: T — U be an embedding of force v. Let T CT,(T) be a subclass (we no longer require that
T=(T)). If &(T) gLﬁ(U>'>), then there is a unique embedding

Y. T(T) — U
of force v that extends P.
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Proof. Since U is confluent, we have an external composition o: L, x U>” — U. We first
claim that ®(T)) CLg(U>""). If i is a limit, then T =(T) so there is nothing to show. If y
is a successor, then for ¢ €(T), there is o€ T with ¢ = po—n. We have

Lg(Lon(E(P(90)))) = Lg(Eg(P (o)) —n=P(po) —n=>(¢),

50 Eg(®(¢)) =Lgn(Eg(D(90))) € U>”. Having shown our claim, we may assume without
loss of generality that T=(T).

Given ¢ €T, the series ®(¢) is pu-truncated, so Eg(P(¢)) is L g-atomic, by Remark
7.21. We set a,:=Eg(P(¢@)) €N,. Note that for p€Tand [=]] e £<p, the series

Y<B "
[o a(p:exp( Z [7L7+1(a(p))
7<B

exists in N by P,,. Let us define amap ¥': £<9[eg] —N. Lette Sy*[eg]. If y is a limit, then
hsupp t is finite and we define

Y(t):=[] tpoupe
peT

If p is a successor, let 1> --- > ¢, €T and t;, be as in Remark 8.6. We define

n
Y(t)y:=[ ] 5,00,

i=1
Note that in both the limit and successor case, we have

log¥(t) =) log(tyoan) =Y > (t)yLy1(ap).
@eT @eT y<b
Given ¢ <y €T and 7,0 <0, we have L,(ay) <Ly (ay) by Lemma 8.29 and, if y <o, then
Ly (ay) <Ly(ap). Thus, log ¥ (t) ~ (tp)4,Ly+1(ap) for t#1. In particular, ¥ is order pre-
serving, since

t>1= (tp)>0=log ¥ (1) >0 =¥ () > 1.

Next, we extend ¥ to all of Mt by setting ¥ (tm) =¥ (t) ®(m) for tm M. Note that ¥
extends ®. It is straightforward to check that ¥ : 9t — 91 is an embedding of monomial
groups which respects real powers. We need to show that ¥ preserves the order. Let
tmeMy. If both t, m > 1, then ¥(tm) =¥ (t) ®(m) > 1. This leaves us two cases to con-
sider:

1. Suppose t>1, m <1, and got>L/;(m_1). Set r:= (tp,)9, > 0. We claim that
Lﬁ(m_l) =u LZ;%H(Z r~ Ly(m™h). If u =1, then 9¢=0, so this follows from
Lemma 7.25. If u>1, then 1,79+ 1<, so this follows from Lemmas 7.25 and 7.27. In
either case, we have ¢ > L};7‘+1(2r_1L1(m_1) ), 50 D (¢y) >L/;7‘+1(2r_1L1(CD(m_1))).
From this, we see that

Ly+1(ag) =Lyt 1(Eg(@ (@) >2r ' Li(®(m™)),
SO %rL%H(agm) > Ll(CID(m_l)). Since L1(Y (1)) ~ rLy+1(ag,), this gives L1(¥ (1)) >
Li(®(m™1)). Thus
log (¥ (tm)) =L (¥ (1)) —L1(P(m~1)) >0,
so¥Y(tm) >1.
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2. Suppose t<1, m>1, and @< Lg(m). Set r:=(ty,),, <0. As before, Lemmas 7.25
and 7.27 give @ () <L}"*' (=371 Li(®(m))), so
—27rLy41(ap) <L1(P(m)).
Since L1 (¥ (t) " H = —log(¥ (1)) ~ —rLoy41(ag,), this gives Li(Y() ™ <Li(P(m)), so

log(¥(tm)) =L1(®(m)) —L1(¥(t)"1) >0
and Y (tm) >1.

By Proposition 2.4, the function ¥ : 9t — I extends uniquely into a strongly linear
strictly increasing embedding Tt— U, which we still denote by ¥.

We claim that ¥ is an embedding of force v. By Lemma 8.3, we need only show that ¥
commutes with logarithms and hyperlogarithms. We begin with logarithms. Let [€ £.¢
and g €T. If y=1, then [={) for some r € R and

log(¥ (£[ef])) =rLi(ag) =rLi(E(P(9))) =7 Eo(@ (9 —1)).
If p—1€T, then
rEo(®(p—1)) =ra,_1 =¥ (log(fel])).
If p—1¢T, then log(¢ef]) € T and
rEo(®(9—1)) =P (rEu(9—1)) =Pog(flel])) =¥ dog(flel])).
If >0, then

log(¥(1[ed 1))=Y 1L, +1(ap) =11f( y tyeﬂl[eg]) =¥ (log(1[el]))-
r<0 r<#6

In all cases, we have, log(‘I’([[eg])) = ‘I’(log([[eg] )). For tmeMit, we have

log¥(tm) = log¥(t) +log ¥ (m)= Z log(‘Y(t¢[eg]))+log d(m)
9eT

Z ‘P(log(t(p[eg] )) +Plogm)=¥ogt)+¥(logm)="Yog(tm)).
9€eT

Now, let 0<y<p+1and let t= &,[eg] €dom L1\ M,. Note that ¥(t) =L,(a,), so we
need to show that W (L (t)) =L.1(Ly(ay)). Write vy ="ys 7+ wmn. If n<p,, then

Y (L) =¥ (b, yrarlef]=m) =Ly, rar(ay) =n=Lei(Ly(ag)).
If y=p.<p, then y=w"*n. If p—1€T, then
Y(Lo(t[ef1) =¥ (ef ) —n=a,_1—n=Lo(a,) —n=Lo(L,(ap)).
If p—1¢T, then
Y(Lo(by[ef])) =Y (Eg(p—1)) —n=D(Eg(¢—1)) —n=Lg(ay) —n=Lg(L,(ap)).

If =y, then =0 and
Y(Lpg()) =¥ (@) =P(¢) =Lg(ay).
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If y=p+1, then y=0and
T(Lwyﬂ(t)) :T(Lwyﬂ(gﬁ) + 1) = q)(LwﬂH(gD) + 1) = Lwyﬂ(q)(gﬂ)) +1= Lwa(Clgo).

Since ¥(L1(m)) = ®(Ln(m)) =L,1(P(m)) =L1(¥(m)) for me M, and since dom L=
O, for 7> p + 1, this completes the proof of our claim that ¥ is an embedding of force v.

We finish with the uniqueness of ¥. Let A: Tt— U be another embedding of force v
that extends ®. To see that A=Y, we only need to show that A(t) =¥ (t) forall te £<g[eg].
For p €T, we have

Lg(A(ef)) = A(Lg(Eg(9))) = A(g) = D(9),
SO A(eg) =a,. For <6, we deduce that
A(€7+1[e§)]> :A<L7+1<eg>> :L7+1(A<eg)) =Ly11(ap) :W“"/H[eg])-

Since A is strongly linear, this gives log A(t) =A(log t) =¥ (log t) =log ¥ () for te £<I3[eg],
so A(t) =¥ (1) by the injectivity of log. O

8.5 Fields with bijective hyperlogarithms

In this subsection, we prove Theorem 7.4. Recall that T is a confluent hyperserial skeleton
of force v.

Definition 8.31. Let u<v. For -y € On and n< p, we define M, 4 as follows:
o M) :=M.
o My p = MNiyy) . if 1 is asuccessor.
o M= UU<,, M,y if 1 is a non-zero limit.

o M= U/\<7 M if ¥>0.

We set T,y = R[[DM (11, s0 T(o,0) =T and we have the force v inclusion T,o) C T,y
whenever A <7y or A=y and o <. We set

Mw= ) Moo, Tew= | Too
7€0n 7€0n

Note that T (<) =R [[90 (<) ]] by Lemma 2.2. Note also that (<o) ="M and T (<)=T.
Theorem 7.4 is a consequence of the next two propositions:

Proposition 8.32. T, is a confluent hyperserial skeleton of force (v, ).

Proof. By Corollary 7.24, it suffices to show that
(Ti<p))>n CLn (T )

for n<p. Fix n<p and fix s € (T<y)s (. Fix also a limit ordinal  with s € ']1‘(>7’5>. Then

SE T(?’,;) so either E(s) exists in T, ;) or E,u(s) exists in (T, ;) ¢ = T(y,y+1)- In either
case, E (s) € T@’il,oy O

Proposition 8.33. Let U be a confluent hyperserial skeleton of force (v, u) and let &: T — U
be a force v embedding. Then there is a unique force v embedding ¥: T <,y — U extending .
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Proof. We will show for each v € On and each # < p that there is a unique force v embed-
ding ¥y, : Ty, — U extending ®. We have ¥ g,0) =P, so suppose that we have defined
this unique embedding ¥\ ) when A <7, o <p and when A =7, o <#. If # is a suc-
cessor, then T, ;) = (T¢y,4.,)) (4,), S0 by Proposition 8.4 (if #,=0) or Proposition 8.30 (if
1.>0), the embedding ¥, ,,) extends uniquely to an embedding

T(%ﬂ) : T(%ﬂ) —U.

Since ¥, ;) uniquely extends ¥, ,,) and since ¥, ,,) uniquely extends ®, we see that
¥,y uniquely extends ®. If  is a limit, then we set ¥,y :=U, ., ¥(7,0)- The map ¥,y
is only defined on | J,, . y T(7,0), which may not equal T(,,;), but ¥(,,;) is defined on all of
My, and so ¥, ;) extends uniquely to a force v embedding T,y — U, which we also
denote by ¥(,, ). As each ¥, ) uniquely extends ®, we see that ¥, ,) uniquely extends
® as well. Likewise, we define ¥,y to be the unique force v embedding extending

U/\<'y ‘{I(/\,]l) : O

Theorem 7.4 follows from Propositions 8.32 and 8.33.
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