MODEL COMPLETENESS FOR THE DIFFERENTIAL FIELD OF
TRANSSERIES WITH EXPONENTIATION

ELLIOT KAPLAN

ABSTRACT. We show that the expansion of the valued differential field of logarithmic-exponential
transseries by its natural exponential function is model complete. We give an axiomatization of
the theory of this expansion that is effective relative to the theory of the real exponential field,
and show that any maximal Hardy field satisfies the same axioms. We use this to prove a transfer
theorem between Hardy fields and transseries.
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INTRODUCTION

The differential field T of logarithmic-exponential transseries is a real closed field extension of
R, introduced independently by Ecalle [25] in his solution to the Dulac conjecture and by Dahn
and Goring [17] in their work on Tarski’s problem on real exponentiation. This structure T serves
as a sort of universal domain for studying the asymptotic behavior of non-oscillating solutions to
algebraic differential equations over the reals. In [4], Aschenbrenner, van den Dries, and van der
Hoeven showed that the elementary theory of T as an ordered valued differential field is model
complete.

There is a natural exponential exp on the field T that makes T an elementary extension of the
real exponential field Rexp [23]. Let Texp be the expansion of the differential field T by exp. Then
Texp is a proper expansion of T in terms of definability, since exp is not definable in T; see [4]
Proposition 16.6.7] and [36, Corollary 5.9]. In the introduction of [4], it was asked whether the
model completeness result for T can be extended to Texp. In this paper, we provide a positive
answer to this question.

Theorem A (Corollary . The elementary theory of Texp s model complete in the language of
ordered valued differential exponential fields.

Note that in [4], the notation Tey, differs from our use here. There, Teyp, refers to a specific
differential subfield of T that is actually quite wild, model-theoretically (it defines Z; see [3]).
1



T is an H-field, as defined by Aschenbrenner and van den Dries [2]; see Section
T has small derivation: the derivative of any infinitesimal element is infinitesimal.
T is Liouville closed: for each f € T, there are g, h € T with h # 0 such that ¢' = h'/h = f.
T has the differential intermediate value property: for any differential polynomial P over T
and f,g € T with P(f) <0 < P(g), there is y € T between f and g with P(y) = 0.
In particular, the theory of T is decidable [4, Corollary 16.6.3]. Here we show that Tex, admits a
similar axiomatization:

Theorem B (Corollaries and . Let K be an ordered valued differential exponential field.
Then K is elementarily equivalent to Texp if and only if it satisfies the following axioms:

In [7], the authors showed that the theory of T is completely axiomatized as follows:
[ ]
[ J
[ J
[ J

(1) K is an H-field with small, nontrivial derivation and K satisfies the differential intermediate
value property.

(2) exp is an ordered group isomorphism K — K~ and exp(f) = exp(f)f’ for f € K.

(3) The constant field C of K, equipped with the restricted exponential exp |c, is elementarily
equivalent to the real exponential field Rexp.

Note that the Liouville closedness axiom is no longer needed: for f € K, the differential interme-
diate value property gives g € K with ¢’ = f [7, Lemma 2.1], and then (exp g)’/(expg) = f by
The only part of this axiomatization that is not known to be effective is Thus, the theory of
Texp is decidable relative to the theory of Rexp; see [39] for more about decidability of this theory.

As with the theory of T, the differential intermediate value property is a bit of an afterthought.
The axioms actually needed to prove model completeness are the more complicated axioms of
newtonianity and ®-freeness; see Subsection It is also more convenient to work with the
logarithm function instead of the exponential function, as one has much more control over the value
groups of valued field extensions that are only closed under taking logarithms; see [22, Section 4]
for evidence supporting these heuristics. Accordingly, we study logarithmic H-fields, a class of
H-fields equipped with a (not necessarily surjective) logarithm. We call a logarithmic H-field with
a surjective logarithm an exzponential H-field and we show that every logarithmic H-field has an
exponential H-field extension with the same constant field. We further show that every exponential
H-field can be extended to an ®-free newtonian exponential H-field with the same constant field.
Every w-free newtonian exponential H-field is automatically Liouville closed; see Remark

Let Tjos extend the theory of logarithmic H-fields by axioms asserting that the constant field
C equipped with the restricted logarithm log |o> is elementarily equivalent to Rexp and let Télxtp
extend the theory of ®-free newtonian exponential H-fields by the same constant field axioms.
Using Wilkie’s celebrated theorem that Reyp, is model complete [43], we show the following:

Theorem C (Theorem [6.3). Ten)fp is model complete and it is the model companion of Tig.

Since Texp = Tenxtp, Theorem [A|is an immediate corollary of Theorem |C| In fact, any model of

Ty, with small derivation is elementarily equivalent to Tey, by Corollary so Theorem [B| also
follows from Theorem |C| and the results in [7]. Perhaps surprisingly, this entails that all models of
Te%fp are elementarily equivalent to Rey, as exponential fields; see Corollary

To determine the combinatorial complexity of T(fxtp and to better understand definable sets in
Texp, we will likely need to prove a quantifier elimination result in some reasonable extended
language. At the end of this paper, we give some ideas about what this language might be. While
we do not yet have such a result, our model completeness proof is robust enough to give some

information about definable sets:

Theorem D (Corollaries and [6.9).



(1) For every X C Texp definable with parameters and every b € Texp U{+00}, there is a € Texyp
with a < b such that (a,b) is either contained in or disjoint from X.

(2) For every X C Tg,, definable with parameters, the intersection X NR™ is definable in the
real exponential field Reyp.

In the literature, the first property above is called local o-minimality and the second is stable
embeddedness of the constant field.

The theory Tgfp has other models of interest—any maximal Hardy field is a model of Te“)fp with
small derivation by [I5], [9]. We use this to prove the following transfer theorem:

Theorem E (Theorem. Let H O R be a henselian Hardy field closed under taking logarithms
and let v: H — Texp be an ordered differential field embedding that preserves logarithms. Then any
mazimal Hardy field extending H has the same first-order theory as Texp in the language of ordered
differential logarithmic fields with parameters from H (interpreted in Texp via ¢).

In particular, a system of exponential-algebraic differential equations over H has a solution in
some Hardy field extension of H if and only if its image under ¢ has a solution in Texp.

Conway’s field of surreal numbers equipped with the Kruskal-Gonshor exponential and the
Berarducci-Mantova derivation is another model of Tg;fp by [13, [6]. Using this, we answer the
first question posed in [12] (also asked in [6]).

Theorem F (Proposition Corollaries and . Every model of Tioe with archimedean
constant field and small derivation admits an ordered differential logarithmic field embedding into
No. In particular, every Hardy field closed under taking logarithms admits such an embedding.
Moreover, the natural embedding Texp, — No is an elementary embedding of ordered differential
exponential fields.

The differential field T has two other expansions worth mentioning:

e Tphow expands T by the map (f,r) — f7: T xR — T~.
® Telem expands Teyp by the sine and cosine functions restricted to the interval [—1, 1].

The field Tpow was studied in [36], where analogs of the theorems above were established. A variant
of Telem, where exp is also restricted to [—1, 1], was studied in [34, Chapter 8], and we give a full
treatment of Tejer, in Subsection [6.3] below. We show in Theorem and Corollary [7.6] that many
of the theorems above hold for T as well.

In terms of definability, we have

T _,C._ Tpovv 9 Texp _,C._ Telema

where C here indicates that one is a proper reduct of the other. See [36, Corollary 5.9] for strictness
of the first two reducts; the third follows from Corollary Theorem and [I4]. The fact
that Telem properly expands Texp is a bit superficial: it really only manifests in the induced structure
on the constant field by Theorem Some of the results on Ty in [36] can be deduced from
the results here; see Remark for a discussion of this.

Strategy and outline. Our proof of Theorem |C| closely follows the proof in [4] that the theory
of w-free newtonian Liouville closed H-fields is the model companion of the theory of H-fields. We
prove a general proposition (Proposition that allows us to upgrade many of the extension and
embedding results for H-fields in [4] to results about logarithmic H-fields. Nevertheless, some of
the results in [4] do not admit easy generalizations, even with this tool in hand. In particular, the
extension results in [4, Sections 13.4 and 16.1] (realizing cuts in the value group and extensions
controlled by asymptotic couples) are quite difficult to generalize. These extensions are handled in
Propositions and [5.1] respectively, with all of Section [5] devoted to the proof of Proposition [5.1
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In proving Proposition we establish some facts about the set v(a — K) for K an H-field and
a an integral of an element in K. We show that this set does not change when passing from K
to its henselization (Proposition , nor does it change when extending K by another integral b,
assuming v(a — K) and v(b — K) are suitably different (Proposition [2.4). Both results may be of
general use (and both hold in the broader context of d-valued fields; see Remark .

Once Theorem |C|is established, the other main theorems follow relatively easily (building on the
work done in [4, [6] [7, 9] of course). Theorem needs a different argument than the one given
in [4], which goes through quantifier elimination. The argument we give is essentially the same as
the one we gave for Tpow in [36].

Section [1| is devoted to preliminaries on ordered fields, valued fields, and differential fields. In
Section [2] we recall background on H-fields, and prove Propositions 2.3 and on approximating
integrals. Logarithmic and exponential H-fields are introduced in Section [3| and we study logarith-
mic H-field extensions and logarithmic H-field embeddings in Section @l In Section [5, we prove
Proposition [5.1] on extensions controlled by the asymptotic couple. We use these results in Section [6]
to prove our main theorems about Tg‘)fp. We also study expansions by restricted trigonometric func-
tions in this section. In Section [7] we discuss transseries, Hardy fields, and surreal numbers. Many
natural questions remain open, and we discuss these in Section

Acknowledgements, some history of this paper, and AI disclosure. A version of this paper
first appeared in April 2020, and I thank Lou van den Dries, Allen Gehret, and Nigel Pynn-Coates
for providing helpful feedback on that version. Unfortunately, that version contained a gap—I had
combined Facts and into an erroneous lemma. This lemma essentially asserted that when
extending a henselian H-field K by an element a ¢ K with o' € K, the resulting H-field K(a)
embeds over K into any other H-field extension of K containing an element b with b’ = a’ via an
embedding sending a to b. The italicized part is only true if we are in the setting of Fact 2.7, many
thanks are due to Lou for noticing this gap.

Fixing the gap that this created in the proof of Proposition turned out to be quite involved.
Shortly after discovering the gap, I managed to prove this proposition in case of Section
where f > K, modulo Proposition [2:3] Near the end of 2024, I saw that this approach would also
work for “wide gaps” in the sense of [§] and conjectured that v(logm, — M,) = (A, + Z)\IL)i in
the general case (see Section [5| for notation). I had a number of very helpful conversations with
Vincent Bagayoko about this, and I thank Vincent for these conversations and for affording me the
opportunity to visit Paris.

Despite this progress, things went no further until September 2026, when I gave the original
preprint and all of the work I had done on closing this gap to Claude Opus 5.5 (provided through
the Stockholm University mathematics department). Claude managed to find a fix, and the main
ideas in the proof of Proposition [5.3] come from this. It is worth highlighting the most important
insights to come out of this fix:

e The choice of compositional conjugation in Convention [5.4] which depends on a given n.

e The derivations 6,,, which provide useful decompositions of derivatives of elements in K (f).

e The method of reducing approximations by elements in K" to approximations by elements
in K via specialization in Proposition

e The key insight in Proposition that the rational Kaplansky Lemma of [29] can be
played against logarithmic derivatives to show that adjoining one integral does not allow
us to better approximate another.

Both Propositions and were originally proven in the specific setting of Section |5, though
they may be of broader use and are included here as general results about H-fields.
The gap also rendered the proof of Proposition [4.13] incomplete. Claude noticed an error in an
earlier attempted fix and suggested a shorter workaround, which constitutes the proof of the claim
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in this proposition. The text of the article itself was written by me, and I take responsibility for its
contents. In addition to finding the proofs mentioned above, Claude Opus 5.5 was used for some
initial restructuring and for proofreading. I would like to thank Lou and Allen for feedback on the
current draft.

1. PRELIMINARIES

We draw heavily from [4]. The book [4] is almost entirely self-contained, so some of the results
we cite (especially the results on valued fields from [4, Chapter 3]) were not originally proven there.
We use the same notational conventions as [4], but we will repeat what is needed in this paper.

We let k, m, n and r range over N = {0,1,2,...}. By “ordered set” we mean “totally ordered
set”. Let S be an ordered set. For a € S, we set S”% := {s € S : s > a}; similarly for $7¢, §<¢
S<¢ and S7* For A C S, we set

Ab = {s€ S :s<aforsomeac A}

and we say that A is downward closed in S if A = A},

Now let T' be an ordered abelian group. Then we let I'”> := I'>? and we define ', I'<, 'S, and
I'” analogously. For v € T, we let [y] denote the archimedean class of v, and for S C T, we set
[S] = {[y] : v € S}. Given also «a, 8 € T', we write « = 8 + o(y) to mean that o = 8+ ¢ for
some § € I" with [§] < [y]; similarly for o < 5+ o(). We consider [I'] as a totally ordered set with
minimal element [0].

Given a ring R, we let R* denote the group of invertible elements in R. All fields are assumed
to be of characteristic zero.

1.1. Ordered fields and ordered exponential fields. Let K be an ordered field. We let K¢
denote the real closure of K. If L is a real closed ordered field extension of K, then there is a
unique ordered field embedding K™ — L over K.

An exponential on K is an ordered group isomorphism exp: K — K~. We define an ordered
exponential field to be an ordered field K equipped with an exponential exp. Given such a field,
we use log: K~ — K to denote the inverse of exp. If K and L are ordered exponential fields, then
an ordered field embedding ¢: K — L is said to be an ordered exponential field embedding
if (expa) = expi(a) for all @ € K. We use Rey, to denote the real exponential field. Then
Th(Rexp), the first-order theory of Reyp, in the natural language of ordered exponential fields, is
model complete and o-minimal by Wilkie’s theorem [43].

1.2. Valued fields. Let K = (K,O) be a valued field, so O is a valuation ring with unique
maximal ideal 0. We let res(K) := O/o denote the residue field of K and we let I' := K*/O*
denote the value group of K with valuation v: K* — I'. Our standing assumption that all fields
are of characteristic zero applies to res(K) as well, so all valued fields are of equicharacteristic zero.
We construe I' as an additive group, totally ordered by va > 0 <= a € 0. We extend v to all of
K by setting v(0) := oo > I', and for a,b € K we set

a =< b <= va = vb, a =< bi<= va > vb,
a < b <= va > vb, a~b:<<—a—b<<a.

Note that a ~ b if and only if a,b # 0 and a/b € 1 + o.

If L is also a valued field, then we denote its value group, valuation ring, and maximal ideal by
I'z, Or, and oy, respectively. Let L be a valued field extension of K. We identify I' with a subgroup
of I';, and we identify res(K) with a subfield of res(L) = Opr/or, in the natural way. For a € L,
we let v(a — K) denote the set {v(a —y) :y € K} CT'p U{oo}. We say that L is an immediate
extension of K if I', =T and res(L) = res(K).
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Let (a,) be a well-indexed sequence in K (that is, a sequence indexed by ordinals below some
infinite limit ordinal). Then (a,) is a pseudocauchy sequence (or pc-sequence) if

T>0>p = v(a; —a,) > v(as —a,) eventually,

where eventually means whenever the indices are greater than some pg. An element a in a valued
field extension of K is a pseudolimit of (a,) if v(a — a,) is eventually strictly increasing; in this
case, we write a, ~» a. If P(a,) + 0 for all P € K[X]\ K, then (a,) is said to be of transcendental
type over K. A divergent pc-sequence in K is one with no pseudolimit in K; so any pc-sequence
of transcendental type is necessarily divergent. The following is the “rational Kaplansky Lemma”
of [29].

Fact 1.1 ([29, Lemma 4.4]). Let L be a valued field extension of K. Let a € L\ K and let (a,)
be a divergent pc-sequence in K of transcendental type with a, ~ a. Let F € K(X)\ K, and put
vp = v(a, —a). Then the following hold eventually (i.e. for all p greater than some pg):
(i) F(ap) is a well-defined element of K (i.e. the denominator is nonzero).
(ii) (F(ap)) is a divergent pc-sequence in K, and F(a,) ~ F(a). Thus vF(a,) = vF(a).
(ili) v(F(ap) — F(a)) = a+ kv, for some a € 'y, and some k > 1.

In [29], L is assumed to be an immediate extension of K, but the proofs of the parts listed here
do not use this. The following improvement on Fact is an unpublished lemma of Gehret;
we give a short proof:

Lemma 1.2. In the last part of Fact we can always take « = vF'(a) and k = 1.
Proof. Write F' = P/(Q) with P,Q € K[X] and set R == P — F(a)Q € L[X], so
R@)=0, R =QF +(F-F()Q, F-F(a)=R/Q.

Taking Taylor expansions of R and R’ around a, we have

Ra) = RO @0~ ()= Y s RO @), )
=1 i>1

By [4, Lemma 3.2.3] (and the fact that v(1/:!) = 0 in equicharacteristic zero), we find k£ > 1 such
that eventually,

v(R(a,)) = v(R®(a)) + kv, < v(RD(a)) + iy, fori+# k.
For brevity, we say that v(R(a,)) is eventually linear with slope k. Note that by the Taylor expansion
of R' and the inequality above, v(R'(a,)) is eventually linear with slope k — 1. On the other hand

R/(ap) = Q(GP)F/(%) + (F(a,) — F(“))Q/(ap)a

where the valuation of the first term is eventually constant by Fact [1.1}(ii)| applied to @ and F’ and
the valuation of the second is either infinite or eventually linear with slope k. As (v,) is eventually
strictly increasing, we see that v(R'(a,)) must either be eventually constant or linear with slope k.
This is only possible if K — 1 =0, so K = 1. Thus eventually,

v(F(ap) — F(a)) = v(R(ap)) — v(Q(ap)) = vR'(a) + 7, — vQ(a) = vF'(a) + 7. .

We let K denote the henselization of K. Then K" is an immediate extension of K, and there
is a unique valued field embedding of K™ over K into any henselian valued field extending K [4,
Proposition 3.3.25 and Corollary 3.3.26]. Accordingly, if L is a henselian valued field extension of
K, we identify K" with a valued subfield of L. As K has equicharacteristic zero, any divergent
pe-sequence in K is necessarily of transcendental type [4, Corollary 3.3.21]. A key fact for us is
Kuhlmann’s approximation theorem for elements in K™:
6



Fact 1.3 ([37, Theorem 1]). Let x € K"\ K. Then there is a nontrivial convex subgroup A C T
and an element o € I' with
v(z — K) = (a+ At

Finally, we need the following fact about ordered valued fields:

Fact 1.4 ([4, Corollary 3.5.19]). Suppose that K is an ordered field and that O is convexr with
respect to the ordering on K. Then K is real closed if and only if K is henselian, res(K) is real
closed, and I is divisible.

1.3. Differential fields. Let K be a differential field with derivation 0: K — K. We let K{Y'}
denote the ring of differential polynomials over K. Then K{Y} is a differential ring extension of
K. For a € K we often write a’ instead of d(a) and a” instead of d(a). More generally, we write
a™ for 0" (a). We set al = d'/a if a # 0 and we call af the logarithmic derivative of a.

We let C' = ker(d) denote the constant field of K and if L is also a differential field, then we
denote its constant field by C. Given ¢ € KX, we let K? be the differential field with underlying
field K and derivation ¢~1'9. We call K¢ the compositional conjugate of K by ¢. Note that
Cgs =C.

We set K' = {a’ : a € K} and we set (K*)! := {af : @ € K*}. Note that (K*) is an additive
subgroup of K since af + bf = (ab) for a,b € K*. Note also that K’ is a C-vector subspace
of K. We say that a € K can be integrated if ¢ € K’ and we call an element b € K with
b = a an integral of a. If by and by are integrals of a, then by — by € C. We say that a € K
can be exponentially integrated if a € (K*) and we call an element b € K* with bl = a an
exponential integral of a. If by and b; are exponential integrals of a, then by/b; € C*.

For y in a differential field extension of K, we let K(y) := K(y,v',vy",...) denote the differential
field extension of K generated by y. We say that y is d-transcendental over K if the sequence
v,y ,y", ... is algebraically independent over K (in the field-theoretic sense) and we say that y is
d-algebraic over K otherwise. Note that y is d-algebraic over K if and only if K (y) has finite
transcendence degree over K.

For P € K[X], we let P° denote the polynomial obtained by taking the derivatives of the
coefficients of P. Then P(y)' = P°(y) + P'(y)y’ for any y in a differential field extension of K. We
extend this to rational functions F' € K(X) using the quotient rule; then F° still has the property
F(y) = F°(y) + F'(y)y'. The following fact is proven just before [4, Corollary 5.1.28].

Fact 1.5. Let A(Y) = g be a linear differential equation over K. If this equation has a solution in
a differential field extension of K that is algebraic over K, then it has a solution in K.

2. H-FIELDS

Let K be an ordered differential field with constant field C. Following [2], we say that K is an
H-field if

(H1) f' >0 for all f € K with f > C;

(H2) O = C + o, where O is the convex hull of C' in K and o is the unique maximal ideal of O.

We always view an H-field as an ordered wvalued differential field with the convex valuation ring O
as in An ordered field with trivial derivation is an H-field with trivial valuation, and if the
derivation of an H-field is nontrivial, then so is its valuation.

In this section, we recall some needed facts on H-fields, asymptotic couples, and newtonizations
from [4]. We also prove in Propositions and below that neither passing to the henselization
nor adjoining a suitably different integral improves approximations to an integral in an H-field.

Convention. For the remainder of this paper, K is an H-field with valuation ring O, mazimal

ideal o0, derivation 9, constant field C, and value group I'.
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By the residue map sends C' isomorphically onto res(K). Thus an H-field extension L of
K is immediate if and only if I'y, =T and C, = C. By [4, Proposition 9.5.3 and Lemma 10.5.8],
we always view the henselization of an H-field K as an immediate H-field extension of K. Also
by each u € O differs from an element in o0 by a constant, so 00 = do. We say that K has
small derivation if do C o, and large derivation otherwise. Note that if ¢ € K-, then the
compositional conjugate K¢ is again an H-field.

2.1. Asymptotic couples. By [4, Lemma 10.5.2], the H-field K is H-asymptotic: for all nonzero
f,g9 € o, we have

f=g=1[f=<d, [fxsg=1[=4"
Thus, for f € K>\ O%, the values v(f") and v(f!) depend only on vf. For v = vf with v # 0, we
write

Y=o(fl), A =o(f)=v+"

Following Rosenlicht [41], we denote the map v +— v': T7 — T' by 1, and we call the pair (I',))
the asymptotic couple of K.

Fact 2.1 ([4, Lemma 6.5.4(ii),(iii)]). (I',v) has the following properties:

() a8 € T and o £ B, then (a) —(B) = ofa — ).
(ii) The map v+ ~': T'7 — T is strictly increasing.
We set
(<Y ={y :y €<}, () ={y:yer”}, U = )(I7).

Then (I'<)’ is downward closed, (I'”) is upward closed, and (')’ < (I'”)". Note that K has small
derivation if and only if (')’ C I'”, and large derivation if and only if 0 € (I'”)’. We say that
K has asymptotic integration if I' = (I'S)’ U (I'”)’. If K does not have asymptotic integration,
then there is only one 5 € T with (I'S)’ < 8 < (I'”). In this case, either 8 = max ¥ and K is said

to be grounded, or § ¢ ¥ but 8 = sup ¥V and we call 8 a gap in K. If K has trivial valuation,
then U = (I'S) = (I'”)' =0, and 0 is a gap in K.
Fact 2.2 ([4, Corollary 9.2.16]). Ezactly one of the following holds:
(i) K has asymptotic integration;
(ii) K has a gap;
(iii) K is grounded.
Suppose K is ungrounded. Then ¥ C ('), so for v € 'S, there is a unique element x(v) € I'S
with x(v)" =~'. This map x: I'S — I'< is called the contraction map.

2.2. Integrals in H-fields. The following result plays a key role in the proof of Proposition[5.3] It
tells us that integrals of elements in K cannot be better approximated by passing to the henselization
of K.

Proposition 2.3. Let f be an element in an H-field extension of K with f' € K. Then
o(f = K" =v(f - K).

Proof. This is trivial if f € K, so suppose f ¢ K. We work in a henselian H-field extension M of
K containing f, and we identify K" with an H-subfield of M. Set S = v(f — K), let y € K™, and
suppose towards a contradiction that v(f —y) > S. Then, v(y — K) = S, so Fact yields a € T’
and a nontrivial convex subgroup A C T' with S = (a + A)*. We may assume o # 0, and we take
a,e € K with va =v(f —e) = a. Set

w=a"'(f —e), z=at(y—e)c K", p=a' €K, h=(f-e)/d € K.
8



Then vw = vh =0 and v(w—2) = v(f —y) —a > A. As a # 0, we have v¢p € U. For the remainder
of the proof, we work in M?, so we have small derivation, a' = 1, and v’ + w = h. Note that ¢
may be negative, so M? need not be an H-field, but it is still d-valued with the same valuation
ring and constant field as M (see [4, Section 9.1]), and this is all that we use below. We claim that

(S\{0}) < 8. (2.1)

Since the map v — 7/ on Ff/[ is strictly increasing by Fact (ii) it suffices to show that (a+4)" € S
for § € A7 with o + 6 # 0. For this, we use that 157(a) = 0, together with Fact to get

(a+68) =a+d+vu(a+d)=a+d+ula+d) —u(a) =a+d+0(0) € a+A.

Now let O :== {u € M : vu > ¢ for some § € A}, so O is a convex valuation ring of M with
maximal ideal 6 == {u € M : vu > A}. Let M denote the residue field O/é, so the derivation
on M induces a derivation on M by [4, Lemma 4.4.2 and Corollary 4.4.4]. We let K C M be the
differential residue field of K N @. The elements w, z, and h all lie in O, and we let w, 4, and h
denote their images in M,sow =2dand ' +uw =he K. As z is algebraic over K, its residue
W = & is algebraic over K, so Fact provides z € K with 2/ + % = h. Lift # to an element z € K,
and put g == f—e—az € f— K, sovg € S. As we have arranged that a’ = a, we see that

d=f - —dz—a’ =ah—az— a7 € ao. (2:2)

Using that S has no greatest element, we arrange that vg € S\ {0} by subtracting a constant ¢ € C'
with g ~ ¢ if need be; note that this doesn’t change ¢’. Then (2.1)) gives vg’ € S, contradicting ([2.2)).
O

The next proposition shows that if two integrals of elements in K differ (as measured by the
eventual value of ¥ on v(a — K) and v(b — K)), then adjoining one does not allow us to better
approximate the other.

Proposition 2.4. Let a,b be elements in an H-field extension of K with a,b & K and ',V € K.
Put

Se =v(a — K), Sy :=v(b— K).
Suppose that S, has no largest element and that there are a # 3 such that 47 = o for all sufficiently
large v € Sy and ~' = B for all sufficiently large v € Sy. Then v(b — K(a)) = Sp.

Proof. Using that S, has no largest element, take a sequence (a,) in K such that v, = v(a — a,)
is strictly increasing and cofinal in S,. Then (a,) is a divergent pc-sequence in K and a, ~» a.
By Proposition , (a,) remains divergent in K%, so (a,) is of transcendental type and K(a)
is an immediate extension of K. Suppose towards a contradiction that there is y € K(a) with
v(b—y) > Sy (we allow for the possibility that y = b, so v(b — y) may be infinite). Write y = F'(a)
for € K(X)\ K. Passing to an end segment, we may assume that F'(a,) is defined for each p,
and we set
Yp = Fl(ap) € K, Mo = 0(Yp — y), § = vF'(a).

Then (y,) is a divergent pc-sequence in K with y, ~ y by Fact After possibly passing to
an end segment again, Lemma [1.2] gives

Np =0+ Y- (2.3)

As v(b—y,) € Sy and v(b —y) > Sy, we see that v(b—y,) = v(y — yp) = 1, 50 Yp ~> b. As (y,) is
divergent, (7),) is cofinal in S;. Passing to an end segment, we may arrange that

VW#0,  mp#0,  Al=a,  gi=p
for all p.



Set G == F? +d'F' € K(X),s0y' = F(a) = G(a). Then

y;, —G(a,) = F'(ap)(a;J —d). (2.4)

We now calculate the valuations on both sides of (2.4). Applying Fact with F’ in place of
F and using v, # 0, we have

U(F/(ap)(a; —d)) = 47, =0+, +

Note that Fact only applies to nonconstant rational functions, but the equality above is trivial
if I/ € K. For the left side, we have y,, — G(a,) = (y, — V') — (G(a,) — V'), and we note that

v(y, =) =m,  v(G(ay,) = V) =v(G(a) =) =v(y =b) >,
where the equality on the right uses Fact with G — b in place of F' (again, this is trivial if
G-V € K) and the inequality uses that v(y—b) > 1, as 1, € Sp. Thus, v(y,—G(a,)) =1, = 1,+5,
and yields
M+ B=050+7,+ca
As « # 3, this contradicts . 0

Remark 2.5. Propositions[2.3|and 2.4 hold in greater generality: we only need that K is a d-valued
field in the sense of [4, Section 9.1] and that f,a,b lie in a d-valued field extension of K. The same
proofs work verbatim.

We will need the following two facts about adjoining integrals to henselian H-fields.

Fact 2.6 ([4, Lemmas 10.2.4, 10.2.5(iii), and 10.5.8]). Let K be henselian and let s € K with
vs € (I'”) and s ¢ do. Then there is an immediate H-field extension K(a) of K with a < 1 and
a' = s. If L is also an H-field extension of K with s € doy,, then there is a unique H-field embedding
K(a) = L over K.

Fact 2.7 ([4, Lemmas 10.2.5(ii), 10.2.6, and 10.5.8]). Let K be henselian with asymptotic integration
and let s € K\K' withv(s—vy') < (') for ally € K. Then there is an immediate H-field extension
K(a) of K with a = 1 and o’ = s. If L is also an H-field extension of K and a* € L satisfies
(a*)' = s, then there is a unique H-field embedding K (a) — L over K that sends a to a*.

Note that in Facts [2.6] and 2.7] the element a is necessarily transcendental over K by Fact
Iterating these facts along with taking henselizations, we have the following:

Fact 2.8 ([4, Proposition 10.2.7 and Lemma 10.5.8]). Suppose K has asymptotic integration. Then
K has an immediate H-field extension K ( [) that is henselian, closed under integration, and embeds
over K into any henselian H-field extension of K that is closed under integration.

Finally, we show that any H-field has a canonical immediate extension that admits a definable
logarithm 1+ 0 — o.

Lemma 2.9. K has an immediate H-field extension K* such that
(i) K’ is henselian;
(i) (14 oxe)t Ca0ye;
(iii) K* embeds uniquely over K into any henselian H-field extension L of K with (14 or)T C
a(’)L.

Proof. We define an ¢-tower on K to be an increasing chain of henselian H-fields (K,),<, such
that Ko = K" K, = Ua<, K for each limit ordinal p, and K41 = K, (yu)® where y, < 1 and
Yy = aL for some a,, € 1+ o0f, with a;r,, ¢ dog,. Note that if (K,),<, is an l-tower on K, then each

K, is an immediate extension of K by Fact Thus, maximal /-towers on K exist, and we let
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(K,.)u<v be such a tower. Then K, is a henselian immediate extension of K and (1+ o, )" C do, .
If L is a henselian H-field extension of K with (1 4 or)! C 9oz, then the universal property of
the henselization, along with the universal property in Fact gives a unique H-field embedding
K, — L over K for each u < v. Thus, we may take K* := K. O

Suppose K = K*. If F is an H-subfield of K, then we identify E¢ with its unique image in K.
We define a function In: 1 + 0 — o by letting In a be the unique element of o satisfying

(Ina)’ = af

for each a € 1 + 0. Given £ € 07, we have In(1 + €)' ~ &', so ¢ > 0 if and only if In(1 +¢) > 0.
From this it is straightforward to check that In is an ordered group embedding 1 + 0 — o.

2.3. o-free H-fields and newtonianity. As shown in [4, Corollary 16.2.5], the theory of H-
fields has a model companion, namely the theory T™ of w-free newtonian Liouville closed H-fields.
We discuss these axioms below, but first we note that they are invariant under compositional
conjugation: if K = T™, then K = T™ for any ¢ > 0.

We say that K is Liouville closed if K is real closed and every a € K can be integrated
and exponentially integrated in K. The axiom of w-freeness is more technical; fortunately, this
paper only uses its consequences, which we describe below. If K is w-free, then it is ungrounded
by definition and it does not have a gap [4, Corollaries 11.6.1 and 11.7.3], so ®-free H-fields have
asymptotic integration. The utility of ®-freeness is that it is quite robust: it transfers to d-algebraic
extensions and to certain subfields:

Fact 2.10 ([4, Section 11.7 and Theorem 13.6.1]). Let K be w-free, let L be a d-algebraic H-field
extension of K, and let E be an H-subfield of K with T'y; cofinal in <. Then L and E are o-free
as well.

The axiom of newtonianity is also quite technical, and as with ®-freeness, we will only use
its consequences. One may think of it as a differential analog of henselianity (more precisely, an
approximate version of differential henselianity). When coupled with @-freeness, it is quite a strong
axiom:

Fact 2.11. If K is o-free and newtonian, then K is asymptotically d-algebraically maximal,
that is, K has no proper immediate d-algebraic H-field extension.

Fact was shown under the assumption that K also has divisible value group [4, Theo-
rem 14.0.2], but this divisibility assumption can be removed; see [40]. Here is a consequence of

Facts and [2.8] that we use repeatedly:

Fact 2.12 (|36, Lemma 1.6]). If K is -free and newtonian, then K is henselian and every element
of K has an integral in K. In particular, K = K*.

Combining Fact with [4, Lemmas 2.4.2, 10.5.8, 11.4.7, and 11.4.8] gives us the following:

Fact 2.13. Let K be ®-free and newtonian and let y be an element in an H-field extension of K
such that v(y — K) has no largest element. Then K(y) is an immediate extension of K. If L is also
an H-field extension of K and y* € L realizes the same cut as y over K, then there is an H-field
embedding K (y) — L over K that sends y to y*.

If K is o-free, then a newtonization of K is by definition an immediate newtonian H-field
extension of K that embeds over K into any newtonian H-field extension of K.

Fact 2.14. Suppose K is ®-free. Then K has a newtonization K™ that is d-algebraic over K,

hence also ®-free by Fact[2.10, Any two newtonizations of K are isomorphic over K.
11



Fact was shown under the assumption that K also has divisible value group [4, Corollar-
ies 14.3.12 and 14.5.4], but again, this divisibility assumption can be removed by [40].

If K is w-free, then a Newton-Liouville closure of K is by definition a newtonian Liouville
closed H-field extension of K that embeds over K into any newtonian Liouville closed H-field
extension of K.

Fact 2.15 ([4, Corollaries 14.5.10 and 16.2.2]). Suppose that K is ®-free. Then K has a Newton-
Liouville closure K™ that is d-algebraic over K. The constant field of K™ is a real closure of C,
and any other Newton-Liouville closure of K is isomorphic to K™ over K.

As shown in [4, Theorem 16.0.3], w-free newtonian Liouville closed H-fields have no proper
d-algebraic H-field extensions with the same constant field. We can use this to give another
characterization of the Newton-Liouville closure of K.

Fact 2.16 ([30, Lemma 1.11]). Let K be o®-free and let L be a newtonian Liouville closed H -field
extension of K. Then L is a Newton-Liouville closure of K if and only if L is d-algebraic over K
and Cp, is algebraic over C.

3. LOGARITHMIC AND EXPONENTIAL H-FIELDS

In this section, we investigate H-fields that are equipped with a logarithm. Logarithms on
H-fields were previously studied in [3].

Definition 3.1. A logarithm on K is an ordered group embedding log: K~ — K such that
(L1) log(1+0) C o;
(L2) (log f)' = fT for all f € K.
We use exp to denote the inverse of log where it is defined. Let log: K~ — K be any map

satisfying and let f € K>. If f € C™, then (log f) = ff = 0, so log restricts to a map
C~ — C. We call this map the induced logarithm on C.

Lemma 3.2. Let log: K~ — K be a group morphism satisfyz'ng cmd and let f € K~.

Then f =1 if and only if log f < 1.

Proof. If f <1, then f = c¢(1+¢) with c € C~ and ¢ € 0, so log f =logc+log(1+¢) < 1 by |(L1)]

Conversely, if log f € O, then v(f1) = v(log(f)") € (') U {00} > ¥, so vf = 0. O
Let log be a logarithm on K. If f € K~ and f = 1, then logf > 1 by Lemma SO

Y(vf) = v(log f) € (I'S); in particular, K is ungrounded. The trace of the logarithm on I'S is

given by the contraction map: v(logy) = x(vy) for y € K~ with vy < 0. By [4, Lemma 9.2.18(iii)]
we have v < nx(vy) < 0 for each v € 'S and each n > 0, so log is sufficiently “slow-growing”:

y = (logy)™ = 1 for all y € K~ with y = 1.

Lemma 3.3. Let log: K~ — K be a group morphism that satisfies and . Suppose that
log|c>: C~ — C is an ordered group embedding. Then log is a logarithm on K.

Proof. Let f € K with f > 1; we need to show that log f > 0. First, consider the case that f = 1.
Then log f >~ 1 by Lemma and (log f) = fT > 0 by and so log f is positive, again
by Now suppose f < 1, so f = ¢(1 + ¢) for some ¢ € CZ! and some ¢ € 0 and
log f =logc+log(l+¢).
If ¢ > 1, then logc > 0 by assumption and log(1 +¢) < 1 by [(L1)} so log f ~ loge > 0. Suppose
c¢=1,s0¢e>0. Then |(H1)|gives
(log ) = fT~ &' <0,
so log f > 0, since log f € o. O
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Lemma 3.4. Let log: K~ — K be an ordered group embedding that satisfies and suppose
that log(C~) = C. Then log satisfies so it is a logarithm on K.

Proof. Let a € 14+ 0 and let ¢ € C~. Using that log(C~) = C, take dy,dy € C~ with logd; = —¢
and logds = c¢. As log is order-preserving, we have

di<1<dy = di<a<dy = —c<loga<ceg,
so loga € 0, as ¢ was arbitrary. O
The extension K relates to logarithms as follows:

Lemma 3.5. Let K be a henselian H-field and let log be a logarithm on K. Then K = K* and
loga =1Ina for all a € 1 4 o.

Proof. We have log(1 + 0) C o by |(L1)] so
(1+0)f =alog(1+0) C o

and K = K*. For a € 1 + o, we have (loga) = a' = (Ina)’, so loga —Ina € C. Thus, loga = Ina,
as both belong to o. O

Definition 3.6. A logarithmic H-field is a henselian H-field K with real closed constant field,
equipped with a logarithm log such that the induced logarithm C~ — C' is surjective.

By Lemma the axiom |(L1)|is redundant for logarithmic H-fields.
Definition 3.7. An exponential H-field is a logarithmic H-field K with a surjective logarithm.

Let K be an exponential H-field. Then I' is divisible since each a € K~ has an n-th root
exp(n~'loga) for each n > 0. As C is real closed and K is henselian, K is real closed by Fact
If an element a € K can be integrated, then it can be exponentially integrated since b’ = (exp b)
for all b € K. To summarize:

Remark 3.8. Every exponential H-field is real closed. Every exponential H-field that is closed
under integration is Liouville closed. In particular, every ®-free newtonian exponential H-field is
Liouville closed, by Fact

Let K and L be logarithmic H-fields. An H-field embedding ¢: K — L is said to preserve log-
arithms if ((log f) = log(f) for all f € K~. A logarithmic H-field embedding is an H-field
embedding that preserves logarithms. The notions of a logarithmic H-field extension and a loga-
rithmic H-subfield are defined analogously. An exponential H-field extension is a logarithmic
H-field extension that is also an exponential H-field; exponential H-subfields are defined similarly.
For ¢ € K, the logarithm on K also makes K? a logarithmic H-field.

The map In gives us a criterion for checking whether a given H-field embedding preserves loga-
rithms.

Lemma 3.9. Let K and L be logarithmic H-fields and let 1: K — L be an H-field embedding. Let
fy9 € K~ with f ~ g and suppose 1(logg) =logi(g). Then t(log f) =logi(f).
Proof. Take € € o such that f = g(1 +¢). Then

log f =logg+log(l+¢)=1logg+In(l+¢)

by Lemma[3.5] We need only show that ¢In(1+¢) = In¢(1+¢). To see this, note that ¢In(1+¢) € or,
and that
v(In(14¢)) = (1 +¢) = (Inu(1 +¢)).
Thus, ¢In(1 + ¢) and In¢(1 + ) differ by a constant, so they must be equal as both are in or,. O
13



The proof of the following proposition borrows from [35, Proposition 6.8] and [36, Proposi-
tion 3.4]. It will allow us to upgrade a number of H-field embeddings from [4] to logarithmic
H-field embeddings.

Proposition 3.10. Let K be a logarithmic H-field and let M be an H-field extension of K with
real closed constant field. Suppose we have the following:

(i) A surjective logarithm Cy; — Ci extending the induced logarithm on C.
(ii) A family of elements (a;)ier in M~ such that v(a;) # 0 for each i and

Ty =T & P Zva,.
el
(iii) A family of elements (b;)icr in M such that b, = az for each 1.
Then there is a unique logarithm on MY extending the logarithms on K and Cyy such that log a; = b;
for each i € I. With this logarithm, M’ is a logarithmic H-field extension of K. Moreover, if L
is a logarithmic H-field extension of K and v: M — L is an H-field embedding over K, then the

unique H-field embedding M* — L extending v preserves logarithms if and only if v commutes with
the logarithm on Cyr and 1(b;) = logi(a;) for each i € I.

Proof. Since M! is an immediate extension of M, the conditions on M also hold for M*, so we may
assume that M = M!. Let f € M>. Our assumption on I'; gives

k;
f:cg(1+5)Hai
el
for some ¢ € Cy;, some g € K7, some ¢ € oy, and some family (k;);cr of integers where only
finitely many k; are nonzero. We set

log f :==logc+logg+1In(l+¢)+ Z k;b;,
i€l
where log ¢ is computed using the given logarithm on Cj;. It is routine to check that this does not
depend on the choice of ¢, g, and . Then log(1+0) = In(1+0) C 0, so log satisfies For
note that
(log f) =g"+ (1 +2) + > kia] = f1.

el
It is straightforward to show that log is a group morphism, so log is a logarithm by Lemma (3.3
As M = MY is henselian, C)y is real closed, and the logarithm on C); is surjective, (M,log) is a
logarithmic H-field. Uniqueness follows easily from Lemma [3.5

Now let L be a logarithmic H-field extension of K and let t: M — L be an H-field embedding
over K. We continue to assume that M = M* and we assume that ¢ commutes with the logarithm
on C)y and that ¢(b;) = logt(a;) for each i € I. We need to show that ((log f) = log ¢(f) where f is
as above. Using the fact that f ~ cg[[;c; afi and Lemma we may assume that f = cg[[;c; afi.
Then
log f =logc+logg + Zkilogai,

i€l
so t(log f) =log(f) by our assumptions on ¢. The other implication, that if ¢ preserves logarithms
then it commutes with the logarithm on C)s and satisfies ¢(b;) = log ¢(a;), is clear. O

The conditions on Cj; and I'j; in the above proposition are always satisfied when M is an
immediate H-field extension of K:
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Corollary 3.11. Let K be a logarithmic H-field and let M be an immediate H-field extension of
K. Then there is a unique logarithm log on M* extending the logarithm on K. With this logarithm,
MY is a logarithmic H-field extension of K and if L is also a logarithmic H-field extension of K and
v: M — L is an H-field embedding over K, then the unique H-field embedding M* — L extending
L preserves logarithms.

Let C* be an ordered field extension of C, and consider the field K(C*), where K and C* are
linearly disjoint over C. By [4, Lemma 4.6.21 and Propositions 10.5.15 and 10.5.16], there are a
unique derivation, valuation, and ordering on K (C*) that make K (C*) an H-field extension of K
with constant field C*. We always view K (C*) as an H-field in this way; as an H-field, K(C*) has
value group I'. If L is an H-field extension of K, then these uniqueness statements show that any
ordered field embedding C* — Cp, over C extends uniquely to an H-field embedding K(C*) — L
over K. Combining these facts with Lemma [2.9] and Proposition we have the following:

Corollary 3.12. Let K be a logarithmic H-field, let C* be a real closed field extension of C', and
let log* be a surjective logarithm on C* extending the logarithm on C. Then there is a unique
logarithm on K(C*)* that estends the logarithms on K and C*. With this logarithm, K(C*)* is a
logarithmic H-field extension of K with value group I' and constant field C*. If L is a logarithmic
H-field extension of K and v: C* — Cp, is an ordered field embedding over C' that commutes with
log*, then ¢ extends uniquely to a logarithmic H-field embedding K (C*)* — L over K.

4. EXTENSIONS OF LOGARITHMIC H-FIELDS

In this section, we prove a variety of extension and embedding results for use in Section [6] For
the remainder of this section, K is a logarithmic H-field with logarithm log.

4.1. The Newton-exponential closure. Here we show that any w-free logarithmic H-field has
a minimal ®-free newtonian exponential H-field extension. We begin with the newtonization.

Corollary 4.1. Let K be o-free. Then there is a unique logarithm on K™ extending the logarithm
on K. If L is a newtonian logarithmic H-field extension of K, then there is a logarithmic H-field
embedding K™ — L over K.

Proof. We have K™ = (K™)! by Fact Since K™ is an immediate extension of K, the logarithm
on K extends uniquely to a logarithm on K™ by Corollary The embedding property follows

by Fact and Corollary O

Lemma 4.2. Set K™ := (K™)!. Then K™ is a real closed H-field with constant field C' and there
is a unique logarithm on K** extending the logarithm on K. If L is also a real closed logarithmic
H-field extension of K, then there is a unique logarithmic H-field embedding K™ — L over K.

Proof. Set M := K'*. Then M is an immediate extension of the H-field K, so I'y; = QI' and
Cy = C™ = (C since C is assumed to be real closed. Thus, M is real closed since M is henselian;
see Fact [[.4l Let f € M>, and take c € C~, g € K~ and q € Q with f ~ cg?. Take also ¢ € oy
with f = cg?(1 + ¢) and set
log f :==logc+ qlogg+ In(1 + ¢).

It is routine to check that log is indeed a logarithm on M extending the logarithm on K and that
this extension is unique. Now let L be a real closed logarithmic H-field extending K. Then by the
universal property of the real closure there is a unique H-field embedding K™ — L over K and
this in turn extends uniquely to an embedding ¢: M — L. To see that ¢ preserves logarithms, let
ce(C”,ge K~, and ¢ € Q and note that

tlog(cg?) =logc+ qlog g = logt(cg?).

We are done in light of Lemma |3.9 O
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Finally, we deal with adding exponentials.

Lemma 4.3. Suppose K is real closed. Let a € K \log(K~) witha < 1. Then K has an immediate
H-field extension K(f) with f ~ 1 and f' = a’. There is a unique logarithm on K (f) extending the
logarithm on K, and this logarithm satisfies log f = a. If L is also a logarithmic H-field extension
of K and a € log(L>), then there is a unique logarithmic H-field embedding K (f)¢ — L over K.

Proof. We claim that o’ ¢ (K*)!. Suppose towards a contradiction that a’ = b' for b € K*. Then
b < 1 since va’ € (I'”)’, so by replacing b with ¢b for some ¢ € C*, we may assume that b ~ 1.
Lemma gives us that a = Inb = log b, contradicting our assumption that a & log(K~).

With this claim out of the way, we may apply [4, Lemma 10.5.18] with o’ in place of s to get
an immediate H-field extension K (f) of K where f ~ 1 and fT = a/. By Corollary there is
a unique logarithm log on K (f)! extending the logarithm on K. We have log f = In f = a, since
a' = f1. Now let L be a logarithmic H-field extension of K with a € log(L>). Then expa € 1+o07,
and expa is transcendental over K, as K is real closed. Since (exp a)T = d/, [4, Lemma 10.5.18]
gives us a unique H-field embedding K(f) — L that sends f to expa. This in turn extends
uniquely to an H-field embedding K (f)¢ — L, which preserves logarithms by Corollary Since
any logarithmic H-field embedding K (f)¢ — L must send f to expa, this embedding is unique as
claimed. g

Lemma 4.4. Suppose K is real closed. Let a € K with a —logb =1 for allb € K~. Then K has
an H-field extension K(f) with constant field C' and with fT = a'. There is a unique logarithm on
K(f)! that extends the logarithm on K and satisfies log f = a. If L is also a logarithmic H-field
extension of K and a € log(L>), then there is a unique logarithmic H-field embedding K (f)¢ — L
over K.

Proof. We may assume that a < 0. Then a’ < 0 as well since a > 1. We claim that v(a’ — bh) e wt
for all b € K*. Let b be given; we may assume that b > 0. As v(a — logb) < 0, we have
v(a’ —b') = v((a —logh)’) € (T<) C WY, as claimed.

In light of this claim, we may apply [4, Lemma 10.5.20] with o’ in place of s to get an H-field
K(f) extending K where

fl=d, 0<f=<1, Tgp=T@®Zvf, Cky =C.
By Proposition there is a unique logarithm on K (f)* with log f = a. Now let L be a logarithmic
H-field extension of K with a € log(L~). Note that expa € L is transcendental over K, as K is real
closed. As (expa)’ = o/, there is a unique H-field embedding K (f) — L sending f to expa by [4,
Lemma 10.5.20]. This in turn extends uniquely to an H-field embedding ¢: K(f)* — L. Since

a = log(f), Proposition gives that ¢ preserves logarithms. Since any logarithmic H-field
embedding K (f)* — L must send f to expa, the map ¢ is unique as claimed. O

We now show that each logarithmic H-field has a minimal exponential H-field extension.

Corollary 4.5. The logarithmic H-field K has an exponential H-field extension K€ with constant
field C and with the following property: for any exponential H-field extension L of K, there is a
unique logarithmic H-field embedding K¢ — L over K.

Proof. We deﬁne an e-tower on K to be an increasing chain of logarithmic H-fields (K,),<, where
(a) Ko =
(b) K, = U>\<# K for each limit ordinal y;
(c¢) if K, is not real closed, then K, u+1 =K ,ﬂc’é equipped with the logarithm in Lemma
(d) if K is real closed, then Ku+1 K, (f.)¢ with log f,, = a,, where a,, € K,,\ log(K;) and

either a,, < 1 and K ,(f,)" is as in Lemma or a, —logb = 1 for all b € K7 and Ku(f.)
is as in Lemma
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We let (K,)u<y be a maximal e-tower on K; such a tower exists because each K, is a Liouville
extension of K, as defined in [4], Section 10.6], so |K,| = |K| [4, Lemma 10.6.8]. To see that K, is
an exponential H-field, we first note that K, is real closed and we let ¢ € K. If a —logb > 1 for
all b € K, then a € log(K,) by maximality. Suppose we have b € K, with a —logb < 1. Since
log(C~) = C, we may take ¢ € C~ with

a —log(ch) = a — logbh —logc < 1.

Again by maximality, a — log(cb) € log(K}), so a € log(K;), as log(K;) is an additive subgroup
of K,,. Set K¢ := K,. Then the desired universal property for K¢ follows from the universal
properties in Lemmas and O

Note that K¢ is d-algebraic over K. If K is w-free, then a Newton-exponential closure of
K is by definition a newtonian exponential H-field extension of K that admits a logarithmic H-
field embedding over K into any other newtonian exponential H-field extension of K. Alternating
Corollaries [4.5] and we see that Newton-exponential closures exist.

Proposition 4.6. Let K be ®-free. Then K has a Newton-exponential closure K™¢ that is d-
algebraic over K with constant field C.

Since any other Newton-exponential closure of K embeds into K™¢ over K, we see that any
Newton-exponential closure of K is d-algebraic over K (and hence o-free) with constant field C.
By Remark any Newton-exponential closure is Liouville closed, so by Fact the underlying
H-field of any Newton-exponential closure of K is a Newton-Liouville closure of the H-field K.
Since any two Newton-Liouville closures of K are isomorphic over K by Fact we see that any
Newton-Liouville closure L of K admits a logarithm that makes L a Newton-exponential closure
of K. The following corollary is not used anywhere, but it may be of interest.

Corollary 4.7. Let K be w-free and let K™¢ be a Newton-exponential closure of K. Then the
only newtonian exponential H-subfield of K™¢ containing K is K™%¢ itself. In particular, any two
Newton-exponential closures of K are isomorphic over K.

Proof. Let L be a newtonian exponential H-subfield of K™ containing K. Then L is d-algebraic
over K, and so w-free, newtonian and Liouville closed. As K™%¢ is a d-algebraic H-field extension
of L with the same constant field, K¢ = L by [, Theorem 16.0.3]. The uniqueness up to
isomorphism follows from the embedding property and the first part of the corollary. O

4.2. Constructing o-free logarithmic H-field extensions. In this subsection, we show that
any logarithmic H-field can be extended to an ®-free logarithmic H-field.

Lemma 4.8. K has a logarithmic H-field extension with a gap and with constant field C.

Proof. By Lemma[4.2] we may assume that K is real closed. If K has a gap, then we are done, so as
K is ungrounded, we may also assume that K has asymptotic integration. By [4, Corollary 11.4.10
and Lemma 10.5.8], K has a spherically complete immediate H-field extension L. Then L is real
closed with asymptotic integration and the logarithm on K extends uniquely to a logarithm on
LY = L by Corollary [3.11, Thus, we may assume that K is spherically complete. Let (Ap) be a
A-sequence in K, as defined in [4, Section 11.5]. As K is spherically complete, there is A € K
with A, ~» A. By Fact together with spherical completeness, we find a € K with o/ = —A.
Then a — logh = 1 for all b € K, since v((a — logb)’) = v(A+ b') € ¥+ by [4, Lemma 11.5.13].
Thus, we may apply Lemma to get a logarithmic H-field K(f) extending K with log f = a, so
ff=d = -\ By [4 Lemma 11.5.14] and the remark following it, vf is a gap in K(f), and hence
also in the immediate extension K (f)* of K(f). O
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Lemma 4.9. Let s € K~ and suppose that vs is a gap in K. Then K has an ®-free logarithmic
H-field extension K (x)%, with constant field C that contains an element x = 1 with 2’ = s, and that
has the following property: if L is also a logarithmic H-field extension of K containing x* = 1 with
(z*)" = s, then there is a unique logarithmic H-field embedding K (z)t, — L over K that sends x to

z*.

Proof. By [4, Corollary 10.5.11], K has an H-field extension K (x) with 2 > 0, z = 1, 2/ = s, and
the following properties:

Ckz) = C, Fg(e) =T @ Zvz, Vi =VPU {¢(va)}, U < (vx).

In particular, K(z) is grounded with max ¥y, = v(z"). Thus K(x) does not itself admit a
logarithm.

Let K(x)p be the H-field extension of K(x) constructed in [4, Section 11.7], with x as the
distinguished element, so K(x)o = K(zg,x1,...) with 29 = z and ], | = z}, for each n. Then
K (x)g is o-free with constant field C' by [4, Corollary 11.7.15], each z,, is positive, and

L) =T & P Zozy.
n

The extension K (z)% of K (z)e is immediate and d-algebraic, so it is @-free with constant field C.
By Proposition |3.10} there is a unique logarithm on K (x)fo that extends the logarithm on K and
satisfies log z,, = 41 for each n.

Now let L and x* be as in the statement of the lemma, so x* must be positive by By [4,
Corollary 10.5.11], there is an H-field embedding K(z) — L over K that sends = to xz*. Using
the embedding property in [4, Corollary 10.5.12], we extend this embedding inductively to an H-
field embedding K (z)y, — L over K that sends x, to log, * for each n. This extends uniquely
to a logarithmic H-field embedding K (m)g — L by Proposition Any logarithmic H-field
embedding K ()4, — L over K that sends 2 to z* must send z, to log, z* for each n, so this
embedding is unique. O

In Lemma we chose the integral of s to be infinite. Using [4, Corollary 10.5.10] in place
of [4, Corollary 10.5.11] and applying the construction in [4, Section 11.7] with y~! in place of z,
we have another version where s has an infinitesimal integral.

Lemma 4.10. Let s € K~ and suppose that vs is a gap in K. Then K has an o-free logarithmic
H-field extension K(y)fo with constant field C that contains an element y < 1 with y = —s, and
that has the following property: if L is also a logarithmic H-field extension of K containing y* < 1
with (y*) = —s, then there is a unique logarithmic H-field embedding K (y)t, — L over K that

sends y to y*.
The following is immediate from Lemmas [4.8 and
Corollary 4.11. K has an ®-free logarithmic H -field extension with constant field C'.
Corollary and Proposition give us the following;:
Corollary 4.12. K has an ®-free newtonian exponential H-field extension with constant field C.

4.3. The cut I'. In this subsection, we assume that K is -free and real closed. We will show
that there is a unique way of realizing the cut I'<. First, we show how to realize the cut U+,

Proposition 4.13. Let z > 0 be an element in a logarithmic H-field extension of K with Wt <
vz < (T7). Then K, = K(z,log 2)¢ is a logarithmic H-field with constant field C and gap vz and
for any logarithmic H-field extension L of K and any z* € L> with W% < vz* < (I, there is a
unique logarithmic H-field embedding K, — L over K that sends z to z*.
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Proof. Let L be a logarithmic H-field extension of K and let 2* € L~ with ¥+ < vz* < (I™).
We will build a logarithmic H-field embedding K, — L in stages, first embedding K (27", then
K({z""(log 2), then K (log z)¢, then finally K. Note that there is at most one logarithmic H-field
embedding K, — L over K that sends z to z*, since such an embedding must send log z to log z*,
so we need only show that such an embedding exists. We include a diagram below, to help keep
track of the various extensions involved.

K, = K{(z,log z)t — 222 s L

To start, [4, Lemma 13.4.11] gives a valued differential field embedding K (z) — L over K that
sends z to z*. By [4, Lemma 13.4.10 and Corollary 9.8.6], vz is a gap in K(2), so K(zT) is an
immediate extension of K by [36, Lemma 1.4]. Using also [4, Lemma 10.5.8], we see that the
embedding K (z) — L restricts to an H-field embedding K (z') — L sending 2 to (2*)T. We extend
this to an embedding K <zT>h — L using the universal property of the henselization.

We now turn to adjoining log z. Note that we can adjoin some integral of z' using Fact but
this does not necessarily give us the freedom to choose which integral to adjoin or what to send it
to. We will instead show that we are in the setting of Fact so that we can adjoin log z and
send it to log z*. To apply this fact, we need to show the following:

Claim. For ally € K (2", we have v(z' —3/) < (T>)'.

Proof of Claim. We will need to use A-sequences, as defined in [4, Section 11.5]. Let (A,) be a
A-sequence in K and set A :== —zf. Then A and A + z are pseudolimits of (A,) and (A,) is of d-
transcendental type over K by [4, Corollaries 11.5.7 and 13.6.3]. By [4, Lemma 11.4.7], both K (A)
and K (A + z) are immediate extensions of K, and there is a valued differential field isomorphism
K(\) — K(A+2z) over K sending A to A+z. This extends to an isomorphism ¢: K (A" — K (A+2)".

Suppose towards a contradiction that there is y € K (M with v(zf —y/) = v(A+vy/) € (™)' U{o0}.
Set w:=y —wy, so w € K(AA+ 2)» = K{2)" and

vz —w) =vh+zt+w —A—y) =v(r+y) - A+y) = o +y).

As vz < (™)', this gives w' ~ 2, so v(w') = vz. But vz is a gap in K(2), hence in K(2)! as well,
a contradiction. O

Having established this claim, Fact gives an immediate H-field extension K(z7)"(a) with
a' = z1. The embedding property in this fact allows us to identify K (z)"(a) with K (z)"(log 2) by
sending a to log z, and it also gives an H-field embedding K (z")?(log ) — L sending log z to log z*.
Corollary gives a unique logarithm on K (log z)* extending the logarithm on K, and allows us
to extend our embedding K (z")?(log z) — L to a logarithmic H-field embedding K (log z)¢ — L.

Now we will adjoin z. Note that K (log z)¢ is real closed, as it is an immediate henselian extension
of the real closed field K. For b € K (log z)* with b > 0, we have z # b, as K (log z)* is an immediate
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extension of K and vz ¢ I'. Thus, logz — logb = log(z/b) > 1 by Lemma and we may apply
Lemma to obtain a logarithmic H-field extension K (logz, f)¢ with log f = logz. Using the
embedding property of this extension, we may identify this extension with K, by sending f to z,
and we get a logarithmic H-field embedding K, — L sending z to z*. The proof of Lemma [4.4
gives ', =T @ Zvz and Ck, = C, and [4, Corollary 9.8.6] gives that vz is a gap in K. O

Using this proposition, we now show how to realize the cut I'<.

Corollary 4.14. Lety > 0 be an element in a logarithmic H-field extension of K withT'< < vy < 0.
Then K has an o-free logarithmic H-field extension K, with constant field C' containing y such
that for any logarithmic H-field extension L of K and any y* € L~ with I'S < vy* < 0, there is a
unique logarithmic H-field embedding Ky — L over K that sends y to y*.

Proof. Let L and y* be given. As y,y* > C, the axiom gives ¢/, (y*) > 0. We also have
U C (I<) < vy v(y*) < (I'”), as K is ungrounded, so Proposition applies to both 3/
and (y*)'. Let K, = K(y,log(y))’ be the logarithmic H-field extension of K containing y’ as
in that proposition, so vy’ is a gap in K, and we have a unique logarithmic H-field embedding
Ky — L over K that sends 3’ to (y*)’. Using Lemma we construct an w-free logarithmic
H-field K, extending K,/ and containing an infinite integral of 3. Using the embedding property
in that lemma, we may assume that this integral is y, and we obtain a unique logarithmic H-field
embedding K, — L extending our embedding K,» — L and sending y to y*. (|

5. VALUE GROUP EXTENSIONS

Throughout this section, K is an ®-free logarithmic H-field, M is a logarithmic H-field extension
of K with Cyy = C, and f is an element in M \ K. We assume that one of the following two
conditions holds:

(A) K is a newtonian exponential H-field, and K is mazimal in M in the sense that there is no
y € M \ K for which K (y) is an immediate extension of K;
(B) ¥ is downward closed in I' and f > K.

Case [(A)| is needed for model completeness, whereas case is only used in the proof of local
o-minimality (Corollary . The main result of this section is the following:

Proposition 5.1. K has an ®-free logarithmic H-field extension Ky that contains f, is an imme-
diate extension of K(f), and has the following property: if L is also a logarithmic H-field extension
of K and f* € L realizes the same cut as f over K, then there is a unique logarithmic H-field
embedding Ky — L over K that sends f to f*.

This proposition reduces to the more technical Proposition [5.3] below. We first set up what we
need to state that proposition, then we explain how it is used to prove Proposition [5.1
Let (I'f,1¢) denote the asymptotic couple of K(f), with ¥y := ¢f(F]7f). We claim that the set

{v(f—a):aeK}gI‘f

has a greatest element. In case this follows from Fact and maximality of K in M, and in
case this set consists of the single element vf & I'.

We define a best approximation to such an f to be an element b € K such that v(f —b) =
max {v(f —a) : a € K}. Note that b is a best approximation to f if and only if v(f —b) ¢ T (this
uses the fact that Cyy = C). In case any element of K is a best approximation to f.

We set fo := f, we let by be a best approximation to fy (taking by := 0 in case , and we set
f1 = (fo — bo)f. We claim that f; satisfies the same conditions as f, so f; ¢ K in case and
f1 > K in case In case this follows from the fact that K is Liouville closed (Remark
and Cyy = C: if fi € K then so is fo — by, so fo € K. In case this uses that ¥ is downward
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closed: if f; # K, then there is g € K> with g = 1 and f; < g, so fo < g, contradicting fo > K.
Thus in either case, we can apply the argument above to find a best approximation by to f1 in K
(again taking by := 0 in case . Continuing in this way we construct a sequence (f,,) of elements
in M\ K and a sequence (by,) of elements in K such that b, is a best approximation to f, with
b, = 0 in case and such that f,,1 1 = (fn — bp)T.

Now for each n > 0, choose an element a, € K* such that ajl = b, and such that a,, and
fn—1 — bp—1 have the same sign. In case |(A)] we may do this by Liouville closedness, and in

case |(B)| we simply choose a,, := 1 for all n. For each n, we set m,, := a;}rl(fn —by), somy, >0

and v(my) € I'. Then
n - bn f
fn+1 - bn+1 = (f ) 5

An+1

S0 M}, = anomy4q for each n. Note that K (f) = K(mg) = K(mg, my,...). For each n, we set

B = v(my,), An = v(logmy,), apt1 = v(ant1)-
As B3, # 0, we have A\, < 0 by Lemma We recall (and establish) a few basic facts about these

values:

Lemma 5.2.
(i) 'y =T @&, 2By (internal direct sum,).
(ii 6}; = Bnt1 + anta €T for each n; in particular, [B,] € [T].
(iii Bg < BI < Bg < -+ an particular, [Bo] > [B1] > [B2] > -+ -.

(vi) T'< is cofinal in F?, and so W is cofinal in Uy,
(vii) [An] = [Brsa]-
(viii /3}; <\ < BJLH; in particular, A, %+ AL for m # n.

Proof. In case |[(A)| parts |(i)H(iv)| and are [4, Lemma 16.1.2] and ((v)| is [4, Corollary 16.1.3].
In case [(B)] part [(7)] and part [(v)] follow from [4, Lemma 16.6.10]. Part [(ii)| follows immediately

from |(1)| since a,, = 0 for n > 0, and part |(ii1)| follows from |(i1)| and [4, Lemma 16.6.9] by induction
on n. Part follows easily from |(1)H(ii1)| in this case, and follows from since I' is convex
in I'y by [4, Lemma 16.6.10]. Note that the statements of [4, Lemmas 16.6.9 and 16.6.10] assume
that K is Liouville closed, but their proofs only use that ¥ is downward closed in I.

The proofs of and are the same in both cases and As N, = BTTL and A\, < 0,

we have

)
)
iv)
(v) K(f) is ®-free, hence has asymptotic integration.
)
)
)

M, =85 =2 > 8,

giving one inequality in The other inequality in follows from so it remains to
establish Suppose towards a contradiction that [A,] < [Bn+1]. Then Fact [2.1(i)| gives

[N = Bl < P = Buwa] = [Botal.
Using that Py B}; — A, we get [BJL — BJLH] < [Bn+1], but
[sz - IBIL+1] = [ﬁnJrl - ﬁn+2 + Qpt2 — an+3] > [ﬁnJrl]
by parts and O

Note that X\, € I'y for each n as X, = BTTL € I'y and K(f) has asymptotic integration by
Lemma [5.2(v)l We build a sequence (M,,) of henselian H-subfields of M as follows:

My = K{f)*, M, = M,(logm,)".
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We can now state our main technical result.

Proposition 5.3. For alln and all y € M,,, we have
v(logmy, —y) < Ay + 0(An).

The remainder of this section is devoted to proving Proposition First, we show how this
proposition is used to prove Proposition

Proof of Proposition[5.1, We set My = J, M, and we take K := M’. We first note that K

is o-free: this is true for K(f) by Lemma |5.2(v), and K is d-algebraic over K(f) (as (logm,) =
m}, € K(f)), so it holds for K¢ by Fact

Now we verify the immediacy and universality of K; by an induction argument. Let L and f* be
as in the statement of Proposition By [4, Proposition 16.1.5] in case and [4, Lemma 16.6.10)
and its proof in case there is a unique H-field embedding ¢: K(f) — L over K that sends f
to f*. We show by induction on n that:

(a) M, is an immediate extension of K(f).
(b) There is a unique H-field embedding ¢y, : M,, — L that extends ¢ and satisfies ¢y, (log m,,) =
log t(m,y,) for all m < n.
When n = 0, these conditions follow from immediacy and universality of the henselization. Suppose
that these conditions hold for a given n > 0. Proposition gives

v(logm, —y) < A, + O(An) <0

for all y € M, so U(mn M) < (1"]\>/In)’. Fact and its universal property give that M, (logm,,)
is an immediate extension of M, and that there is a unique H-field embedding M, (logm,,) — L
that extends ¢, and sends logm, to log¢(m,). Again using immediacy and universality of the
henselization, this embedding extends uniquely to the immediate extension M, 1 = M, (logm,)".
This completes the induction.

Taking the union of the ¢,’s, we obtain an H-field embedding M., — L. Then M, is an
immediate extension of K (f), so by Lemma [5.2(i)| and Proposition (taking (m,,) as the family
(a;)ier and (logm,,) for (b;)icr), we see that the embedding M, — L extends to a logarithmic
H-field embedding Ky — L. This logarithmic H-field embedding is uniquely determined by the

condition that f be sent to f*. O

5.1. A useful conjugation. In order to prove Proposition we will proceed by induction on
n, and we will need to compositionally conjugate by a well-chosen element, depending on n.

Let ¢ € K> and let & := ¢~'9 be the derivation of K?; recall that K? and M? are logarithmic
H-fields with the same logarithms as K and M. Define the sequences (i )n>o and (b,) as follows:
set bo = by, b1 =@~ bl,al ‘= aq, and for n > 2, set

by == ¢~ Lb, —oh), an = ¢ lay,.
Then 8(dy)/dn = by, for n > 1. Define f,, inductively by

fO = fo, fn+1 = S(fn_bn)/(fn_i’n)-

We claim that f, — b, = ¢ (fn — by) for each n > 0. This is clear for n = 1, and assuming that it
holds for a given n > 1, we have

For1 = bnir = 7T (= b)) = & (b1 — 67) = 7 (fn = b0)T = bog1) = 67 (frs1 — bn+1)
From this, it follows that b, is a best approximation to f, and that m, = = a, +1( frn — by,) for
each n. That is to say, working with the compositional conjugates M? and K¢ instead of M and
K, the towers (Mn) and the sets v(M, — logm,) remain unchanged. Thus, it suffices to prove

Proposmon 3| after compositional conjugation.
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Convention 5.4. For the rest of this section, we fix n. Let ¢ € K~ with vp € ¥ and vp > A,
for each m < n (such ¢ exists by Lemma|5.4(vi)| and |(viii)). We work in M? and K? in place of
M and K, and with fy,,dm, bm in place of fm.@m,bm. Thus M and K have small derivation, and
)\lq,<0f0rallm<n.

For m < n, set

Ap={0 €Ty :[0] < [Anl}s
so A, is a convex subgroup of I'y. Thus to prove Proposition it suffices to show that

v(logm,, — M,) C (\, + An)¢.
For 6 € A, we have [\, + 6] = [An], so

A +0) =X +0+ A+ ) =X +0+ AT

By [4, Lemma 9.2.10(iv)], we have [Mn] < [Am], 50 Aly € Apn. It follows that

Am +An) =X + Ay, <O0. (5.1)
5.2. The distance from K(f). In this subsection, we give a first approximation to Proposition
by showing that v(logm, — K(f)) C (A, + A,)*. For each m, put K, == K(mq,...,m,,), so

K§K0§K1§--', a(Km)gKm—&-la K<f>:UKm
m

We extend this by setting K_; = K. We write I';;, := I';,, with I'_; = IT" so, by Lemma [5.2(i)|
and [4, Corollary 3.1.11], we have

Ty =Tm 1 ®ZBm =T @& P ZB, for all m > 0. (5.2)
k<m

Fix m > 0. Then m,, is transcendental over K,,_; by (5.2) and [4, Corollary 3.1.11], so there is a
unique derivation 6, of K,, that vanishes on K,,_; and satisfies 0,,(m,,) = m,,. We set

O =09 —m) O,
Then 9,,(m,,) = 0, so 9, is a derivation on K, that coincides with 9 on K,,_1. Hence for y € K,,,
Y = m(y) + ml, O (y),
with 95, (y), O (y) € K.
Lemma 5.5. Lety € K, \Kyn—1. Thenv(0p,(y)) € T'm—1 and there is z € Ky—1 withy—z < 0, (y).

Proof. Take P =", Pymk and Q = Dk QrmE, in Km_l[mmr‘é with y = P/Q. As T, =11 ®
Z.Bm, we have
vP = mkin(ka + kBm),

and we let kp be the unique £ at which this minimum is attained; likewise for kg. Then
vy = vP, — UQkQ + (kp — kQ),Bm
We have 0,,(P) — kpP =Y, (k — kp) PemE, < P and 0,,(Q) — koQ < Q, so

Hmy(y) et ko = Hm;)P) - Hmc(gQ)

First suppose kp # kg. Then v(0,(y)/y) = v(kp — kg) =0, s0 v(0m(y)) = vy € I'ri—1 and we can

take z = 0. Now suppose kp = kq, and set 2 == Py, /Qr, € Ky—1. Then y — 2z = R/S, where

R = PQk, — Pr,Q and S = Qk,Q. Defining kr and kg as we did above with P and @, we see
23
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that ks = kg and that kr # k¢, since the coefficient of mﬁ? in R is zero. Appealing to the previous
case and using that 6,,(z) = 0, we have

V(Om(y)) = v(m(y —2)) =v(y — 2) € Tin—1. O

We will first show that v(logm, — y) € (A, + A, for all y € K,,, and then we will show how
this carries up to y € K,, for m > n.

Lemma 5.6. Let y € K,,. Then v(logm, —y) < A,

Proof. Taking derivatives, it suffices to show that v(mL —1) < sz- We have
mf —y' = ml (1 —6,(y)) — 3n(y)

with an(y),1 — On(y) € Kp. Since v(m}) = Bnt1 + ansz & I'n by Lemma and (5.2)), we have
v(mf, —y') < B+ v(1 = Oa(y))-

By Lemma either 0,,(y) = 0 or v(0,(y)) & I'y,—1; in either case, 1 —0,(y) = 1, so v(m;rl —y) < BJZ
as desired. (]

Lemma 5.7. Let m > n+ 1, let y € K, and suppose v(logm, —y) > (A, + A,)*. Then there is
2 € K1 with v(logm, — 2) > (A, + Ap)Y.

Proof. We may assume y ¢ K,,_1. We compute:
mf, —y = mf = (y) — mh b (y)-
As 9 (y), Om(y), and m}, lie in K,, and vml, &Z Ty, we have
Bl +0(0m(y)) = v(ml —y') > Ay + Ay,
where the last inequality follows from and our assumption on y. We claim that Bin € A,.
By Lemma [5.9iii)| and |(vii)| we have [Bn] < [Bns1] < [Mnl. If [Bm] = [An], then B, = Al € A,

If [Bm] < [An], then [BY — ALl < [Bm — Al = [An] by Fact so B, € AL + A, = A,.. Thus,
v(0m(y)) > A + A, Using Lemma take z € Ky,—1 with y — 2z < 0,,(y). Then

v(logm, — z) = min{v(logm,, —y),v(y — 2)} > A\ + A,. O
By Lemmas [5.6] and we have:
Corollary 5.8. v(logm, — K{f)) C (A, + Ap)*.

5.3. The proof of Proposition Now we have shown that v(logm, — K{f)) C (A, + An)¥,
and Proposition handles henselizations, so we only need to deal with the adjunction of log m,,
for m < n. The next lemma deals with this step.

Lemma 5.9. Let m < n, and let E C M,, be an H-subfield with K(f) C E. Assume that
v(logmy, — E) C (A + Ap)Y, v(logm, — E) C (A, + Ap)*.
Then v(logm, — E(logm,,)) = v(logm, — E).
Proof. Put
Sy = v(logmy, — E) C (A +Ap)Y,  Sp=v(logm, — E) C (A + Ayt

We claim that S,, has no largest element. Note that E is o-free, as it is a d-algebraic extension of the

o-free H-field K(f). In particular, F has asymptotic integration. Let e € E, so v(logm,, —e) <0

and v(logmy, — €)' = v(m}, — ¢’) € T'g. Asymptotic integration gives d € F with d' =< mi, — ¢, so

d=<logm,, —e. As Cj)y = C C E, we may multiply d by a constant to arrange that d ~ logm,, —e.
Then v(logm,, — (e + d)) > v(logm,, — e), which proves the claim.
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As A, = v(logmy,) € S € (A +A)Y, we have 4T = M for all v € Sy, with v > \j,,. Likewise,
A= )\L for all v € S, with v > A,,. Lemma gives )\jn % AIL, SO We may use Proposition
to get v(logm,, — E(logm,,)) = S,,. O

Proof of Proposition[5.3 The proof proceeds by induction on n, so let n be given, assume that
Convention [5.4] is in force for n, and suppose that

v(logm,, — My,) C (A + Am)¢
for each m < n. Corollary [5.§] gives
v(logm, —y) € (A + An)i

for all y € K(f). By Proposition the same holds for all y € My, since (logm,,)" = m}, € K(f).
Let m < n and assume that

v(log my — y) € ()‘n + An)¢

for all y € M,,. Then this holds for all y € M,,(logm,,) by Lemma and so also for all y € M, 41
by Proposition 2.3] Thus, this holds for all y € M,, by induction. O

6. A MODEL COMPLETE THEORY OF LOGARITHMIC H-FIELDS

In this section, we axiomatize a model complete theory of logarithmic H-fields. We characterize
the completions of this theory and show that models of this theory are locally o-minimal with stably
embedded exponential constant field. We will also show how our results can be extended to include
restricted sine and cosine functions. Specific models of interest, including Teyp, are discussed in
Section [

The proofs in this section are very similar to those in [36, Section 5], which in turn adapt the
proofs in [4, Chapter 16]. There are some slight modifications here and in [36] that allow us to
characterize completions and describe the induced structure on C' without first proving quantifier
elimination. The main ingredient is the following proposition: a direct analog of [4, Proposi-
tion 16.2.3].

Proposition 6.1. Let K and L be ®-free newtonian exponential H-fields and assume the underlying
ordered set of L is |K|t-saturated and the cofinality of T's is greater than |T'|. Let E be an o-free
logarithmic H-subfield of K with Cgp = C and let v: E — L be a logarithmic H-field embedding.
Then v extends to a logarithmic H-field embedding K — L.

Proof. We can assume FE # K, in which case it suffices to show that ¢ can be extended to an embed-
ding of an ®-free logarithmic H-subfield of K that properly contains E. Using Proposition we
identify E™¢ with a logarithmic H-subfield of K and extend ¢ to a logarithmic H-field embedding
E"¢ — L. Thus, we may assume for the remainder of the proof that E is an ®-free newtonian
exponential H-subfield of K. In particular, I'g is divisible.

Suppose I'f; is not cofinal in I'<, so there is y € K~ with I';; < vy < 0. By our cofinality
assumption on I's there is y* € L~ with FL<(E) < vy* < 0. Using Corollary we extend ¢ to a
logarithmic H-field embedding of an w-free logarithmic H-subfield F, C K containing y. Thus, we
may assume for the remainder of the proof that I'j; is cofinal in I'S, so every differential subfield
of K containing E is an @-free H-subfield of K by Fact

Next, suppose E(y) is an immediate extension of E for some y € K \ E. Then E(y)’ is a
logarithmic H-subfield of K by Corollary The saturation assumption on L gives y* € L that
realizes the (-image of the cut over ((F) that y realizes over E. By Fact we may extend ¢ to an
H-field embedding of E(y) into L that sends y to y*. This in turn extends to an H-field embedding
E(y)* — L. By Corollary this H-field embedding preserves logarithms.
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Finally assume that there is no y € K \ E such that E(y) is an immediate extension of E. Then
we are in case of Section [5} Take f € K\ E and, using the saturation assumption on L, take
f* € L that realizes the t-image of the cut over ((E) that f realizes over E. By Proposition
we may extend ¢ to a logarithmic H-field embedding of an ®-free logarithmic H-subfield of K
containing f. O

Here is a useful consequence of Proposition [6.1

Corollary 6.2. Let K and L be as in the statement of Proposition[6.1 If both K and L have small
derivation, then any ordered exponential field embedding C — Cp, extends to a logarithmic H-field
embedding K — L. The same is true if both K and L have large derivation.

Proof. We first consider the case that K and L have small derivation. Since K is o-free and
newtonian, there is z € K with 2/ = 1 by Fact Additionally, = >~ 1 since K has small
derivation. We view C' as a logarithmic H-subfield of K with trivial derivation and gap 0 and we
let C(x)%, be the w-free logarithmic H-field extension of C' containing x constructed in Lemma
identified with a logarithmic H-subfield of K via the embedding property in that lemma. Since L is
also ®-free and newtonian with small derivation, there is 2* € L with 2* > 1 and (z*)' = 1, so our
embedding C — O, extends to a logarithmic H-field embedding C(x) — L that sends = to 2* by
Lemma [£.9] This further extends to a logarithmic H-field embedding K — L by Proposition [6.1
Now suppose K and L have large derivation. This time, we find y € K with 3/ = —1. Then
y < 1, since K has large derivation, so by subtracting a constant from gy, we may assume that
y < 1. We also find y* € L with y* < 1 and (y*)) = —1. This time using Lemma we extend
our embedding C' — C, to a logarithmic H-field embedding of C(y)4 C K into L. This further
extends to a logarithmic H-field embedding K — L, again by Proposition [6.1 (I

6.1. Model completeness and completeness. To get a model completeness result, we need to
remove the assumption that C'r = C' in Proposition In order to do this, we impose some
additional requirements on the constant fields.

A logarithmic H-field K is said to have real exponential constant field if its constant field C
equipped with exp |¢ models Th(Rexp). Let Liog == {+, —, %, 0,1, <, %, 0,log}, where < and < are
binary relation symbols and where d and log are unary function symbols. We view each logarithmic
H-field K as an Ljog-structure in the obvious way, where log is defined to be identically zero on
K<S. We consider the following Liog-theories:

(1) The theory Tiog of logarithmic H-fields with real exponential constant field.
(2) The theory Tl‘gg of w-free logarithmic H-fields with real exponential constant field.

(3) The theory Ten;p of w-free newtonian exponential H-fields with real exponential constant
field.

Theorem 6.3. The Liyg-theory Te“)fp is model complete. It is the model companion of Ti,s and the
model completion of ngg.
Proof. By a standard test for model completions [34] p. viii], we need to show the following;:

(i) Every model of Tio, extends to a model of T}®

log*
(ii) Every model of T}, extends to a model of Tos-
(i) Given K, L [= Tgy, with a common substructure £ = T)%, if L is |K|*-saturated then the

inclusion E C L extends to an embedding K — L.
Then is Corollary and is Proposition so we need only show Let K,L,FE
be as in so C,Cp,CE |= Th(Rexp) and Cf, is |C|T-saturated. The theory of Reyp is model
complete by Wilkie’s theorem [43], so the inclusion Cr C Cf, extends to an ordered exponential

field embedding C' — Cp. By Corollary this embedding extends to a unique logarithmic
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H-field embedding E(C)* — L that is the identity on E. Since F(C)’ is d-algebraic over F, it is
o-free by Fact [2.10, By Proposition with E(C)¢ in place of E, this embedding extends to a

logarithmic H-field embedding K — L. O
We can use Corollary and Theorem to characterize the completions of Té;fp. Let Tg}fpysm

be the theory of w-free newtonian exponential H-fields with real exponential constant field and
small derivation. We define Terlfp’lg analogously, but with large derivation instead. We can go back
and forth between these two theories via compositional conjugation: for K = T, g;fp and ¢ € K~ , we
have

KO =T = vpe ().

exp,sm

Theorem 6.4. The theories Ty, o, and Thy , are the two completions of Tiy,. These two com-
pletions, as well as Ty, itself, are decidable relative to Th(Rexp).
Proof. Let K, L |= T3, i, and assume L is |K|*-saturated. Then Cp, is |C|*-saturated, so there

is an ordered exponential field embedding C — C}, since C' and C}, are elementarily equivalent;
see [4, Corollary B.9.5]. This in turn extends to an embedding K — L by Corollary As TR

exp
is model complete, this embedding is elementary, so K and L are elementarily equivalent. This
shows completeness of T;fpysm, and the same proof shows completeness of T;fp g For decidability,

we need only note that our axiomatizations of these theories are effective, except possibly the “real
exponential constant field” axiom; see [4, Corollary 16.6.3]. O

For the time being, an effective axiomatization of Th(Reyp,) seems to be out of reach; see [39].

Let us remark on a reduct of T3¢, studied in [36]:

Remark 6.5. Let K be an exponential H-field. Then by [36, Proposition 3.2], the map
(f,c) = exp(clogf): K~ x C — K~

is a constant power map on K in the sense of [36]. If K |= T, then K is Liouville closed

by Remark so K, equipped with this constant power map and with exp(1) as distinguished

constant, is a model of the theory ngw from [36].

pow’

rem 5.3]. However, Corollaries and do generalize the corresponding results [36, Corollar-
ies 5.10 and 5.11].

We end this subsection with an alternative axiomatization of 7, é;fp. Let K be an H-field. We say

that K has the differential intermediate value property (DIVP) if for all P € K{Y} and all
f < g€ K with

Note that Theorem does not imply the model completeness of T2 shown in [36, Theo-

P(f) <0< P(g),

there is y € K with f <y < g and P(y) = 0. In [7], an alternative axiomatization of 7" was given
using the fact that the field Ty of grid-based transseries has DIVP [32].

Fact 6.6 ([7, Theorem 2.7]). A Liouville closed H-field is ®-free and newtonian if and only if it
has DIVP.

We now leverage this to give another axiomatization of Tgfp.

Corollary 6.7. An exponential H-field with nontrivial derivation is ®-free and newtonian if and
only if it has DIVP. Thus Tg;fp is aziomatized by the Liog-theory of exponential H-fields with non-
trivial derivation, real exponential constant field, and DIVP.

Proof. Let K be an exponential H-field with nontrivial derivation. If K is ®-free and newtonian,
then K is Liouville closed by Remark so K has DIVP by Fact Conversely, suppose K has
DIVP. As the derivation of K is nontrivial, we have I' # {0}, so K’ = K by [T, Lemma 2.1]. Thus,
K is Liouville closed by Remark and hence ®-free and newtonian by Fact 0
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6.2. Some properties of definable sets. Let K | Ter;fp, let K* be a |K|"-saturated elementary
extension of K, and set C* := Ck~. In this subsection, we show that K is locally o-minimal in the

sense of [42] and that C is stably embedded as a model of Th(Rexp).

Corollary 6.8. Let X C K be Liog(K)-definable.

(1) For every b € K U {+oo}, there is a € K with a < b such that (a,b) is either contained in
or disjoint from X.

(2) Thereis f € K with f > C such that {y € K : C <y < f} is either contained in or disjoint
from X.

Proof. We begin by verifying in the case b = 400; the general case follows by taking fractional

linear transformations. Let aj,as € K* with a1,a2 > K; we need to show that a; and as have

the same Ljoe-type over K. As K is Liouville closed, ¥ is downward closed in I'. By the remarks

before Corollary we have I'g(cvye =T, s0 a1, a2 > K(C*)¢ and \Iﬁ «y¢ is downward closed in
(B)

L'k (c+ye- Moreover, K(C*)* is -free by Fact so we are in case - of Section |5 with K (C*)*
in place of K. Proposition yields an isomorphism of w-free logarithmic H-subfields of K™* over
K(C*)¢ that sends a; to az. As T, oxp 18 the model completion of Tioy, this is a partial elementary
map K* — K*, so a1 and ag have the same Ls-type over K.

Now we turn to Let fi, fo € K* with C* < f1, f» < K~¢; again we need to show that f; and
f2 have the same Lj,g-type over K. As T' is divisible, we have I'S < vfi,vfo < 0. Corollary
yields an isomorphism over K of w-free logarithmic H-subfields of K* that sends fi to fs. As
before, this is a partial elementary map K* — K™, so f; and f2 have the same Ls-type over
K. O

These properties were established with similar proofs for 7% in [4, Section 16.6]. The proof of
the next property is similar to the proof of [36, Corollary 5.11].

Corollary 6.9. The constant field C' of K is stably embedded as a model of Th(Rexp): every subset
of C™ that is Liog(K)-definable is definable with parameters in the ordered exponential field C.

Proof. Suppose c1,cy € (C*)™ have the same type over C in the ordered exponential field C*. As
in the previous corollary, we need to show that c¢; and ¢y have the same Lq-type over K. For
i = 1,2, let C; be the definable closure of C and the ¢; in the ordered exponential field C*. Since
Th(Rexp) has definable Skolem functions, C; is an elementary substructure of C*. As ¢; and ¢
have the same type over C, there is an ordered exponential field isomorphism ¢: C; — Cy over C
that sends ¢1 to co. By Corollary ¢ extends to a logarithmic H-field embedding K(C)! = K*
over K. As K(C)" is d-algebraic over K, it is @-free by Fact [2.10] so K(C1)* |= Tjo, and this
embedding is partial elementary. Thus ¢; and ¢ have the same Ljoq-type over K. ([l

6.3. Restricted elementary functions. In this subsection, we examine H-fields with restricted
sine and cosine functions. Let K |= T2 and let [—1,1]x denote the closed interval {z € K :
—1 <z < 1}. Restricted trigonometric functions on K are functions sin: [—1,1]x — K and

cos: [—1,1]g — K such that

(RT1) sin(a+b) = sinacosb+cosasinb and cos(a+b) = cosacosb—sinasinb for all a,b € [—1, 1]
with a +b € [—1,1]g;

(RT2) (sina)’ = (cosa)a’ and (cosa) = —(sina)a’ for all a € [—1,1]x;

(RT3) sin(o) C 0 and cos(0) C 1+ o.

Let sin and cos be restricted trigonometric functions on K. Then sin and cos remain restricted
trigonometric functions in any compositional conjugate of K. For each ¢ € [—1,1]¢ we have
(sinc) = (cosc) =0, so sinc,cosc € C. With this gives us sin(0) = 0 and cos(0) = 1. The
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restrictions of sin and cos to o are definable in the underlying H-field of K: let a € 0* and consider
the linear differential equation

—(d)3Y +d"Y' —dY" =0. (6.1)

Then sin a is the unique zero of in a(1+ 0) and cosa is the unique zero of in 1+ ao [34,
Lemma 8.8]; see also [I1, Lemma 1.2.17].

Let Rejem be the expansion of Reyp, by restricted sine and cosine functions, so Th(Rejem ) is model
complete and o-minimal by van den Dries and Miller [24 Corollary 6.12]. Here the subscript

stands for “elementary functions”. Let Leem = Liog U {sin,cos}, where sin and cos are unary
function symbols, interpreted as identically zero off [—1,1]x. Let T3¢ be the Lejem-theory of

o-free newtonian exponential H-fields K equipped with restricted trigonometric functions sin and
cos, such that the expansion of C' by exp |c, sin|_1,1),, and cos|{_y 1), is a model of Th(Rejem)-

Lemma 6.10. Let K,L = T4

tems let v: K — L be a logarithmic H-field embedding, and suppose
that

t(sinc) = sin ¢(c), t(cos c) = cosi(c)
for all c € [-1,1]¢. Then v is an Leem-embedding.

Proof. For f € [~1,1]g \ C, write f = ¢+ a with ¢ € [-1,1]¢ and a € o7; by and our
assumption on ¢, it suffices to show that ¢(sina) = sin¢(a) and ¢(cos a) = cost(a). This follows from
definability of sin and cos on the maximal ideal 0, exactly as in the proof of [34, Corollary 8.11]. O

Theorem 6.11.
(1) Tnt

elem

is model complete.
as two completions: one with small derivation and one with large derivation.
2Tg}gmh leti ith ll derivati d ith [ derivati
et and suppose that admaits an expansion to a model o elem ) - en
3) Let K Tgfpd hat C' admi ) del of Th(R Then K
admits a unique expansion to a model of TY: — extending this expansion of C.
(4) Let K = T4 and let X C K be Lejem (K )-definable.
a) forbe KUq+ooy, there is a € with a < b such that (a 18 either contained in or
(4da) Forbe KU{ }, th ' K with b h that (a,b) is eith ined %
disjoint from X.
ere 18 g € with g > C such that \y € : U <y < gy s either contained in or
4b) Th ' K with C h th K:C s eith ined 1
disjoint from X.
et en the constant fie 0 18 stably embedded as a model o elem ) -
5) Let K |=THt . Then th field C of K i bl bedded del of Th(RR,

elem *

Proof. For let K, L, and E be models of Teﬂzm where E is a common Lgem-substructure of
K and L and where L is |K|"-saturated. By the model completeness of Th(Reem), We extend
the inclusion Cr C Cf, to an embedding C — C}, that respects the exponential and restricted
trigonometric functions on C'. As in the proof of Theorem this extends to a logarithmic H-field
embedding K — L, which is even an Lgem-embedding in light of Lemma Now follows
from [4, Corollary B.10.4].

The proof of is the same as the proof of Theorem let K,L = T4  have small derivation,
assume that L is |K|*-saturated, take an embedding C' — Cf, that respects the exponential and
restricted trigonometric functions on C, and extend this to a logarithmic H-field embedding K — L
using Corollary This embedding is an Leem-embedding by Lemma so it is elementary
by The case of large derivation is the same.

One can adapt the proof of [34, Proposition 8.13] to establish first note that for any a € o,
there are solutions to in a(14+0) and 1+ ao (this can be deduced from newtonianity explicitly,
or it can be established by transfer, as shown in the proof of [34, Proposition 8.13]). These solutions
are unique, so we may use the formula in to extend the restricted trigonometric functions
on C' to functions on all of [—1, 1]k.
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We prove |(4a)| using the proof of Corollary [6.8§(1); the proof of |(4b)|is similar. It suffices to

show that there is a unique Lejem-type over K at +oo. Fix a |K|T-saturated elementary extension
K* of K and aj,ay € K* with a1,as > K. The proof of Corollary [6.§(1)| gives an isomorphism
of w-free logarithmic H-subfields of K* that is the identity on K(C*)® and sends a; to as. By
Proposition we may extend this to a logarithmic H-field isomorphism of models of T;fp. Then
this is an Lejem-isomorphism by and Lemma, so it is elementary by

The proof of follows from the proof of Corollary in much the same way: take the definable
closures C1,C5 there in C* as a model of Th(Reem), so that the isomorphism ¢: C; — Cq also
respects the restricted trigonometric functions, pass to the Newton-exponential closure of K (Cl)g,

and apply and Lemma O

7. TRANSSERIES, HARDY FIELDS, AND SURREAL NUMBERS

In this section, we discuss the most important models of Ten)fp.

7.1. Transseries. Let Teyp, be the natural expansion of the field of logarithmic-exponential transseries
to an Ljgg-structure. In the introduction, Tey, was the expansion of T by the exponential function
and here, it is the expansion by the logarithm function, but there is no difference in terms of model
completeness or definability.

The logarithm on Teyp is a group isomorphism T~ — T that extends the real logarithm and
satisfies and see [23] or [4, Appendix A] (but note that Texp, denotes the subfield of
exponential transseries in that appendix). As T is an o-free newtonian H-field with small derivation
by [, Corollary 15.0.2], we have the following:

Corollary 7.1. The Liog-theory of Texp, is model complete and completely aziomatized by T

exp,sm*

Many important H-subfields of Teyp are logarithmic H-subfields. To help us find examples, we
use the following criterion:

Lemma 7.2. Let log denote the logarithm on Tex, and let K O R be an H-subfield of Teyxp. If K
is henselian and log(K~) C K, then K expanded by log |r> is a model of Tiog. If K is Liouville
closed, then log(K~) = K. If K |=T", then K expanded by log|x> is a model of T

exp,sm*

Proof. Since the axioms in Definition [3.1| are universal and C' = R, if K is henselian and closed
under log, then K |= Tj,s. Now assume that K is Liouville closed, so in particular K is henselian.
Let a € K and take f € K> with fT = d/, so (expa)/f € R> and expa € K. Likewise, for a € K>,
taking g € K with ¢’ = a' gives loga — g € R, so loga € K. O

By Lemma the subfield T92 of transseries that are d-algebraic over Q is an o-free newtonian
exponential H-subfield of Teyp, as is the subfield Ty of grid-based transseries. Thus, Td2 and T, are
both elementary Ljog-substructures of Tey,. The field T)oe of logarithmic transseries is an w-free
newtonian logarithmic H-subfield of Teyp,, but not an exponential H-subfield. See [33] for more on
T and [30] for more on Tiug.

Using Theorem and Corollary we can transfer some known facts about Teyp, into formal
consequences of Tg,.

Corollary 7.3. Let K = Ten)fp. Then the underlying ordered exponential field of K is a model of
Th(Rexp)-

Proof. If this corollary holds for K® where ¢ € K>, then it holds for K, so by compositionally
conjugating by a suitable element of K~ we may assume that K = Tergp@m. The underlying ordered
exponential field of Teyp is a model of Th(Rexp) by [23, Corollary 2.8], so this is true for K as well,
as K is elementarily equivalent to Texp. (|
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Let T be an o-minimal theory extending the theory of real closed ordered fields in a suitable
language £. Let M =T and let d be a derivation on M. Following the terminology of [27], we say
that 9 is a T-derivation on M if for any open U C M", any continuously differentiable function
f: U — M that is L-definable without parameters, and any u = (uy,...,u,) € U, we have

df(u) = Vf(u)- (duy,...,ouy)
where Vf is the gradient of f. An Hp-field, as introduced in [35], is a model M |= T equipped
with a T-derivation o such that (M, 0) is an H-field.

Corollary 7.4. Let T := Th(Rexp) and let K = T%5,. Then d is a T-deriwation on K and K is an

Hyp-field. Moreover, the theory Te“)fp is the model companion of the theory of Hp-fields (viewed as
Liog-structures).

Proof. Being a T-derivation is invariant under compositional conjugation by elements of K~, so
we may assume that K = Tg;fp,sm. Then K is elementarily equivalent to Teyxp. The derivation on
Texp is a T-derivation by [27, Example 2.16] and being a T-derivation is expressible as a collection
of Ljpg-sentences, so d is a T-derivation as well. By Corollary @7 K is an Hp-field.

Every Hrp-field E is in particular a logarithmic H-field with Cg = T by [27, Lemma 2.3], and

so can be extended to a model of Tpy, by Corollary [4.121 As this model is itself an Hp-field by the

exp

first part, and Tgfp is model complete, the second part of the corollary follows. O

Let Tejem be the natural expansion of Tex, to an Lejem-structure; see [23] for details. One can
easily check that the restricted trigonometric functions in this expansion satisfy [(RT1)] SO
Telem = Ti3t,,- In particular, we have:

Corollary 7.5. The Leem-theory of Telem s model complete.
We also have analogs of Corollaries [7.3] and [7.4]

Corollary 7.6. Let T := Th(Rejem) and let K = T4 . Then the ezpansion of the underlying
ordered field of K by exp, sin, and cos is a model of T, the derivation d is a T-derivation on K,
and K is an Hp-field. Moreover, the theory TS is the model companion of the theory of Hrp-fields

) elem
(viewed as Lelem-structures).

Proof. As in the proofs of Corollaries and [7.4] we may assume that K has small derivation.
Then K is elementarily equivalent to Tejen by Theorem |6.11(2)l By [23, Corollary 2.8] and [27,
Example 2.16], Teem expands a model of T' and the derivation on T is a T-derivation, so the same
holds for K. In particular, K is an Hp-field.

For the second part, let E be an Hp-field. Then Cgr = T by [27, Lemma 2.3] and E is a
logarithmic H-field, so Corollary gives an extension M = Ten)fp of £ with Cyy = Cg. By
Theorem M admits a unique expansion to a model of T%! = extending the Lejem-structure
on Cg induced by FE. Arguing as in the proof of Lemma one can check that this expansion
makes M an Leem-extension of E. Thus every Hp-field extends to a model of Terigm, so the second

part of the corollary follows from the first part and Theorem [6.11}(1)] O

7.2. Hardy fields. Recall that a Hardy field is a set of germs of real-valued functions at +oo
that is closed under differentiation and that forms a field under addition and multiplication. Every
Hardy field containing R (that is, containing the germs of all constant functions) is an H-field with
constant field R.

Fact 7.7 ([15, Chapitre V]). Any mazimal Hardy field is real closed, contains R, and is closed
under taking integrals, exponentials, and logarithms of positive elements.

Fact 7.8 ([9]). Any mazimal Hardy field is ®-free and newtonian.
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Lemma 7.9. Let H be a henselian Hardy field containing R, and suppose log f € H for each
f € H>. Then H equipped with the logarithm f — log f is a model of Tiog.

Proof. |(L1) holds by Taylor expansion and |(L2)|is just the chain rule. O
Combining Facts [7.7] and [7.8] with Lemma we have:
Corollary 7.10. Any maximal Hardy field is a model of T In particular, all maximal Hardy

exp,sm*
fields are elementarily equivalent to Texp as Liog-structures.

This can be leveraged to prove the following transfer theorem:

Theorem 7.11. Let H be a henselian Hardy field containing R and closed under taking logarithms.
Let v: H — Texp be a logarithmic H-field embedding. Let o be an Liog(H )-sentence, and let 1(o) be
the Liog(Texp)-sentence obtained by replacing each parameter in o by its image under v. Then the
following are equivalent:

(1) M = o for some mazimal Hardy field M O H;
(2) M = o for every mazimal Hardy field M O H;

(3) Texp [= ¢(0).

Proof. Fix a maximal Hardy field M O H, viewed as a model of T,;fp,sm, so H is a logarithmic
H-subfield of M. We need to show that M = o if and only if Texp, |= (o). First suppose H = R
and take an |M|*-saturated elementary extension L of Tey,. By Corollary the inclusion R C L
extends to a logarithmic H-field embedding M — L, which is elementary since Tg‘xtp is model
complete, so M and Tey, have the same Lo (R)-theory.

Now suppose that H # R. Then H is nontrivially valued so we can take f € H~ with f = 1.
For each n, the nth iterated logarithm log, f lies in H, and «(log,, f) = log,, t(f). The sequence
(log,, t(f)) is coinitial in the set of positive infinite elements of T [4, Appendix A], so the image of
I'y; in T'r under ¢ is cofinal in I';. As T is @-free, «(H) is as well by Fact so H = Tj5,. Thus,

(]

M and Teyp have the same Liog(H )-theory by Theorem

Remark 7.12. Let M be a maximal Hardy field. For f € M with f < 1, the germs cos f and sin f
lie in M by [10, Proposition 6.9]. Thus M admits restricted trigonometric functions extending the
restricted sine and cosine on R and satisfying [(RT1)H(RT3)l Expanding M by these functions, we
get a model of T with small derivation. In particular, all maximal Hardy fields are elementarily
equivalent to Tejem as Leem-structures, by Theorem and Corollary

7.3. Surreal numbers. The field No of surreal numbers is a proper class-sized real closed field
extension of R introduced by Conway [16]. The surreals admit a (surjective) logarithm, defined by
Kruskal and Gonshor [31], and with this logarithm, No is an elementary extension of Rexp [21].
More recently, Berarducci and Mantova equipped the surreals with a derivation that makes No
an exponential H-field with small derivation and real exponential constant field R [I3]. With this
derivation, the H-field No is newtonian and w-free [6], so No is a model of T35, (..

Each surreal number has an ordinal-valued length, and for each ordinal 7, we let No(v) be the set
of surreal numbers of length < ~. For our purposes, we only need that for s a regular uncountable
cardinal, the set No(k) is an ®-free newtonian Liouville closed H-subfield of No containing R [6,
Corollary 4.6]. By adapting the proof of Lemma we see that No(k) is closed under exp and
log, so it is an elementary Ljog-substructure of No.

The next proposition, an analog of [6, Theorem 3], shows that the surreal numbers are universal
among models of Tj,s with small derivation and archimedean constant field.

Proposition 7.13. Let K be a set-sized model of Tiog with archimedean constant field and small
derivation. Then K admits a logarithmic H-field embedding into No.
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Proof. It suffices to show that some logarithmic H-field extension of K with the same constant
field admits such an embedding into No. Since K has small derivation, either 0 € (I'<) or K
has gap 0. In the second case, we can use Lemma to extend K to an o-free logarithmic
H-field with 0 € (I'S)’, so by passing to an extension, we may assume that 0 € (I'S). Then
any logarithmic H-field extension of K has small derivation. By Corollary K has an o-free
newtonian exponential H-field extension with the same constant field, so we may assume that K =
Tt sm- Let k= |K[*. Then No(k) |= Tox, g and by [6, Lemma 5.3], the underlying ordered sets
of No(x) and I'no(x) are k-saturated. Since C is an archimedean model of Th(Reyp,), the Laskowski—
Steinhorn theorem [38] gives an elementary ordered exponential field embedding C' — Rexp. By
Corollary this embedding extends to a logarithmic H-field embedding K — No(k). O

Corollary 7.14. Let H be a Hardy field with log f € H for all f € H>. Then there is an embedding
H — No of ordered valued differential fields that preserves logarithms.

Proof. Let M be a maximal Hardy field extension of H. Then M = T2 ., by Corollary |7.10} so
Proposition[7.13]gives a logarithmic H-field embedding M — No. The restriction of this embedding
to H is the desired embedding. ]

As described in [0, Proposition 5.1], there is a unique strongly R-linear ordered exponential field
embedding ¢: T — No that sends x to w. It was shown in [0, Theorem 1] that ¢ is an elementary
embedding of ordered differential fields, and the question was raised there (and in [12]) as to
whether ¢ remains elementary after adding the exponential. As Tey, and No are both models of

T3, Theorem allows us to answer this question:

Corollary 7.15. The embedding v: T — No is an elementary embedding of ordered differential
exponential fields.

It is easy to see that ¢ is elementary as an Lgem-embedding as well.

8. FUTURE DIRECTIONS

Quantifier elimination. Perhaps the most pressing next step is to prove a quantifier elimination
result for Tgfp. As in the case of T™, quantifier elimination will almost surely have to involve some

additions to our language. Let K |= T, Cn)fp and let E{})’? be the extension of Lj,; by the following
symbols:

(1) A unary function symbol ¢, interpreted in K as multiplicative inversion (with #(0) := 0);
(2) A unary predicate A, interpreted in K as the set {—y'T:y € K, y = 1};
(3) A unary predicate Q, interpreted in K as the set

{a € K :4y" + ay =0 for some y € K*};

(4) A function symbol f for each function f: R" — R definable without parameters in Rexp,
interpreted as a function C™ — C' in the natural way (using that C' is a model of Th(Rexp)
and taken to be identically zero off of C");

(5) A unary function symbol st, interpreted in K as the standard part map K — C, so a —
st(a) € o for a € O, and st(a) =0 for a ¢ O.

Question 8.1. Does Tgfp eliminate quantifiers in the language L’ﬁ’??

The predicates Q and A were introduced in |4, Chapter 16], and their addition is necessary to
prove quantifier elimination for the theory 7™ [4, Propositions 16.5.3 and 16.5.4]. They will almost
certainly be required to prove quantifier elimination for 7, gfp.

Since Th(Reyxp) has definable Skolem functions, the function symbols f , the standard part map,
and multiplicative inversion almost ensure that Tioe is a universal theory: if L = Tiog is expanded
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by these functions and £ C L is a substructure, then E is an H-subfield of L that is closed under
log and Cg is an elementary substructure of C', as an ordered exponential field. As E may fail to
be henselian, it need not be a model of Tj,g, but its extension Ef (identified with an H-subfield of
L) is a model of Tisg.

It may be possible to replace the function symbols f by any language in which Th(Reyp) has
quantifier elimination. Note that this theory does not eliminate quantifiers in the natural language
of ordered exponential fields [19]. It may also be possible to remove the standard part map, in
exchange for interpreting the function symbols f as functions K" — K, using that K |= Th(Rexp)
by Corollary This interpretation is more in line with the setting of Hp-fields [35]. In this
setting, substructures of K may no longer be logarithmic H-fields, but they can be extended to
logarithmic H-fields by way of the logarithmic Hp-field hull [35, Proposition 6.16], where T' is the
theory of the real field with restricted exponentiation.

A quantifier elimination result would be the first step in analyzing the combinatorial complexity
of Té;fp. The theory T is distal [I, Corollary 7.3]; in particular, it has NIP [4, Proposition 16.6.6].
Both proofs use quantifier elimination, and while it seems likely that Tenxtp is also distal, this is
difficult to show without QE.

Quantifier elimination should also allow us to improve Theorem by showing that any two
maximal Hardy fields are elementarily equivalent as logarithmic H-fields over any common Hardy
subfield, without assuming that this subfield embeds into Texp. This was shown without the
logarithm in [9, Theorem 12.3].

A dimension theory. A dimension theory for T, and more generally for models of 7™, was
developed in [5]. Let K = T™ and let X C K™ be nonempty and definable. The topological
dimension of X is the largest m such that the image of X under some coordinate projection
K™ — K™ has nonempty interior. It was shown that the differential dimension of X (in the sense
of [B, Section 1]) equals its topological dimension [5, Corollary 3.2], and that X has dimension
zero if and only if X is discrete if and only if X is co-analyzable relative to the constant field [5],
Propositions 4.1 and 6.2].

Question 8.2. Is there a good dimension theory for models of Ter;ﬁp? For K = Té;fp and X C K"
definable and nonempty, are the following equivalent?

(1) X has topological dimension zero;

(2) X has differential dimension zero;

(3) X is discrete;

(4) X is co-analyzable relative to the constant field.

Most of these equivalences follow as in [5]: the equivalence of and can be established
using Corollary as in the proof of [5 Proposition 4.1], and the equivalence of and
follows from the proof of [5, Proposition 6.2]. We have that implies by [4, Lemma 4.4.10], so
the only implication missing is that implies As in [5], this requires a better understanding
of definable sets, likely via quantifier elimination as discussed above.

Initial embeddings into the surreals. Let :: T — No be as in Corollary In [26], Corol-
lary 12.2], ¢ was shown to also be initial with respect to the binary tree structure on No. The
following question is an exponential analog of a question asked in the final remarks of [6].

Question 8.3. Does every model of Tél)fp@m with constant field R admit an initial logarithmic
H-field embedding into No over R?

We note that every elementary extension of Rgjer, is isomorphic to an initial subfield of No by [26,
Corollary 10.5]. Recently, Freni generalized this to elementary extensions of Reyp, [28].
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The exponential DIVP. Let K be an exponential H-field, viewed as an exponential ring with
E = exp, and let K[Yp,...,Y,]F denote the ring of exponential polynomials over K; see [I8]
Section 1]. We define the ring of differential exponential polynomials to be

K{YY = K[Yo,..., Y,

where we write V(") for Y;,. The order of P € K{Y }¥ is the least n with P € K[Yp,...,Y,]”. Asin
the proof of [I8, Lemma 3.2], there is a unique derivation on K {Y }¥ that extends the derivation on
K, sends Y™ to Y"1 and satisfies 0E(P) = E(P)JP. For f € K, there is a unique differential
exponential K-algebra morphism K{Y}¥ — K that sends Y to f by [I8, Proposition 1.2], and we
let P(f) be the image of P € K{Y }¥ under this morphism.

As we have already seen, models of T, enxtp enjoy the DIVP. We can ask whether this also holds
for differential exponential polynomials. Say that an exponential H-field K has exp-DIVP if for
all P € K{Y}F and all f < g € K with P(f) < 0 < P(g), there is y € K with f < y < g and
P(y) =0.

Question 8.4. Does every model of T have exp-DIVP?

exp

As models of T2 expand models of Th(Reyxp) by Corollary the underlying ordered expo-

exp
nential field of a model of Tenxtp is o-minimal, so it has the exp-DIVP for differential exponential
polynomials of order 0. Using Theorem Corollary [7.4] an o-minimal implicit function and cell
decomposition argument (see [3, 20]), and [35, Proposition 8.3 and Remark 8.4], one should be
able to show that every model of T, g;fp has the exp-DIVP for differential exponential polynomials
of order 1 as well.
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